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We use the analytic methods and the properties of Gauss sums to study the computational problem of one kind hybrid mean value
involving the general Dedekind sums and the two-term exponential sums, and give an interesting computational formula for it.

1. Introduction

Let g be a natural number and / an integer prime to g. The
classical Dedekind sums

() v

where

r ... .
x—[x] - =, if x is not an integer;
(%)) = ()

0, if x is an integer,

describes the behaviour of the logarithm of the eta-function
(see [1,2]) under modular transformations. About the various
arithmetical properties of S(h, q), many people had studied it
and obtained a series of interesting results; see [3-9].

For example, Wang and Zhang [6] and Wang and Pan
[7] had studied the hybrid mean value involving Dedekind

sums and two-term exponential sums and proved the com-
putational formulae

p-1p-1
Z Z|C(mn3 ;p) - S (ma, p)
m=1 n=1
p-h, if p=12k+7,
={3p-h, if p=12k+11,
0, if p=4k+1, 3)
Z Z C(m,n,4,2; p)| S (mn, p)

2p-h2, if p=8k+7,
o, if p=4k+1 or 8k + 3,

where h, denotes the class number of the quadratic field
Q(+/=p), n denotes the solution of the congruence equa-

tion nx = 1mod p, and the two-term exponential sums
C(m,n, h, k; q) are defined as
q h k
C(m,n,h,k;q)zze(w), @)
a=1 q

e(y) = e Some results related to C(m,n, h,k; q) can be
found in [10, 11].



On the other hand, Zhang [12] introduced a generalized
Dedekind sums as follows:

S(hnq) = ZB < )E <ah)’ (5)

q
where
- B, (x —[x]), if x is not an integer;
B, (x) = e]), s mot an integers
0, if x is an integer,

B,(x) denotes the nth Bernoulli polynomial and En(x)
defined for all real 0 < x <11is called the nth Bernoulli periodic
function.

If n = 1, then S(h, 1;q) = S(h, q), the classical Dedekind
sums. About the arithmetical properties of S(h,n;q) and
B, (x), one can find them in [3, 12]. In this paper as a note
of [6, 7], we consider the following hybrid mean value:

1
C(m,u,h,k; p)-C(m,v,h,k; p)-S(u-v,mp)

1
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]
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N
]

(7)

and use the analytic methods and the properties of Gauss
sums to give an exact computational formula for (7). That is,
we will prove the following conclusion.

Theorem 1. Let p > 3 be a prime and n any positive integer.
Then for any positive integers h and k with (hk, p— 1) = 1 and
integer m with (m, p) = 1, one has the identity

Pl p-
ZZC(umhkp -C(v,m,hk; p) - S(u-v,mp)

=p*-S(Lmp).

Forn =1, 2, and 3, from our theorem we may immediately
deduce the following.

Corollary 2. Let p > 3 be a prime. Then for any positive
integers h and k with (hk,p — 1) = 1 and integer m with
(m, p) = 1, one has the identity

53

C(u,mhk;p)-C(vymhk;p)-S(u-v,1;p)

||M|

)
== p(p-1)(p-2).

Corollary 3. Let p > 3 be a prime. Then for any positive
integers h and k with (hk,p — 1) = 1 and integer m with
(m, p) = 1, one has the identity

p-1p-1
Z ZC(u,m,h,k;p) -C(vym,hk;p)-S

u=1v=1

(u-9.2;p)
(10)

1 (p-1)(p*-4p* +6p+6)
180 P ’
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Corollary 4. Let p > 3 be a prime. Then for any positive
integers h and k with (hk,p — 1) = 1 and integer m with
(m, p) = 1, one has the identity

Z Z (u,m hk; p)-C(vym,hk; p)-S(u-v,3; p)

1 (p-2)(p-1)(p+1)(p+2)(p* +5)
840 P '

(11)

For general integer q > 3, whether there exists an exact
computational formula for the hybrid mean value

4 4
Z'Z'C(u,m,h,k;q) -C(v,mhk;q) - S(u-v,mq)

u=1 v=1

(12)

is an open problem, where h and k are positive integers with
(kh,¢(q)) = 1 and (m,q) = 1.

2. Several Lemmas

In this section, we will give two lemmas, which are necessary
in the proof of our theorem. Hereinafter, we will use many
properties of character sums and Gauss sums; all of these can
be found in [13], so they will not be repeated here. First we
have the following.

Lemma 1. Let p be an odd prime and x any nonprincipal
character mod p. Then for any positive integers h and k > 1
with (hk, p — 1) = 1 and any integer m, one has the identity

p-1 _ _
> xw)-Cuwm ki p) = Y (m) -7 () -7 (X)),
u=1
(13)
where T()) = ‘Z;ll x(a) e (a/ p) denotes the Gauss sums.

Proof. From the definitions of C(u,m,h,k; p) and Gauss
sums we have

p-1
Z)((u) -C (u,m, h,k; p)

u=1
X(u)z (ua +mak>

S e(H

VN iy uah+mak>
z;w (5
-1

002X @ e( pk>

Since_ (hk,p — 1) = 1, then there _exits one integer k such
that k- k = 1 mod (p — 1) and (k, p — 1) = 1. From the
properties of reduced residue system mod p we know that if

(14)

a pass through a reduced residue system mod p, then a* also
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pass through a reduced residue system mod p. So from (14)
and Fermat little theorem we have

-1
Zx(u) -C (u,m, h,k; p)
u=1

() "Zl)_(h (aE> . ( ik )

(15)
P_I_E.h ma
=7(x) X (a)-e<—
a=1 p
— Xk.h (ﬂ’l) T (X) .7 (xk-h> )
This proves Lemma 1. O

Lemma 2. Let q > 3 be an integer and h any integer with
(h,q) = 1. Then for any positive integer n, one has the following
identities.

(i) If nis an odd number, then

(n))’
41— 1q2n 1 2nZ¢(d)

S(h,mq) = Z XL (Y

x mod d
x(=1)=-1
(16)

(ii) If n is an even number, then

(n!)Z dZn

S(h,nq) =
( q) 4n—1q2n—1n2n o ¢ (d)

12
S AL - 5 .
i

17)

where L(1, x) denotes the Dirichlet L-function corresponding
to character y mod d and {(s) is the famous Riemann zeta-
function.

Proof. See [12]. O]

3. Proof of the Theorem

In this section, we will complete the proof of our theorem.
If n is an odd number, then note that for any nonprincipal
character y mod p, |t(x)| = +/p and 7(x) - (x) =
X(Dr(x)T(x) = X(=1) - p. So for any integer u with (u, p) =
1, from (i) of Lemma 2 we have

p-lp-1
ZZC(u,m,h,k;p) -C(v,m,hk; p) - S(u-v,mp)
u=1v=1

o m)p

Tyl (P _ 1)7.[2n

p-lp-1

Z ZZC(u m, h,k; p)
mod pu=1lv=1
))(C( 1)=- P
-C(rm ks p) x -7 |L(n )
(n!)z-p _ k-h 2
4 l(p_l)ﬂz Xng:‘ip
x(=1)=-1
AL (n x)I*
— M Z |L(n X)|2 :p2~8(1 np)
e t(p-n)mn

x(=1)=-1
(18)

If n > 2 is an even number, then note that (k, p — 1) = 1 and
the identity

p-1
ZC (u,m, h, k; p)
u=1

From (ii) of Lemma 2 and the method of proving (18) we have

55
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C(u,mhk;p)-C(vym,hk; p)-S(u-v,mp)
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N2. p3
B A s

gyn-1 (P 1) ﬂznxmod ,
x(=D=1
(n))” - p* (n))? -
+W.C2(Yl) 4n1 ZnC(n)
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= L(n,
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(n))* -
W o
=p*-S(Lmp).

(20)

Combining (18) and (20) we may immediately complete the
proof of our theorem.
From the definition of S(1, 1; p) we have

p-1 2
a 1 1 2
S(l,LP)—Z(;—E) _E<p_3+;>

a=1

_(-1)(-2)

12p

(21)

Combining (18) and (21) we can deduce the identity

p-1p-1
Z ZC(u,m,h,k;p) -C(vymhk;p)-S(u-v,1;p)
u=1v=1 (22)

== p(p-1)(p-2).

This proves Corollary 2.
If n = 2, then note that B,(x) = x? — x + 1/6; we have
q-1 q-1/ 2 2
—2(a a a 1
swza= 35 (5)-5(55 1)
a=1 a=1 (23)
g 1 1 1
= ——— + —_— — .
180 36 18 30q°
From (20) and (23) we have the identity

o
Z ZC(u,m,h,k;p)-C(v,m,h,k;p)~S(u~V,2;p)

(24)
_L.(p—l)(p3—4p2+6p+6)
180 p '

This proves Corollary 3.
If n = 3, then note that B;(x) = x> = (3/2)x% + (1/2)x; we

have
13q)—ZB() z(“_3_§“ lE>2

- 2q

q 1 1

— - —— + —.
T840 404 42g°

(25)
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From (18) and (23) we have the identity

p-1p-1
ZZC (u,m,hk; p)-C(vym,h ks p)-S(u-v,3; p)

u=1ly=1
1 (-e-D+)(p+2)(p"+5)
840 P’ '

(26)

This completes the proof of Corollary 4.
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