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The study of nonlinear Schrodinger systems with quadratic interactions has attracted much attention in the recent years. In this
paper, we summarize time decay estimates of small solutions to the systems under the mass resonance condition in 2-dimensional
space. We show the existence of wave operators and modified wave operators of the systems under some mass conditions in n-
dimensional space, where n > 2. The existence of scattering operators and finite time blow-up of the solutions for the systems in

higher space dimensions is also shown.

1. Introduction

In this paper we survey recent progress on asymptotic
behavior of solutions to nonlinear Schrédinger system,

. 1
i0,v; + ﬁAV]- =F;(v,...,v) +G; (vj) ,
i
teR, x e R", M
v;i(0,x) = ¢;, xeR",

based on papers [1-9], where 1 < j < [, v; is the complex

conjugate of v;, m; is a mass of particle, and nonlinearities
have the form

j
Fi(v,... Z A VmVie

1<m<k<2l (2)

»Vz) =

Gy (v;) = |vilv;
with

Vi Vio Vi € {Vis oo, WV, )

(3)

=V sV Ve

Vabs AL i €C

m.

Nonlinear Schrodinger systems with quadratic interac-
tions are physically important subjects (see, e.g., [10] and
references cited therein). The quadratic nonlinearities of
nonlinear Schrodinger systems in two space dimensions are
interesting mathematical problems since they are regarded
as the borderline between short range and long range inter-
actions. In this case, asymptotic behavior of solutions to
nonlinear systems is different from that to linear systems
under mass resonance conditions and is the same as that to
linear systems under mass nonresonance conditions. Namely,
it is impossible to find solutions of nonlinear systems in
the neighborhood of those of linear systems under mass
resonance conditions.

If F;(v;) = 0, then we have a single nonlinear Schrédinger
equation:

. 1
0+ 5= = v vy (4)
There are a lot of works on this subject since the work by
Ginibre and Velo [11] which is considered a milestone of the
field. We refer the text book by Cazenave [12] concerning the
development on studies of (4) for details.



It is interesting to compare (1) with the system of nonlin-
ear Klein-Gordon equations

2

1 1 mc

——O0,u;— —Au; + u;

2c2m]- £ 2m; / 2 (5)
=—Fj(u1,...,ul)—Gj(uj)

in(t,x) € RxR"for1 < j < I, under the gauge invariant
condition

Fi(vy.om) = eimfeFj (e_imlevl, e e_imlev,) (6)
for any 6 € R, where c is the speed of light. If we let u; =

—itm;c

e M Zvj in (5), then by the condition (6) we find that vj
satisfies
1
afvj —i0,v; Av;

2 i j
2c m; 2mj

= —e’mfeFj (e %,,...,e ™)

7)

_ imje ( —im]-9 )
e G] e vj

1) =G (7))

with 6 = tc* for 1 < j < L Therefore nonrelativistic version
of (5) can be obtained by letting ¢ — 00 in (7) formally,
which is (1). The first breakthrough on asymptotic behavior
of solutions to (5) with G 7 =0 was made by Klainerman [13]
and Shatah [14] independently when n = 3. Their result was
improved by a paper [15].

It is natural to require the L2(R™) conservation law of
solutions to (1) from the point of view of quantum mechanics.
A sufficient condition is

=—F; (v,

1
Im ) ¢;F;v; = 0, (8)
=1

where ¢; > 0 for 1 < j < ; then we have L*(R") conservation
law and as a result global existence in time of solutions to
(1) is obtained by combining the conserved identity and the
Strichartz estimate for n < 4 (see [16] in which a single
equation was considered and the proof used in [16] works for
the system).

We now introduce some function spaces to present exact
statements of our results. For any m,s € Rand 1 < p < oo,
weighted Sobolev space H7"*(R") is defined by

H* (R") = {f € 8" (R3] flagpen <0} ©)
where

gy = 1= 714 22) w0

We write HJ**(R") = H™(R") and H™’(R") = H"(R") for
simplicity. L?(R") denotes the usual Lebesgue space with the
norm

PR

ol = ([ o olPax) )
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if1 < p<ooand

|8l oo oy = €55 sup |6 (x)] - (12)

By B;’ q(IR”) we denote the homogeneous Besov space with
the seminorm

¢

By ,(R")

{

wheres = [s] +0,0 < 0 < 1,¢y(x) =¢x+y),1l < p,
q < 00, and [s] is the largest integer less than s. It is known
that BS’Z(R”) = H'(R") (see [17]). We let C(I; E) be the
space of continuous functions from an interval I to a Banach
space E. Different positive constants might be denoted by the
same letter C. The homogeneous Sobolev spaces H™(R")
and H**(R") are defined by

o va (13)
[ 3 1076, Dl it )

0 [Y1<A jal=[s]

Hm,() (Rn)
= {f €' @)l sy = |- Flysgery < 00}
HO,s (Rn)
= {f € SR | fliwscary = It iy < 00}
(14)
respectively. We define the dilation operator by
1 X
D X)= —— <—> 15
(D) () = 54 (5 (15)

for x € R" and §#0 and define E = e WM and M =
e PO for t 4 0.
Evolution operator Ug(t) is written as

(Us (©)¢) (x) = M P°Dg, (FM°0) (x),  (16)

-1 . .
where %, & are the Fourier transform and the inverse
Fourier transform, respectively. We also have

Us (1) ¢ (x) ="M (F'E°Dy ) (). (17)

The operator ]l/mj,k = xj +i(t/m;)0) = Ul/mj (t)kal/mj(—t),
where j € {1,...,l} and k € {1,...,n} is an important tool
to study time decay of solutions to nonlinear Schrodinger
equations satisfying the gauge invariant condition (6) since
it acts as a differential operator. Fractional power of J; Jm, 18
defined as

ijm| 5 = Usjor, O 151Uy, (-0, @ >0, (8)

which is also represented as (see [18])

B t2 al2
| (t>=M’"f<——2A> M™,9)
7 m]



The Scientific World Journal

for t #0. Moreover, for Ll/mj = i0, + (I/ij)A, we have
commutation relations such that

[Ll/mj’ |]1/mj

Remark 1. The system (1) includes some important nonlinear
Schrodinger systems from the physical point of view. For
example, the following system appears in a physical model
(seee.g., [10,19]):

] - 0. (20)

1
i0,v, + —Av, = —|v,| v, =V, v
V1 2m, 1 | 1| 17~ V2V
i0,v, + —1 Av, = — |v2| vy — V3V, (21)
2m,
. 1
i0,v3 + ——Avy = = |v3| v; = vy,
2my

in (t, x) € RxR?, where m; is a mass of particle for j = 1,2, 3.
In [10], the system (21) has been derived as a model describing
nonlinear interactions between a laser beam and a plasma.
In [19], the stability of solitary waves for the system (21) was
investigated.

This paper is organized as follows. Section 2 is devoted to
present our recent works and some remarks. From Section 2.1
to Section 2.5, we consider the asymptotic behavior of solu-
tions to nonlinear Schrodinger systems. In Section 2.1, we
survey the results on the time decay estimates of solutions to
nonlinear Schrodinger systems for n = 2 shown in [4-7, 9]. In
Section 2.2, wave operators of nonlinear Schrédinger systems
are investigated for n = 2 based on a paper [1]. Section 2.3
is concerned with the study of modified wave operators for
n = 2 from a paper [1]. In the last two subsections, we survey
the results in [2, 3]. In the last section we consider the related
and open problems.

2. Nonlinear Schriodinger Systems

2.1. Time Decay of Solutions to Nonlinear Schrodinger Systems
in Two Space Dimensions. To state time decay of solutions to
nonlinear Schrodinger systems for n = 2, we start with time
decay estimates of solutions to linear Schrédinger systems.
For (1), the corresponding linear system is written as
1
iatvj +—Av.=0, teR, xeR>
2m;
! (22)

2
vj(O,x):qu, x € R%,

where 1 < j <.

As we know the solution vj(t) of (22) is represented as
vj(t) = Ul/mj(t)(/)j. It is known that vj(t) is decomposed into
a main term and a remainder one as
@ng,‘(_f)jLR. (23)
it I\t /
for n = 2, where R; decays rapidly in time; indeed we have
the estimate

=

im. 12 2
Usj, (1) 9 = €20

= Clt ™| g 0<y<l, (24)

j|'Loo(R2 H0,1+y(R2)’

for t#0. By Uy, (£)v,] and LY(R?) -

e = Wil
L'(R?) time decay estimate

-1
21
“Ul/m/(t)vf"meZ) = (;} |t|> "Vf"Ll(IRZ) (25)

for t # 0, we have the following time decay estimates through
the interpolation theorem (see [12]).

Theorem 2. Let2 < p < 0o, and let p, p' be conjugate indices,
t#0. Then we have Ul/mj(t) : L? (R?) — LP(R?) which are
bounded operators and satisfy

1 -2((1/2)=(1/p))
||U1/"‘j(t)vj @y = (JJ ltl) |'vj"LP’(RZ) (26)
forj=1,...,1L
Now we consider a special type of the system (1),
. 1 _
iUy + —— Auy = Auju,,
2my
(27)

1 2
iou, + —Au, = pu?,
) m, 2 = puy

in (£, x) € RxR?, wherem, and m, are the masses of particles

and A, pu € C. If we let u; = (1/+/|Apl)v, and u, = (u/|Aul)v,
in the above system, then we obtain the system as below

1
0V, + —— AV, = YV, v,
V1 2m, 1= YNV
(28)

. 1
i0,v, + %AVZ = vf,

in (t,x) € R x R? where y = Au/lApl € C. Therefore we
survey the results on time decay of solutions to the system
(28). The first result was obtained in [4].

Theorem 3 (see [4]). Assume that2m, = m, and y = 1. Then
there exists € > 0 such that (28) with the initial data

v(0) = (v, (0),v,(0) = (¢1,¢,) = ¢ (29)

has a unique global solution
v=(v,,) € C(R;H*(R*) nH* (R?))  (30)

for any (¢,,¢,) € H*(R*) N H**(R?) satisfying

HZ(RZ)nHO,Z(RZ) < e (31)

2
“(/)"HZ(RZ)OH"*Z(RZ) = Z;"‘/’j
=

Moreover the time decay estimate
2
-1
v (& Moy = D[V (6 ) ooy <CA+ DT (32)
=1

is true for all t € R.



In Theorem 3, the main result is L°(R?) time decay
estimates of solutions of (28) and which is the same rate as
that of the corresponding free solutions.

When y = 1, (28) satisfies the condition (8). Under the
condition, y = 1, (28) obeys the L?(R?) conservation law such
that

d
dr (”"1 "iZ(RZ) + “VzuiZ(RZ)) =0. (33)

In the case of the mass resonance condition 2m, = m,,
(28) satisfies the condition (6). Global existence of small
solutions for (28) is obtained from the conservation law and
the Strichartz estimate. L (R?) time decay of small solutions
for (28) is proved through a priori estimates of local solutions

. o - o
in the norm ||J'U1/mj( t)vjlle(Rz). The similar idea has

been used for construction of H**(R?) solutions to a single
nonlinear Schrodinger equation by a paper [20]. Theorem 3
extends this idea to (28). The main point in the proof of the
result is to derive the ordinary differential equation

0.y, =yt "Y1y, + O (t_l_g) »
(34)
0y, =yl +0 (7).

under the condition 2m; = m, by using the factorization
formulas of Schrodinger evolution group stated in Section 1,
where y; = Dl/mngl/mj(—t)vj for j = 1,2 and ¢ >
0. Asymptotic behavior in time of solutions of (28) is
determined by that of the ordinary differential equations (34).
The main task is to show that remainder terms are estimated
from above by O(t'7%) which is integrable in time. This is the
reason why we use the condition such that the data must be
in H**(R?), 8 > 1.

The system (1) is a generalization of (28). For the system
(1), we have global existence theorem and time decay esti-
mates as follows.

Theorem 4 (see [5]). One assumes that ¢ = (¢p;,...,¢;) €
H**(R?) and F; satisfies the conditions (6) and (8) for each
j €{l,...,1}. Then there exists € > 0 such that (1) has a unique
global solution
v=(v,....,n) € C(R;H* (R?)) (35)

forany ¢ = (¢y,...,¢) € H**(R?) satisfying

I
"‘/’”HM(RZ) = Z||¢i||Hz,z(Rz) <e. (36)
i=1

Moreover the time decay estimate

l
”V(t’ ')"LOO([RZ) = ZHVi (t> .)"LDQ(RZ) < C(]- + |t|)_1 (37)

i=1
is true for all t € R.
Theorem 4 was improved in [6] by replacing the condi-

tion such that ¢ € H**(R?) by ¢ € HF(R?) n H*#(R?) with
1<p.
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Now we focus on the following system:

. 1 _
i0v; + ——Avy = Ay |vy| vy + uyv3vs,
2my

1
i0,v, + ——Av, = A, |[vy| v, + vy vs,

. 1
i0,vs + e Avy = A, |v3| Vs + UV ¥y,
3

Vj(o’x)=¢j(x)) j=1’2’3:
in (t, x) € RxR?, where m,, m,, m, are the masses of particles
and Ay, A5, As, py, 4y, p3 € C )\ {0} are constants.

Time decay problem of solutions to (38) is considered in
[7]. By using the similar method as [4, 5], we have global
existence in time and time decay estimates of small solutions
for (38) as below.

Theorem 5 (see [7]). Assume that the mass resonance condi-
tionm, +m, = my is satisfied. One also assumes that Im A ; < 0
for j=1,2,3 and x,p, + 1,4, = K3tz With some Ky, Ky, k5 > 0.
Then there exists € > 0 such that (38) has a unique global
solution

v=(v,v,v3) € C(R;H° (R*) nH™ (R?))  (39)

forany ¢ = (¢1, ¢y, ¢5) € H'(R?) n H*(R?) satisfying

3
L] Pe———— Dl @)@y <& (40)
i1

where 1 < s < 2. Moreover, the time decay estimate
3
IVt Mooy = Y i (6 Mooy < CA+ L) (41)
i=1
is true for all t € R.
If
Im)tj<0 for j=1,2,3, (42)

the nonlinear term A ]-Ivjlvj acts as a dissipation one which
requires logarithmic correction in time of solutions and
the negative time is not considered. We have the following
theorem.

Theorem 6 (see [7]). Suppose that the assumptions of
Theorem 5 are fulfilled. Let v be the solution to the system (38)
constructed in Theorem 5. If
Im)tj<0 for j=1,2,3 (43)
is satisfied, then the time decay estimate
Iv(t, )o@y < CL+1) " (log (2 + 1))~ (44)

is true for all t > 0.
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This phenomenon was found in [21] for a single equation.
We note here that the method presented in [7] is different
from the one in [21]. It seems that the proof in [21] does not
work for the system.

Define the scaled function by v; ,(t) = v j(yzt, px); then
vj,ﬂ(t) satisfies the system (1) with the initial data ¢j,#(x) =

Mz(/)j(yx). We have

||¢j,y|';o,zf(n/z)(Rn) = JRn ‘u4|x|4—n'¢j (ptx)'zdx
(45)

2
HO02-(1/2) (R™) >

= |l

which implies that H*>"™2(R") is one of the so-called
invariant spaces for the problem (1). Other invariant spaces
of (1) are given by H"™?72(R"). We consider the large time
asymptotics of solutions to the system (1) for n = 2 in the
function space H*(R?) n H*# (R?), where «, B satisfy 0 <
B <1 < a < 2and can be taken to be close to 1. Therefore
our function space has relation with the invariant space and

the considered data are not necessarily in L2(R?).

Theorem 7 (see [9]). Assume that (6) and (8) hold. One also
assumes that ¢ = (¢,,...,¢) € H**(R*) n H*P(R?), where
0 < B <1< «a< 2. Then there exists € > 0 such that (1) has a
unique global solution v such that

Ul/m (_t) V= (I-]l/m1 (_t) Voo Ul/ml (_t) vl)
e (R (87) i (27)

forany ¢ = (¢, ..

(46)

., ¢y) satisfying
!
||¢|lH°""(R2)nH°>ﬁ(R2) = Z||¢i||H°»“(R2)nH°’/3(RZ) <E (47)
i=1

Moreover, the time decay estimate

1
v (& Mooz = D i (6 Npoey < ClEITH (48)
i=1
is true for t # 0.

We note that in [8] we consider the problem (38) under
the initial condition ¢ = (¢,,¢,, ;) € H**(R?) n H*(R?)
and the dissipation condition ImA; < 0, where0 < § < 1 <
« < 2. Then we have the time decay estimate such that

Iv(t, Yoy < £ (logt) ™ (49)

forallt > 1.

In the final part of this subsection, we will show that
the assumption (8) is important for obtaining the time decay
estimates of solutions. Let us consider the following system:

1
iov; + —Av; =0,
2my

(50)

. 1 2
i0,v, + ——Av, =],
2m,

vi(0)=¢, v, (0) =¢,,

in (t,x) € R x R?, where m,,m, are the masses of particles.
It is obvious that the nonlinearities of (50) do not satisfy
the assumption (8). Since the first equation of this system
with the initial condition v,(0) = ¢, can be considered the
Cauchy problem for the linear Schrédinger equation, we find
the value of v, explicitly by v; = Uy, (¢)¢;. Therefore, we
have

1 2
10y, + —Av, = (Uy,, (0 ¢,)

v, (0) = ¢,.

For the system (51), we obtain the following result.

Proposition 8 (see [4]). Suppose that ¢, € H(R?), ¢, €
L*(R?). Let

v, € C([l,oo);L2 (Rz)) (52)

be a global solution of (51). Then the following estimate is true:

2
12 1081 — Cl¢x ”f—IO’Z(RZ) (53)

v, (t)"LZ(RZ) =m ”‘E
fort > 1.

This fact was pointed first in [22, 23] in the case of Klein-
Gordon equations and in Remark 3 of [24] in the case of
Schrodinger equations.

2.2. Wave Operators of Nonlinear Schrédinger Systems in Two
Space Dimensions. First, we briefly explain the definition of
the wave operator (see [25]). For a given function v, = (v,,),
we assume that there exists a unique solution v = (v;) of the
system (1) satisfying the asymptotics

Jim [[v(t) = Uy (v, [ = 0, (54)

where Uy ,,,(t)v, is the solution of linear problems with the
initial data v, and || - | is the norm of Banach space X. Then
we define the map W, : v, — v(¢) and call it the wave
operator. We also call v, the final state (or the final value)
since it is considered the value of U, ,,,,(~t)v(t) at infinity if
Uy (t) is the unitary operator in X. The same problem can
be considered for negative time.

To study existence of wave operators for (28), we consider
the following problem for given final data (¢,,, ¢,,) :

1
i0,v, + —— AV, = YV, v,
V1 2m, 1= Yn"2
1
i0,v, + —Av, = vf,
2m, (55)

[ ) = U, © b ey — 0 a5t — 00,

—> 0 ast— 00,

[v: ®© = Uty © 6.

L2(R?)

in (f,x) € R x R% If there exists a nontrivial solution for
the above system, then we say that there exists a usual wave
operator.

We consider (28) under the mass nonresonance condi-
tions 2m, #m, and m, #m,.



Theorem 9 (see [1]). Let 2my +m, and m, #m,. Then there
exists € > 0 such that, for any

¢, = (b1 $5,) € (H” (R*) nH ™ (R?)) x H*? (R?)

(56)
with the norm
161+ 02 oy ey + 624 lapoaery < & (57)
the system (28) has a unique global solution
v=(v,v,) eC([l,oo);L2 ([RZ)). (58)
Moreover, the following estimate
v ®) = Upjpn ) b [l 22
(59)

<ct?t
L2(R?)

=Sy -y, 04,
j=1

holds for allt > 1, where 1/2 < b < 1.

The mass nonresonance conditions 2m; #m, and
my #m, are used to obtain better time decay of solutions.
Oscillating properties of nonlinear terms ,,v,, and v}, are
different from those of solutions to linear problem which
yield an additional time decay from nonlinear terms; namely,
nonlinear interactions are not critical. By combining this fact
and the Strichartz type estimates, the result of Theorem 9 is
obtained.

We next consider (28) under the mass condition m, = m,
which is also the mass nonresonance case and the support
conditions on the data.

Theorem 10 (see [1]). Let m, = m,. Assume that
6. = (brordy,) € (Ho,z ([RZ) A0 (Rz)) « H/%? (IRZ),

supp (f; N supp @: is empty.
(60)

Then there exists € > 0 such that, for any ¢, = (¢,,, $,,) with
the norm

l61+ ooy oy + 62+ loarey < & (61)
there exists a unique solution
v=_(v,v,) € C([l,oo);L2 (Rz)) (62)
for the system (28) satisfying the estimate

“V (t) - Ul/m (t) ¢+ “LZ(RZ)

(63)

<ct?t
L2(R?)

=Sy -y, 04,
j=1

forallt > 1, where 1/2 < b < 3/4.
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From the result we have wave operators when the support
of the Fourier transform of the Schrodinger data is restricted.
Restriction on the support of the Fourier transform of the
Schrodinger data was used to obtain an improved time decay
estimate of the nonlinear term v, v,,.

We turn to investigate existence of wave operators for
(1). First, we give a necessary condition of existence of
asymptotically free solutions.

Theorem 11 (see [5]). Let ¢ = (¢y,...,¢;) € H?>*(R?) and let
v be global in time of solutions of (1) satisfying a priori estimates

o0 1 5
_"U /m (_5) V“ 02 (02 ds < 00,
L o e (64)

1F UL m () ]| oo 2y < C-

We assume that the gauge condition (6) holds for each j €
{1,...,1}. If there exists ¥, = (Yp,»...,¥p,) € LX(R*) n
L®(R?) such that

Jim v (8) = Uy (O 9 |2y = 05 (65)
then
Ej Dy, ¥r>- > Dy ¥ ) = 0 (66)

forevery j € {l,...,1}, where y, = Fy,.

If the support condition

I
ﬂ supp ¥, (mjf) is empty (67)

j=1

is satisfied, we have (66).
We give existence of wave operators of the system (1) for
small final states by (66).

Theorem 12 (see [5]). Let ¥, = (¥p,»...,¥5,) € H?*(R?)
satisfy the so-called support condition (66). Assume that F;
satisfies the gauge condition (6) for each j € {1,...,1}. Then for
some € > 0 there exists a unique global solution v = (v,,...,v;)
of the system (1) such that

veC([1,00);L%(R?)),

. (68)
lv®) = Ui O Wl pgey <Ct7> 1/2<b< 1
for large t and any Y, satisfying
v ey <= (69)

Existence of wave operator for a single nonlinear
Schrodinger equation was studied in [26, 27].

2.3. Modified Wave Operators of Nonlinear Schridinger Sys-
tems in Two Space Dimensions. In Section 2.2, we discuss
the existence of wave operators of the systems (1) and (28).
However, if it is impossible to show existence of the wave
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operator, we have to modify the setting of the problem. We
define the modified wave operator (see [25]) as follows. Let us
construct a function v, = (v,,) from a suitable function space
and define a function f(v,,t) by v,. Then we try to find a
unique solution of nonlinear problems under the asymptotic
condition

Jim V() = Uy f (v, )] = 0, (70)

where || - [ is the norm of Banach space X. Namely, the
problem is solved if we can define the function f satistying
the asymptotic condition (70) by taking the structure of
nonlinear terms into consideration. If we have a positive
answer, we can define the map MW, : v, — v(t) instead of
the wave operator. We call MW, the modified wave operator
since we modified the final states.
We consider (28) again which is written as

1
0V, + ——Av, = yv,v,,
V1 2m, 1 =YV
(71)

. 1
i0,v, + —Av, = vf,
2m,

in (t,x) € R x R%. In Section 2.1, we stated the time decay
estimates of solutions to this system in the case of 2m; = m,
and y = 1. Since the nonlinearity is critical in this case, it
is impossible to find a solution in the neighborhood of the
free final state (U, ,,, (1)§1,, Uy, (£),.,). Indeed we have the
nonexistence of the usual scattering states.

Theorem 13 (see [4]). Let 2m; = m,, y = 1, and let
v=(v,v,) € C([O,oo);H2 (Rz) nH" (Rz)) (72)

be a global solution obtained in Theorem 3. Then there does not
exist any nontrivial scattering state d, = (¢,,,$,,) € H* (RN
H*(R?) such that ¢,, #0 and

— 0
L2(R?)

2
"V () - Ul/m¢+”L2(R2) = J;"Vf ®) - Ul/mj¢f+
(73)
ast — 00.

From the result, we need to modify the final state
with time dependence. We note here that the modified
wave operator for nonlinear dispersive equation was first
constructed in [28] for the cubic nonlinear Schrédinger
equations in one space dimension and then constructed in
[29] for the derivative nonlinear Schrodinger equation, by
changing it via a suitable transformation (see [30]) to a system
of cubic nonlinear Schrédinger equations without derivatives
of unknown function; see also [31] for recent developments.
Two-dimensional case was studied in [32].

In Section 2.2, from (34), we see that the asymptotic
behavior of solutions of (28) under the mass resonance

condition 2m,; = m, is determined by the solutions of the
following system:

10,y = Yt_lq’_lyﬁ"zw 1)
74

. -1 2
lat(PZy =t P1y-

By calculation we find that the particular solutions of (74)
are

- iw (£) 20®
(Ply(t)g)__—l+w(f)logt’ o
75
o (0 = 2D
2y \» N7 2 T

1+w(&)logt
in the case of y = —1 and the particular solutions of (74) are

@y, (¢t H=w(® ei6(5)+(i/\/§)w(5)logt
]} bl

1 2i0(8)+iV2w(E) logt (76)
t, — _w e 1 1 W' (0}

in the case of y = 1, where w(§) > 0 and 0(&) is a real valued
given function. We also find that

9, &) =0, ¢, =w®™ (77)

are particular solutions of (74) when y = +1.
The following theorem shows existence of the modified
wave operators of (28).

Theorem 14 (see [1]). Let 2m; = m, and y = +1. Then there
exists ¢ > 0 such that, for any 0,0 € H*(R*) with norm
lwllee w2y < & (28) has a unique global solution

v=(v,v,) € C([l,oo);L2 (IRZ)). (78)
Moreover, the following estimate

|v@® + Uy, ) F7' D0, (1)

L2(R?)

<ct?
L?(R?)

2
o1
- j_zluvj (6) + Uy, (6) F ' D, 5, ()
(79)
holds for all t > 1, where 1/2 < b < 1.

Using the resonance condition, 2m, = m,, we get the exis-
tence of modified wave operators by the contraction mapping
principle. Since the identity U, /mj(t) = M’met/mjgv'M’mj
is known for j = 1,2, we have the estimate from the above
theorem

R -1 -1 -b
lv®-iMDFM " F g, (1) e < Ct

(80)

forallt > 1, where1/2 <b< 1.
Existence of modified wave operator for a single nonlin-
ear Schrodinger equation was studied in [26, 27]. Asymptotic



behavior of solutions to nonlinear wave systems was studied
in [33]. It was shown that the asymptotic behavior of solutions
of them depends on the corresponding ordinary differential
equations which are related to (74). In [33], another special
solution was presented and the method can be applicable to
nonlinear Schrédinger systems with a slight modification.

2.4. Nonlinear Schrodinger Systems in Higher Space Dimen-
sions I. In the case of higher space dimensions, n > 3, the
scattering theory for (28)

. 1 __
i0,vy + z—mlAvl =YV Vys
(81)

. 1
i0,v, + EAVZ = vf
2

was studied in [2].

We will explain the scattering problem (See [25]) briefly.
We may assume the existence of wave operator W, which
maps a Banach space X into itself. Namely, for any given
v, € X, we assume that there exists a unique solution v(t) €
C([0, 00); X) of the nonlinear system such that

Jim Uy, (=)(8) = v, | = 0. (82)

We consider the initial value problem with the data v(0)
which are determined by the solution v() in the time interval
t € [0,00). If the initial value problem has a unique global
solution v(t) € C((-00,0]; X) and we can find a unique
v_ € X from the solution v(t) satisfying

im0, (=t)v(E) = v_|[ = 0, (83)

: 1(0) €
X + v_ € X. From this operator we can define S = W_'W, :
X — X. We call the operator the scattering operator.

In the case, n > 4, existence of the scattering operator
n/2)—2(Rn

. -1
then we can define the inverse wave operator W_

was proved in the space H' ) which is close to the
invariant space H"?72(R™). In the case of n = 4, we have
the results in the invariant space L2(R*). In the case of nn = 3,

existence of the scattering operator was proved in the space
H*'/2(R?), under the mass resonance condition 2m, = m,,

which is close to the invariant space H*2(R3). To state the
following theorem, we introduce

B, = 1¢=($.¢,) e H"?7 (R");

(84)

2
Bl ez = D832y < €
j:l

Theorem 15 (see [2]). Let n > 4. Then there exist ¢, and C,
such that 0 < g, < 1 < C,, with the following property.

(1) For any e with 0 < & < g and any ¢ = (¢;,
¢,) € B,, (28) has a unique global solution v = (v|,v,) €
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C(R; H™?72(R™)). Moreover, there exist unique ¢, = (¢,
$5.) € Bg,, such that

"V (t) - Ul/m ) ¢¢ ||H(n/2)72([Rn) — 0 (85)

ast — too.

(2), For any e with 0 < & < g, and any ¢, = (¢, P,,) €
B,, (28) has a unique global solution v = (v;,v,) € C(R;
H"272(R™) such that v(0) = (v,(0),v,(0)) € B,

v (@) - Uy (£) ¢+”H(”/2>’2(R“) —0, (86)

ast — +00.

(2)_ Forany e with 0 < € < gy and any ¢_ = (¢;,_,¢,_) €
B,, (28) has a unique solution v = (v;,v,) € C(R; H"?2
(R™)) such that v(0) = (v,(0),v,(0)) € Be,es

"V (t) - Ul/m ()¢ ||H(n/2)72([Rn) —0 (87)
ast — —00.

Corollary 16 (see [2]). The wave operators W, : ¢, — v(0)
are defined as mappings from B, to B¢, for any € with 0 <
e < g, The scattering operator S : ¢, +— ¢_ is defined as a
mapping from Be-i to B, for any € with 0 < & < &.To state
the following theorem, we introduce

B.= {1¢=(¢.¢,) e H"*(R);
(88)

HO,I/Z(R3) S €

||¢”H°'1/2(R3) = Z"¢J
j=1

Theorem 17 (see [2]). Let 2m, = m,. Then there exist &, and
C, such that 0 < gy < 1 < C,, with the following property.

(1) For any € with 0 < & < g, and any ¢ € EE, (28)
has a unique solution v with U, ;,,,(-t)v € C(R; HY2(R%)).
Moreover, there exist unique ¢, € Ecos such that

”Ul/m (_t) v (t) - ¢¢ nHo,l/z(Rs) — 0 (89)
ast — %oo0. _
(2), For any e with 0 < & < g, and any ¢, € B,, (28) has
a unique solution v with Uy, (—t)v € C(R; H*Y2(R?)) such
that v(0) € Ecos’

”Ul/m (_t) V(t) - ¢+ ||H°’1/2(R3) —0 (90)
ast — +00. _
(2)_ For any e with 0 < € < g, and any ¢_ € B,, (28) has
a unique solution v with Uy, (—t)v € C(R; H*Y2(R?)) such
that v(0) € 'B'COS,

”Ul/m (_t) v(t) - ¢7 “HO’”Z(R3) — 0 (91)
ast — —00.

Corollary 18 (see [2]). The wave operators W, : ¢, — v(0)
are defined as mappings from B, to Ecos forany e with0 < € <
&y. The scattering operator S : ¢, — ¢_ is defined as a mapping
from ECals to Ecosfor any e with 0 < e < g,
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2.5. Nonlinear Schrodinger Systems in Higher Space Dimen-
sions II. In [3], the finite time blow-up of the negative energy
solutions for the system (28) was discussed in the case of
4 < n < 6 under the mass conditions 2m, = m, and y € R.
To state the blow-up result we need local existence in time of
solutions to (28).

Theorem 19 (see [3]). Let n < 6 and m, = 2m;. Then, for any

¢ = (¢1,4,) € H*' (R") nH' (R"), (92)

there exists T(¢p) > 0 such that (28) has a unique solution v
with

Uy (<8) v (£) = (Uy s, (=8 vy (), Uy, (=) v, ()

e C([-T,T];H*' (R") nH' (R")).

(93)

From Theorem 19 we have the energy conservation law
such that

1 2 Y 2 2

z—ml"Vvl o + %”VVZ @[ +yRe (v2 ), v, (t) )

) (94)
2 Y 2 2
= S IVAl+ Vel + v Re (6, 60).
where

(f9)=| s gax (05)

We need the virial identity to prove the blow-up result.

Theorem 20 (see [3]). Let n < 6 and m, = 2m,. Lety € R
and let v be the local solution constructed in Theorem 19. Then

||XV1 (t)“iz(Rn) + YHXVZ (t)”iz(R")

n
= Itz + Vletalizan + Bot + 5 —Eot”
1

4-n (! 1 2 (%6)
" m, Jo (£=9) <2_””1“vv1 (S)”LZ(R”)

Yy 2
|, Oy )

forallt € [-T,T], where

2
By= oI (Vra) + mll Im (Vé,, X6,) ,

1 2 Y 2 2
Ey= _Zml Ve, |lL2(R”) + 8m, "v¢2”L2(R”) +yRe (¢2>¢1) .
(97)
By a standard argument, we have the following result
Theorem 21 (see [3]). Let4 < n < 6. Letm, = 2m, andy > 0.

Let ¢ and v be as in Theorem 20. Then the maximal existence
time for v is finite in the following cases:

E, <0, (98)
E,=0, P,<0,

where E, and P, are as in Theorem 20.

9
3. Related and Open Problems
Asymptotic behavior in time of solutions to (28)
. 1 _
i0,vy + Z_mIAVl = YPVVy,
(99)

. 1
latVZ + WAVZ = V%)

2

is an open problem for one space dimension which is con-
sidered the subcritical case. Existence of scattering operator
is also an open problem for n = 1,2. We now turn to the
relativistic version of (28)

2 2 2 4 2
O;uy — ¢ Auy + mijc uy = =2pc myu u,,

(100)
afu2 —PAu, + m§c4u2 = —2c2m2uf.
Welet ¢ = 1 in (100); then
aful - Auy + mfu1 = AUy,
(101)

2 2 2
Oy uy — Auy + myuy = Ayuy,

where 1,1, € C. Asymptotic behavior of solutions to (101)
when n = 2 was studied in papers [22, 34, 35] with mass
nonresonance condition 2m, #m,. Scattering operator was
constructed in a paper [36] if m, < 2m,. However existence
of scattering operator for (28) is an open problem even if
m, < 2m,.Global existence and time decay of small solutions
were obtained in [37] for the resonance case 2m; = m,,
under some regularity and compactness conditions on the
initial data. However the large time asymptotics and existence
of modified scattering operators are not known for the case.
The asymptotic behavior of solutions to (101) in one space
dimension is also an open problem.

Small data blow-up for a system of nonlinear Schrodinger
equations was studied in [38] under some conditions on
nonlinearities, but it is an open problem for (28).

The asymptotic behavior of solutions to quadratic deriva-
tive nonlinear Schrodinger systems has been considered
recently in papers [39, 40] under some structural conditions
on the nonlinearity. If the structural conditions are not
satisfied, the problem is open.
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