Hindawi Publishing Corporation

The Scientific World Journal

Volume 2013, Article ID 685695, 8 pages
http://dx.doi.org/10.1155/2013/685695

Research Article

Hindawi

Fractional Solutions of Bessel Equation with N-Method

Erdal Bas, Resat Yilmazer, and Etibar Panakhov

Department of Mathematics, Firat University, 23119 Elazig, Turkey

Correspondence should be addressed to Erdal Bas; erdalmat@yahoo.com

Received 30 April 2013; Accepted 16 July 2013

Academic Editors: R. M. Guedes, Z. Mukandavire, and R. Wangkeeree

Copyright © 2013 Erdal Bas et al. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

This paper deals with the design fractional solution of Bessel equation. We obtain explicit solutions of the equation with the help
of fractional calculus techniques. Using the N-fractional calculus operator N” method, we derive the fractional solutions of the

equation.

1. Introduction, Definitions, and Preliminaries

Fractional calculus has an important place in the field of
math. Firstly, CHospital and Leibniz were interested in the
topic in 1695, [1]. Fractional calculus is an area of applied
mathematics that deals with derivatives and integrals of
arbitrary orders and their applications in science, engineer-
ing, mathematics, economics, and other fields. The seeds of
fractional derivatives were planted over 300 years ago. Since
then many efficient mathematicians of their times, such as
N. H. Abel, M. Caputo, L. Euler, J. Fourier, A. K. Grunwald,
J. Hadamard, G. H. Hardy, O. Heaviside, H. J. Holmgren, P.
S. Laplace, G. W. Leibniz, A. V. Letnikov, J. Liouville, and B.
Riemann, have contributed to this field; all these references
can be seen in [1-5]. The mathematics involved appeared
very different applications of this field. Fractional calculus
has been applied to almost every field of science. They
are viscoelasticity, electrical engineering, electrochemistry,
biology, biophysics and bioengineering, signal and image
processing, mechanics, mechatronics, physics, and control
theory. During the last decade, Samko et al. [4], Nishimoto
[6-12], and Podlubny [3] have been helpful in introducing
the field to engineering, science, economics and finance, and
pure and applied field. Furthermore, there were many studies
in this field [5, 13-16]. Various scientists have studied that
concept. The progress in this field continues [2-4, 6-12, 17-
20].

N-Fractional calculus is a very interesting method
because this method is applied to singular equation. Note
that fractional solutions can be obtained for kinds of singular

equation via this method [6-12, 17]. In this paper, our aim is
to apply the same way for singular Sturm-Liouville equation
with Bessel potential and find fractional solutions of this
equation. Furthermore, we give some applications and their
graphs of fractional solutions of the equation.

Now, consider the following the Bessel equation:

2 2

where A and p are real numbers. By means of the substitution
y = +/xz (1) reduces to the form

2 2
d_y+</\_p—_1/4>y:0. 2)

dx? x2

Bessel equation for having the analogous singularity is
given in [21].

The differintegration operators and their generalizations
[6-11, 17, 18] have been used to solve some classes of
differential equations and fractional differential equations.

Two of the most commonly encountered tools in the
theory and applications of fractional calculus are provided
by the Riemann-Liouville operator R (v € C) and the Weyl
operator W, (v € C), which are defined by [17,19].
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provided that the defining integrals in (3) and (4) exist, N
being the set of positive integers.
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Definition 1 (cf. [6-10, 12, 20]). Let

D={D",D'}, C={C,C%}, )
where C™ is a curve along the cut joining two points z and
—0o+i Im(z), C" isa curve along the cut joining two points z
and co+i Im(z), D~ isa domain surrounded by C™,and D
is a domain surrounded by C*. (Here D contains the points
over the curve C.)

Moreover, let f = f(z) be a regular function in D (z €
D),

B r(v+1)J £t dt
C

- 27.[1' (t _ Z)‘l/+1

f@=(f®),
(veR\Z3Z ={...,-3,-2,-1}), (©)

fn(@=lim f,(z) (ne 7",

where t # z,

—-n<arg(t—-z)<n forC,
(7)
0<arg(t-z)<2m for C".

Then f,(z) (v > 0) is said to be the fractional derivative of
f(z) of order v and f,(z) (v < 0) is said to be the fractional
integral of f(z) of order —v, provided (in each case) that
|f,(z)] <00 (v eR).

Finally, let the fractional calculus operator (Nishimoto’s
operator) N” be defined by (cf. [6-10])

N - (F(;};l) L - _dzt)v+l> (vezZ)  (8)

with
N = lim N”

V—-n

(nez"). 9)

We find it to be worthwhile to recall here the following
useful lemmas and properties associated with the fractional
differintegration which was defined earlier (cf. e.g., [6-10,
12]).
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Lemma 2 (linearity property). If the functions f(z) and g(z)
are single-valued and analytic in some domain Q € C, then

(hf (2) + hyg (Z))y =h,f, (z) + h,g, ()
(veR;z € Q)

(10)

for any constants h, and h,,.

Lemma 3 (indexlaw). Ifthe function f(z) is single-valued and
analytic in some domain Q C C, then

(f5 @), = forn (2) = (£, (2)),

(11)
(fo (2) #0; f, () #0;0,7 € R;z € Q).

Lemma 4 (generalized Leibniz rule). If the functions f(z)
and g(z) are single-valued and analytic in some domain Q <
C, then

[ee)

(@ 9@),=Y (1) @0,

n=0 (12)

(veR;zeQ),
where g,(z) is the ordinary derivative of g(z) of order n (n €

Ny := NU{0}), being tacitly assumed (for simplicity) that g(z)
is the polynomial part (if any) of the product f(z)g(z).

Property 1. For a constant A,
(), =1 (A#0veRzeC). (13)

Property 2. For a constant A,
(e_AZ)V =e ™V (A#£0;veR;z€C). (14)

Property 3. For a constant A,

A\ —im/r(v_/\) A—v
("), = T (-A)
F—) (15)
V-
<V€R;Z€C;‘m <OO>.

Now, let apply N-fractional method to nonhomogeneous
Bessel equation.

2. The N”-Method Applied to Bessel Equation

Theorem 5. Let y € {y : 0#|y,| < co;v € R}and f € {f:
0#|f,| < co;v € R}. We consider the nonhomogeneous Bessel
equation:

2_1/4
Ly, x, A p] =y2+y[k— P "

]:f 0<x<1),
(16)
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and it has particular solutions of the forms

t_ xp+1/26—z\ax

y
1/2-p i\/Xx) —2iVAx _p-1/2
X X e e b
{ [(f -p-1/2 o 1)
% eziﬁxx—p—uz} X
p-1/2
yu _ xp+1/26i\ﬁx
1/2-p —iﬁx) 2iVix _p-1/2
X ( X e e X
“ f -p-1/2 o (18
% e—ziﬁxx—p—uz} ’
p-1/2
ym _ xprrl/ze—i\/Xx

—2i —-p—1/2
e nﬁxxp /

y {[(fxl/ZtDei\/Xx)p,l/z } )

% eziﬁxxp—l/z}

>

-p-1/2

ytv — x—p+1/zel\ﬁx

1/2+p ~iVAx 2iVAx _—p-1/2
X {[(fx e )P_l/ze X . (20)

>

% e—Ziﬁxxp—l/Z}
-p-1/2

where y, = dzy/dxz, y =y(&)(z € C), f = f(z) (an
arbitrary given function), and p, A are given constants.

Remark 6. The cases p = 0 of (19) and (20) coincide with
those (17) and (18).

Proof. Set
y=x"y, y=y(x). (21)
Thus
y=nxy Xy
(22)
=1 (n=1) &y + 2"y + <"y
Putting (21) and (22) in (16), we obtained
vox + 20y (g - 1) X
4 xy [A_ » ;21/4] _f (23)
O

With some rearrangement of the terms in (23), we have

VX + Y20+ Y [xfl <;12 -n+ i - p2> + Ax] = fx'
(24)

3
Here, we choose # such that
2 I 5
r]—r]+4—l—p =0. (25)
That is,
- (26)
n=3*p
(I) Letyy = p + (1/2). From (21) and (24), we have
y = xP‘*'(l/Z)w, (27)
vox+y, (2p+ 1)+ ydx = fx/27F, (28)
Set
y=e"p, P=¢(x). (29)

Rewrite (28) in the form
(e p),x + (e¢), 2p+1) + e PAx = fx(l/z)_p. (30)
At this point, differentiating e*¢ two times,
(e¢), = e (up+ 1),
(¢°9), = ¢ (19 + 209y + 1),

and substituting from (29) and (31) in (30), we can express
(30) as

(31)

$x + ¢ 2ux+2p+1)

+¢ (prt +U+x (yz + ,\)) = fulP P, (32)
Choose p such that
ptz +A=0. (33)
That is,

p==VAi (34)

(I) (i): For instance, taking 4 = —V/Ai, we have
y=e g, (35)

dx + ¢ [—\/Xin +2p+ 1]

(36)

+¢ [—i (2p+1) \/ﬂ = fxM/2 Pk
from (29) and (32).

Applying the operator N to both members of (36), we
find the following equality:

[¢,x], + {(bl [—\/Xizx +2p+ 1]}v
+{g[-i@p+ ) VA]} = [P

Vv

(37)



Using (3)-(12), we have
[¢2x]y = x¢2+v + v¢1+w
{qﬁl [—\/Xin +2p+ l]h (38)
= ¢y, [-VAizx +2p + 1] - V2i2vg,.

Making use of the relations (38), rewrite (37) in the
following form:

brnX + &y, [—\/Xin +2p+1+ v]

. (39)
- ¢, [\/Xi2v+i(2p +1) \/X] - [fx(l/Z)*pel\ax] .
v
Choose v such that
1
V=P~ 5 (40)
We then have
¢—p+3/2x + ‘/’—p+1/2 [P + - - 2\/_1x]
(41)
— (1/2)-p ivAx
= [fx e ]—p_1/2
from (39).
Next, writing
b prip =@ =w(x), (42)
we obtain the following equality from (41):
w; +w [xfl <p + l) - 2\/Xi]
2
(43)

_ [fx(l/z)—peiﬁx] X!
—p-1/27

This is an ordinary differential equation of the first order
which has a particular solution,

w= [[fxu/z)—peiﬁx]
-p-1/2

% eZ\/szx—p—l/Z.

—1e—2\/Xixxp+1/2]
-1 (44)

Making use of the reverse process to obtain y', we finally
obtain the solution (17) from (44), (42), (35), and (27).
Inversely, (44) satisfies (43); then

d=w, ) (45)

satisfies (41). Therefore, (17) satisfies (16) because we have
(27), (35), (44), and (45).
(I) (ii): In the case when py = V/Ai, we have
1/’ _ eﬁix(/), (46)
b, x + ¢, [zﬁix +2p+ 1]
. (47)
+¢ [(2p +1) \/Xi] = fx(l/z)””e”ﬁ’C

from (29) and (32).
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Applying the operator N” to both members of (47), we
have

brnX + &y, [2\/Xix+ 2p+1+ v]

, (48)
+¢, [\/Xz (2p+1) i] = (fx(l/z)_Pe_'ﬁx) .
4
Choosing v such that
1
- —p—- 49
v=-p-; (49)
and replacing
¢fp+1/2 =9=9(x), (50)
we then obtain
9, +9 [Zﬁi+ <p+ %)x‘l]
(51)
_ (1/2)-p -iVAx -1
= (fx e )_P_l/zx
from (48). A particular solution of (51) is given by
9= [(fxl/z—pe—iﬁx) x—lezﬁixxpﬂ/zdx]
-p-1/2 -1
(52)
« e—zﬁixx—p—l/z

Thus, we have (18) from (52), (50), (46), and (27).

(ID) Letn = —p + (1/2).

With the help of the similar method in (I), replacing p by
—pin (I) (i) and (I) (ii), we have other solutions (19) and (20)
different from (17) and (18), respectively, if p # 0.

3. The Operator N’-Method to a
Homogeneous Bessel Equation

Theorem 7. If y € @, just as in Theorem 5, then the homogen-
eous Bessel equation

2
p -1/4
Ly, p] :)’2+}’[/\_ | =0
* (53)
0<x<1),
has solutions of the forms
fx p+1/2 —iVAx [ 2iVax x P 1/2 i
Y= { }p 1/2 (54)
_ L opt1/2 iVax [ —2iVAx _-p-1/2
Yu = kx e {e X }P 1/2’ (55)
_ pomp+1/2 —iVAx [ 2iVAx _p-1/2
Y = kx e {e X ]’ - 1/2’ (56)
_ P12 iVAx [ —2iVAx p-1/2
¥, = kx e {e x } s (57)

for p#0, where k is an arbitrary constant.
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Remark 8. In the case when p = 0, (56) and (57) coincide
with (54) and (55).

Proof. When f = 0 in Section 2, we have

cq+a{<p+%>x4—2VE]=0, (58)
91+9[<p+%>x_1+2\ai] =0, (59)

for u = —-ivA and p = iVA, instead of (43) and (51).
Therefore, we get (54) for (58) and (55) for (59).
And, for 4 = —p + (1/2), replacing p by —p in (58) and
(59), we have (56) and (57). O

o ()
Theorem 9. Let y € Q and f € @ just as in Theorem 5. Then
the nonhomogeneous modified Sturm-Liouville equation (16)
is satisfied by the fractional differintegrated functions

y=y+y,. (60)
Proof. 1t is clear by Theorems 5 and 7. O

Application 1. If we substitute p = 0, A = 1/4, and f =
ix~12e7(/2% in (16), then we obtain the following equation:

1 1 _ G
»ty <4_} + E) =ix 1/26 (1/2)x’ (61)
and its solution is

y= xl/Ze(—i/Z)x {I:(ixfl/Zef(i/Z)xxl/Z (i/2)x)_1/2
(62)
% e—ixx—l/Z] eixx—l/Z}

-1 -1/2°

By performing the necessary operations in (62), we get

» 2i o ix —
R zmx{[l_ﬁe a0 I
A/ —1 1/2

7T

where Riemann Liouville operator is

il = oz | oot = 25,
I(1/2) Jo Vx—-t Ve
i (64)
5= xl/Ze(—i/Z)x(_zx_> ,
VI )i

and using the definitions of Riemann Liouville operator
again, we obtain the following solution:

(2
Vro )i I(1/2) Jo \mvx—t ’
y = —2x2em V%, (66)

Now, let us show that the last equality is the solution of
(61):

_( 1 1 _ _
Yy =e /2x le/z + 7% 32 4 xR (67)

0.2 0.4 0.6 0.8 1.0

—-05F

—-1.0 +

-1.5+¢

FIGURE 1: Rey.

0.2 0.4 0.6 0.8 1.0

FIGURE 2: Imy.

Obviously, if (66) and (67) are put in (61), it is satisfied.
The graph of the solution of (61) is given in Figures 1 and 2.

Application 2. If we substitute p = —1 and A = 0 in (53),
then we obtain the following equation:

3

- 0<x<1), (68)

Y2 y=0

and its solution is

2] 12
y =kx {x }_3/2. (69)
We prove that y, is the solution of (67). With the help of

Riemann Liouville operator,

-1/2 _ 1 * tl/z _ \/ﬁxz
I =
5= kxtz\/E_ (71)

Now, let us show that the last equality is the solution of (67),

-1/2

Obviously, if (71) and (72) are put into (68), it is satisfied. The
graph of the solution of (68) is given in Figure 3.
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FIGURE 3

4. Two Further Cases of Modified
Bessel Equation

Theorem 10. In the similar way as in the previous sections,
we can solve the following nonhomogeneous modified Bessel
equation:

1/4) + p*
y2+y[/\+( /))CZ+P ]=f,
, (73)
1/4
y2+y[_/\+( /));P ]=f,

which are obtained by replacing p by ip (A instead of 1) in
(16); that is,

. \2
M] p (74)

(
y2+y|:)t+ e

. \2
SLELA N

X

y2+y[—)t+

(i) Therefore, the solutions for (74) are given by replacing
pbyipin (17), (18), (19), and (20) as follows:

o _ xpi+1/26—i\/Xx

o {[<fx1/z_pieim>

y
e—Ziﬁxxpi—l/Z
—-pi-1/2 ~1

% eziﬁxx—pi—l/z}

>

pi-1/2

y(ll) _ xpi+1/zei\/Xx

y {[<fx1/2—pie—i /\x) 2 VAx pin1/2
—-pi-1/2 1

X e

>

—Ziﬁxx—pi—l/z}
pi-1/2
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(111) _ x—pi+1/2€—i\ﬁx

Y
y {[(fxuzﬂoieiﬁx) o 2iVAx ~pi-1/2
pi-1/2 -1
% ezi\/Xxxpi—uz} X
—pi-1/2
y(zv) = P12 iVAx

2i —pi—1/2
e t\/Xxx pi-1/

y { [(fx1/2+pie—iﬁx)
pi-1/2 -1

% e—z:’ﬁxxpi—l/z} )
—pi—1/2

(76)

(ii) In the same way, for the solutions for (75), substituting
the relations (21), and (22) into (75), we have

Gx + ¢ 2v+ ¢ [(v2 -v+ 4_11 - (pz‘)2>x’1 —Ax] = fx'7.

(77)
Choose v as follows:
vz—v+i+p2:0. (78)
That is
V= 1 + pi (79)
= 2 + p .

Let v = pi + (1/2). From (21) and (77), we have
y = xpi+(1/2)¢) (80)
byx + ¢, (2pi +1) — pAx = fx/2P (81)

Next, set (29); then (81) is rewritten in the form
(e y),x + (), (2ip + 1) — e ydx = fx/PP(82)
Substituting the relations (29) and (31) into (82), we have

vox + v, (2ux +2pi + 1)

ey [(2 =)+ apie )] = g,
Choose p as follows:
W—A=0. (84)
That is,

p==+VL (85)

(ii. 1) In the case when y = —V/A, we have
$=e My, (86)

yyx + vy (—2VAx +2pi+1)

(87)

-y [\/X(Zpi + 1)] = fx(l/z)_Pieﬁx

from (29) and (83).
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Applying the operator N” to both members of (87), we
then obtain

(vyx), + [1//1 (—2\/Xx +2pi+ I)L

‘ (88)
+ {I// [—\/X(Zpl + 1)]}1/ = (fx(l/z)f‘meﬁx) .
Using (4), (10), and (11), we have
Yy X + W1, (—Zﬁx +2pi+1+ v)
' (89)
+y, [—\/X(Zpi +1+ 21/)] = (fx(l/z)_f”eﬁx> .
Choose v such that
1
= —pi—-. 90
v=-pi-3 (90)
‘We then have
o1
Yopi-1/2X T Vi_pi-1/2 [‘2\/)—“6 TPty
()
_ (1/2)-pi_Vix
B (fx ¢ )—pi—l/z
from (89).
Next, writing
Vijp-pi = U =u(x), (92)
we obtain
_ oL\ 1] (e -pi VAx 1
u1+u[ 2\/X+(pz+2)x ]—(fx e )7pi71/2x
(93)

from (91). This is an ordinary differential equation of the first
order which has a particular solution

"y = [(fx(l/Z)—pie\/Xx) e—ZN/Ixxpi—l/Z:I

—pi-1/2 -1 (94)

% ezﬁ xfpifl/Z.
We finally obtain the solution

y(t) _ P12~ VAx

e—Zﬁxxpt—l/Z

» {[(fx1/2—pieﬁx)_Pi_l/2 e

% ezx/Ix xfpifl/z} _
pi-1/2

from (94), (92), (86) and (80).
(ii. 2) Similarly, in the case when y = VA, we obtain

(11) _ rpi+1/26\/1x

d

y

2VAx _pi-1/2
—pi—l/Ze * o (%6)

(fxl/Z—pie— ﬂx)

% e—zﬁxx—pi—uz} )
pi-1/2

Let v = —ip + (1/2). In the same way as in the procedure
in (ii), replacing ip by —ip (ii. 1) and (ii. 2), we can obtain y*"
and y*,

Theorem 11. In the homogeneous case for (74) with f = 0,
using the solutions (54), (55), (56), and (57) and replacing p by
pi, we obtain

Yoy = (xxpiﬂ/zefi /\x(eZi\/Xxxfpi—l/z)
1

pi-1/2"

Yy = axpm/zei\ﬂx(e—Ziﬁxx—pi—uz) ' i
pi-1/2

97)

Vo = (xx—pi+1/2e—iﬁx(eziﬁxxpi—l/z

y(w)

)—pi—1/2’

— ax P2, ﬁx(e—Zix/Xxxpi—uz i
-pi-1/2

for p#0, where « is an arbitrary constant.

5. Conclusion

The N-fractional calculus operator N”-method is applied
to the nonhomogeneous and homogeneous Bessel equation.
Explicit fractional solutions of Bessel equations are obtained.
Furthermore, similar solutions were obtained for the modi-
fied same equation by using the method.
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