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In several advanced fields like control engineering, computer science, fuzzy automata, finite state machine, and error correcting
codes, the use of fuzzified algebraic structures especially ordered semigroups plays a central role. In this paper, we introduced
a new and advanced generalization of fuzzy generalized bi-ideals of ordered semigroups. These new concepts are supported by
suitable examples. These new notions are the generalizations of ordinary fuzzy generalized bi-ideals of ordered semigroups. Several
fundamental theorems of ordered semigroups are investigated by the properties of these newly defined fuzzy generalized bi-ideals.
Further, using level sets, ordinary fuzzy generalized bi-ideals are linked with these newly defined ideals which is the most significant

part of this paper.

1. Introduction

The major advancements in the fascinating world of fuzzy
set started in 1965 with new directions and ideas. A fuzzy
set can be defined as a set without a crisp and clearly
sharp boundaries which contains the elements with only a
partial degree of membership. Fuzzy sets are the extensions
of classical sets. The quest for the fuzzification of algebraic
structures was long considered an unreasonable target, until
Rosenfeld’s fuzzy subgroups concept [1]. The latest advances
in the investigation of fuzzy subgroup theory have drawn
increasing interest to this class of algebraic structures. This
knowledge of Rosenfelds concept is also of fundamental
importance in the most important generalization, that is, (€
, € Vq)-fuzzy subgroups. The concept that belongs to relation
(€) and quasicoincident with relation (q) relation of a fuzzy
point to fuzzy set was introduced by Pu and Liu [2] and
has increased the importance of algebraic structures. A fuzzy
point [x;t] belongs to (resp., quasicoincident with) a fuzzy
set u, if u(x) > t (resp., p(x) +t > 1) and is denoted by
[x;t] € wp (resp., [x;tlqu), where t € (0,1]. The idea of a
quasi-coincidence of a fuzzy point with fuzzy set played a sig-
nificant role in generating different types of fuzzy subgroups.

Bhakat and Das [3] used the notions of “belongs to relation”
and “quasicoincident with relation” and proposed the idea of
fuzzy subgroups of type («, ), where a, 8 € {€, g, € Vg, € Aq}
and a« # € Aq. The idea of generalized fuzzy subgroups has
increased the importance of algebraic structures by attracting
the attention of many researchers and opened ways for future
researchers in this field. Furthermore, Jun [4] generalized the
concept of “quasicoincident with relation” and defined a new
relation (q;), where k € [0, 1).

The idea of belongs to relation (€) and quasicoincident
with relation (g) relation is further applied in semigroups
to investigate some new types of interior ideals. Therefore,
the concept of a (a, §)-fuzzy interior ideal in semigroups is
introduced by Jun and Song [5]. Furthermore, this concept
is extended to ordered semigroups where Khan and Shabir
[6] initiate («, 3)-fuzzy interior ideals in ordered semigroups
and discussed some basic properties of («, 8)-fuzzy interior
ideals. In semigroup, Kazanci and Yamak [7] introduced
fuzzy bi-ideal with thresholds, (e, € Vvq)-fuzzy bi-ideals, and
(€, € v q)-fuzzy bi-ideals, which are generalizations of the
concept of fuzzy bi-ideals, whereas in ordered semigroups,
Jun et al. [8] gave the idea of (€, € Vq)-fuzzy bi-ideals, which
is a generalization of the concept of a fuzzy bi-ideal in ordered



semigroups. Davvaz and Khan [9] discussed some characteri-
zations of regular ordered semigroups in terms of («, 3)-fuzzy
generalized bi-ideals, where o, € {€,q,€ Vvg,€ Ag} and
a# € Agq. By using the idea given in [4] Shabir et al. [10]
gave the concept of more general form of («, 3)-fuzzy ideals
and initiated (€, € Vg,)-fuzzy ideals of semigroups, where
ke [0,1).

In 2010, Yin and Zhan [11] introduced more general
forms of (€,€ Vvq)-fuzzy (implicative, positive implicative,
and fantastic) filters and (€, € vg)-fuzzy (implicative, positive
implicative, and fantastic) filters of BL-algebras, and defined
(€),€, V gs)-fuzzy (implicative, positive implicative and
fantastic) filters and (€, €, V g5)-fuzzy (implicative, positive
implicative and fantastic) f]l/lters of BL-algebras and gave some
interesting results in terms of these notions. The importance
of these new types of notion is further increased by the reports
of Ma et al. [12] who introduced the concept of (ey, €,V qs)-

fuzzy ideals and (€, €, V g@5)-fuzzy ideals of BCI-algebras
and discussed several important results of BCI-algebras in
terms of these new types of notions. Further, Khan et al.
(13] initiated (€, €, V g5)-fuzzy interior ideals in ordered
semigroups and characterized ordered semigroups by the
properties of these new types of fuzzy interior ideals. These
innovative types of fuzzy ideals are also investigated by Khan
etal. [14] in AG-groupoids and funded out several important
results of AG-groupoids on the basis of (€, €, V g5)-fuzzy
ideals.

Inspired by these outstanding findings, based on Yin
and Zhan [11] and Ma et al. [12] idea, we introduce a
more generalized form of (€,€ Vq)-fuzzy generalized bi-
ideals called (e, 8)-fuzzy generalized bi-ideals of an ordered
semigroup S, where o, € {€,,q5,€, A g5, €, V g5} with
a# €, A g5 and discuss several important and fundamental
aspects of ordered semigroups in terms of (€, €, V q5)-fuzzy
generalized bi-ideals and (€, €, V g5)-fuzzy generalized bi-
ideals. Several examples are constructed to support these new
types of fuzzy generalized bi-ideals. Since it is known that
every bi-ideal is generalized bi-ideal but the converse is not
true, therefore, in these new types of fuzzy generalized bi-
ideals every (€, €,Vqs)-fuzzy bi-ideal isan (€, €, Vgs)-fuzzy
generalized bi-ideal. An example is constructed which shows
that the converse of the aforementioned statement is not true
in general. We also defined (3, &)-fuzzy generalized bi-ideals
and some related properties are investigated, where &, § €
{€,,95> €, A\ Q5> €, V 45} and B # €, A gs. The innovativeness of
this paper is to establish relationships among ordinary fuzzy
generalized bi-ideals, (€, €, Vgs)-fuzzy generalized bi-ideals,
and (€,, €, V gs)-fuzzy generalized bi-ideals by using level
subsets.

2. Preliminaries

An ordered semigroup is a structure (S, -, <) in which (S, ) is
a semigroup and (S, <) is a poset and if a < b, then ax < bx
and xa < xb for all a,b,x € S. Note that throughout the
paper S is an ordered semigroup unless otherwise stated. For
A,B € Swedenote (A] = {t € S|t < hforsomeh € A},
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and AB={ab e S| ae ADb e B}.If A = {a}, then we write
(a] instead of ({a}]. If A, B € S, then A € (A], (A](B] < (AB],
and ((A]] = (A].

Let S be an ordered semigroup. A nonempty subset A of
S is called a subsemigroup of S if A* C A.

Definition 1 (see [15]). A nonempty subset A of an ordered
semigroup S is called a generalized bi-ideal of S if

(i) VaeS)(YbeA)(a<hb — acA),
(i) ASA C A.

Definition 2 (see [16]). A nonempty subset A of an ordered
semigroup S is called a bi-ideal of S if

(i) VaeS)(YbeA)(a<b — acA),
(ii) ASA C A,
(iii) A? c A.
By Definitions 1 and 2 it is clear that every bi-ideal is a

generalized bi-ideal, but the converse is not true.

Example 3 (see [17]). Consider the ordered semigroup S =
{0, x, y, z} with ordered relations {(0,0), (x, x), (¥, ¥), (z, 2),
(0, x)} and the following multiplication table:

)

(=] fe] fe] (] ]
(=] ] fe) [a) B3
IR =l =]ES
b [=J (=] [} ]

N[ R|O| -

The bi-ideals of S are {0}, {0,x}, {0,x,y}, {0,x,2} and
{0, x, y, z}, where the generalized bi-ideals of S are {0}, {0, x},
{0, v}, {0, 2}, {0, x, ¥}, {0, x, 2}, {0, ¥, 2z}, and {0, x, y, z}. One
can check that {0, y}, {0, z}, and {0, y, z} are not bi-ideals.

It is important to note that several mathematical phe-
nomena being vague and probabilistic in nature cannot be
manipulated by classical sets. Zadeh [18] was the icebreaker
to pioneer the idea of fuzzy subset (extension of classical sets)
of a set, which could address these kinds of problems.

Now, we give some fuzzy logic concepts.

Definition 4 (see [18]). A fuzzy subset y from a universe X
is a function from X into a unit closed interval [0, 1] of real
numbers.

After the introduction of fuzzy set theory [18], Rosenfeld
[1] initiated the fuzzification of algebraic structures and intro-
duced the notion of fuzzy groups and successfully extended
many results from groups to the theory of fuzzy groups. In
semigroups the theory of fuzzy ideals, fuzzy bi-ideals, and
fuzzy quasi-ideals is given by Kuroki [19-22].

A fuzzy subset y of S is called a fuzzy subsemigroup if for
allx, y €S,

¢ (xy) = min{u (x), pu ()} )
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Definition 5 (see [17]). A fuzzy subset u of S is called a fuzzy
generalized bi-ideal of S if for all x, y,z € S the following
conditions hold:

D) x<y — plx) = ply),
(ii) u(xyz) = min{p(x), u(z)}.

Definition 6 (see [16]). A fuzzy subsemigroup A is called a
fuzzy bi-ideal of S if the following conditions hold for all
x, ¥,z €8

() x<y — plx) > uly),
(ii) pu(xyz) = minfu(x), u(z)}.

Note that every fuzzy bi-ideal is a generalized fuzzy bi-
ideal of S. But the converse is not true, as given in [14].

If p is a fuzzy subset of S, then the set U(u;t) = {x € S|
p(x) > t} is called a level set of y for all t € (0, 1].

Theorem 7 (see [9]). A fuzzy subset y of an ordered semigroup
S is a fuzzy generalized bi-ideal of S if and only if U(p; t)( # 0),
wheret € (0, 1] is a generalized bi-ideal of S.

Theorem 8 (see [9]). A nonempty subset A of an ordered
semigroup S is a generalized bi-ideal of S if and only if

1 if xeA,

0 if x¢A, ®)

XA:S—>[O,1]|x»—>XA(x):{

is a fuzzy generalized bi-ideal of S.

Definition 9 (see [2]). Let u be a fuzzy subset of S; then the
set of the form:

|t ify=x
u(v) '_{0, it y#x, (4)

is called a fuzzy point with support x and value t and is
denoted by [x; t]. A fuzzy point [x; t] is said to belong to (resp.,
quasicoincident with) a fuzzy set A, written as [x; ¢] € A (resp.,
[x;t]gh) if AM(x) > t (resp., A(x) +t > 1). If [x;t] € Aor
[x; t]gA, then we write [x;t] € VgA. The symbol € Vq means
that € Vg does not hold.

Definition 10 (see [11]). A fuzzy subset y of S is called an (¢, €
Vq)-fuzzy generalized bi-ideal of S if it satisfies the following
conditions:

(i) (Vx,a,y € S) (Vt,r € (0,1]) ([x;t] € ply;r], e u =
[xay; min{t,r}] € vqu),
(ii) (Vx,y € S) (Vt € (0,1]) (x < ylyst], e u = [x5t] €
vau).
Theorem 11 (see [11]). A fuzzy subset y of S is an (€, € Vq)-

fuzzy generalized bi-ideal of S if and only if it satisfies the
following conditions:

(i) (Vx,a,y € 8) (u(xay) = min{u(x), u(y),0.5}),
(ii) (Vx,y € 8) (x < y, u(x) = min{u(y),0.5}).

Definition 12. A fuzzy subset y of Sis called an (€, €vg)-fuzzy
generalized bi-ideal of § if it satisfies the following conditions:

(1) (Vx,y €8) (Vr € (0, 1])([x;r]ep = [y;r]e v qu with
x < y),

(2) (Vx,a,y € S) (Vr,t € (0,1])([xay; min{r, t}]ey =
[x;r]e vV quor [y;t]e v qu).

Example 13. Consider S = {a,b,¢,d, e} with the following
multiplication table and order relation:

ISHESHESHIS SRS
aleo|a|o
[SHESHESHESHESHISY
[ IS ST ST

[N AW TN INY
QN[

(5)

<={(a,a), (a,c), (a,d), (a,e), (b,b), (b,d), (b,e),
(c,¢), (c,e), (d,d), (d,e), (e, e)}

Define a fuzzy subset y : S — [0, 1] as follows:

(x) = 0.80, if x=a, ©)
Hix= 0.50, if x=">b,c,d,e.

Then by Definition 12 p is an (€, € V g)-fuzzy generalized
bi-ideal of S.

Theorem 14. A fuzzy subset y of S is an (€,€ V q)-fuzzy
generalized bi-ideal of S if and only if

(3) (Vx, y € S) (max{u(x),0.5} > u(y) with x < y),
(4) (Vx,a, y € S) (max{u(xay), 0.5} > min{u(x), u(y)}).

Proof. (1)=(3). If there exists x, y € S with x < y such that
max {u (x),0.5} <r=pu(y), (7)

then 0.5 < t < 1, [x;r]€u but [y;t] € p. By (1), we have
[y;rlqu. Then u(y) > t and r + u(y) < 1, which implies that
t < 0.5, a contradiction. Hence (3) is valid.

(3)=(1).Letx, y € Swithx < yandr € (0, 1] be such that
[x;r]€u. Then p(x) < r. If p(x) > pu(y), then u(y) < u(x) < r.
It follows that [y; r]ep. If u(x) < u(y), then by (3), we have
0.5 > u(y). Let [y;r]ey, then u(y) < rand p(y) < 0.5. 1t
follows that [ y; r]qu; thus [y; r]e v gpu.

(2)=(4). If there exists x,a, y € S such that

max {u (xay),0.5} <t =min{u(x),u(y)},  ©)

then 0.5 < t < 1, [xay;t]€p but [x;t] € pand [y;t] € u. By
(2), we have [x; t]qu or [ y; t]qu. Then (u(x) > tand t+u(x) <
1) or (u(y) = tand t + u(y) < 1), which implies that t < 0.5,
a contradiction.

(4)=(2). Let x,a,y € Sandr,t € (0,1] be such that
[xay; min{r, t}]€y; then py(xay) < min{r, t}.

(a) If u(xay) > min{u(x), u(y)}, then min{u(x), u(y)} <
min{r,t} and consequently u(x) < r or u(y) < t. It follows
that [x; r]€p or [y;t]eu. Thus [x;r]€ vV qu or [y;t]€ V qu.



(b) If p(xay) < min{u(x), u(y)}, then by (4), we have
0.5 > minf{u(x), u(y)}. Let [x;r]€p or [y;t]ey; then pu(x) < r
and p(x) < 0.5 or u(y) < tand u(y) < 0.5. It follows [x; r]gu
or [y;tlqu and [x;r]€ v qu or [y;t]€ V qpu. O

3. («, f)-Fuzzy Generalized Bi-Ideals

From the time that fuzzy subgroups gained general accep-
tance over the decades, it has provided a central trunk
to investigate similar type of generalization of the existing
fuzzy subsystems of other algebraic structures. A contributing
factor for the growth of fuzzy subgroups is increased by
the reports from Yin and Zhan [11] and Ma et al. [12] who
introduced the concept of (€,, €, V q5)-fuzzy filters, (€, €, v
qs)-fuzzy filters of BL-algebras and (€,, €, V g5)-fuzzy ideals,
and (€, €, V qy)-fuzzy ideals of BCI-algebras, respectively.
In this section, we introduce some new types of relationships
between fuzzy points and fuzzy subsets and investigate («, f3)-
fuzzy generalized bi-ideals of ordered semigroups.

In what follows let y,8 € [0, 1] be such that y < §. For a
fuzzy point [x;t] and a fuzzy subset y of X, we say that

@) [xtle pifp(x) >t > yp.

(2) [x;tlgsp if u(x) +t > 20.

3) [x; t]ey V gspif [x; t]Eyy or [x;t]gsu.

(4) [x; t]ey A qspif [x; t]eyy and [x; t]gsp.

(5) [x; tlou if [x; t]ap does not hold for « € {ey, ds> €y V
5> €y N s}

Note that, the case & = €, A gy is omitted. Because the set
{[x;t] | [ t]e},/\qa} is empty for p(x) < & thatis, if x € Sand
r € (0,1] be such that [x;t]€, A gsp, then p(x) > ¢ > y and
p(x) +t > 28. It follows that 2(x) = (x) +(x) > (x)+t > 28 so
that u(x) > & which is contradiction to u(x) < 8. This means
that {[x;t] | [x;t]€, A gs} = 0.

Definition 15. A fuzzy subset y of S is called an («, f8)-fuzzy
generalized bi-ideal of S if it satisfies the following conditions:

(BL) (Vx,y € S) (Vt € (p, 1])([ystlap = [x;t]Bu with
x < y).

(B2) (Vx,a,y €8) (Vs,t € (y,1]) ([x;slapand [y; tlay =
[xay; min{s, t}] Bu).

Example  16. Consider  the  ordered  semigroup
S = {a,b,c,d,e} with the multiplication table and order
relation as defined in Example 13. Define a fuzzy subset
p:S — [0,1] as follows:

0.80 if x =a,
0.70 if x =0,
U(x)=40.60 ifx=c, 9)
040 if x =d,
030 ifx=e.

Then by Definition 15 p is an (€39, €939 V qo.40)-fuzzy
generalized bi-ideal of S.
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Theorem 17. A fuzzy subset y of S is an (€, €, V g5)-fuzzy
generalized bi-ideal of S if and only if the following conditions
hold for all x,a, y € S:

(B3) (x < y) — (max{u(x),y} = min{u(y),8}),
(B4) (max{u(xay),y} = min{u(x), u(y), 6}).

Proof. (B1)=(B3). If there exists x, y € Swith x < y such that

max {u (x),y} <t <min{u(y),6}, (10)

then u(y) >t > p, u(x) < t,and p(x) +t < 2t < 26; that
is, [yst]e,pbut [x; t]m% a contradiction. Hence (B3) is
valid.

(B3)=(B1). Assume that there exists x, y € S with x <
yandt € (y,1] such that [y;t]€ u but [x;t]€, V gsp; then
uly) =t > y, u(x) < tand p(x) +t < 26. It follows that
p(x) < 6 and so max{u(x),y} < min{t,8} < min{u(y),é}, a
contradiction. Hence (B1) is valid.

(B2)=(B4). If there exists x, a, y € S such that

max {u (xay),y} <r <min{u(x),u(y),86}, 1)
then

u(y)zr>y,  plxay)<r, (12)

and p(xay) + r < 2r < 26; that is, [x;r]€ pu, [y;r]€,p
but [xay; r]€, V qs, a contradiction. Hence max{u(xay), y} =
minfu(x), u(y), 0} forall x, y € S.

(B4)=(B2). Assume that there exist x,a,y € S
and r,t € (y,1] such that [x; T]Ey//l, [y t]eyy but
[xay; min{r, t}]€, V gsu; then

ux)=r>vy,

ux)=r>y,  uy)=t>y,

(13)
p (xay) < min {p (x),u(y), 0},

and p(xay) + min{r, t} < 28. It follows that y(xay) < § and
)

max {g (xay),y} < min{u(x),u(y),0},  (14)

a contradiction. Hence (B2) is valid. O

Theorem 18. The set y = {x € S| u(x) > y} is a generalized
bi-ideal of S, whenever y is an (a, €, V q5)-fuzzy generalized
bi-ideal of S (a # €, Ngs) and 26 = 1 +y.

Proof. Assume that p is an (o, €, V g5)-fuzzy generalized bi-
ideal of S. Leta € S, x, y € pg. Then p(x) >y, u(y) > y.

Case 1. Then [x; u(x)]ap and [y; u(y)] oy, where o € {ey, €,V
gs}- By (B2),

[xay; min {u (x), 4 (y)}] €, V qspt- (15)

It follows that p(xay) > min{u(x), u(y)} > y or u(xay) +

{u(x), u(»)} > 26, and so p(xay) > min{u(x), u(y)} > y or
p(xay) > 26 —min{u(x), u(y)} = 26—1 = y. Hence xay € -

Case 2. Then [x; 1]ap and [y; 1]ay, where a = g5, since 26 =
1 + y. Analogous to the proof of Casel, we have xay € us.
Similarly, for x,y € Sand x < yif y € U then x € Uy
Consequently, 4 is a generalized bi-ideal of S. O
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Theorem 19. Consider a fuzzy subset y of S defined as follows:

| =26, if xeA,
”(x)_{ pif x ¢ A

where A is a nonempty subset of S. Then A is a generalized bi-
ideal of S if and only if y is an (a, €, V q5)-fuzzy generalized
bi-ideal of S.

(16)

Proof. Assume that A is a generalized bi-ideal of Sand x, y €
Swith x < y,t € (y,1] be such that [ y; t]ay. We consider the
following cases.

Case 1. 1f [y;t]€,p, then p(y) > t > y follows that y € A.

Case 2. If [ y; tlgsu, then p(y) +t > 28 and so u(y) > 26—t >
26 — 1 =y follow that y € A.

In the above two cases y € A and hence x € A. By
definition of y we have p(x) > 6. Ift < 8, then pu(x) > >t >
y and hence [x;t]€ pbutif £ > 6, then p(x) +1 > +1 > 26;
that is, [x;t]gsp. Thus for [y;t]€,u we have [x;t]€, V gsp.

Next we suppose that x, y,a € Sand r,t € (y, 1] be such
that [x;r]ap and [y;t]ap. We consider the following four
cases.

Case 1. If [x; r]eyy and [y; t]eyy, then pu(x) > r > yand
p(y) =t > y follow that x, y € A.

Case 2. If [x;7]qsp and [y;t]gsu, then u(x) + r > 28 and
u(y) +t > 28 and so p(x) > 26 —r > 20 -1 = y and
pu(y) >26 -t =28 -1 =y follow that x, y € A.

Case 3. Similarly, if [x;r]€,p and [y; t]gsp, then x, y € A.
Case 4. 1f [x;r]qsp and [y;t]€,p, then x, y € A.

Thus, in any case, x,y € A. Hence xay € A and by
definition we have that p(xay) > §. If min{r,t} < §, then
p(xay) > § > min{r,t} > y; thatis, [xay; min{r, t}e,p. If
min{r,t} > §, then y(xay) + min{r,t} > § + 6§ = 26; that is,
[xay; min{r, t}]gsu. Therefore [xay; min{r, t}] €,V qsi.

Conversely, assume that p is an (€, €, V gs)-fuzzy
generalized bi-ideal of . It is easy to see that A = y;. Hence,
from Theorem 18 A is a generalized bi-ideal of S. O

Proposition 20. Every (€,Vqs, €,V q5)-fuzzy generalized bi-
ideal of S is an (€, €, V q5)-fuzzy generalized bi-ideal of S.

Proof. 1t is straightforward since [x; r]€,p implies [x;r]€, v
gsuforall x e Sand r € (y,1]. O

Proposition 21. Every (€, €, )-fuzzy generalized bi-ideal of S
is an (€, €, V q5)-fuzzy generalized bi-ideal of S.

Proof. The proof is straightforward and is omitted here. [

From the example given below we see that the converses
of Propositions 20 and 21 may not be true in general.

Example ~ 22. Consider = the  ordered  semigroup
S = {a,b,c,d,e} with the multiplication table and order

relation as defined in Example 13. Define a fuzzy subset
p:S — [0,1] as follows:

0.90 if x=a,
0.70 if x=0b,
p(x)=4040 ifx=d, 17)
0.60 ifx=c,
030 ifx=e.

Then,

(1) by Definition 15, p is an (€59, €930 V Goao)-fuzzy
generalized bi-ideal of S;

(2) p is not an (€3, €y 30)-fuzzy generalized bi-ideal
of S, since [a;0.60]€y50u and [b;0.50]€,5,u but
[abb; min{0.60, 0.50}] = [d;0.50] €, 501

(3) p is not an (€y3 V doeo> €030 V qoso)-fuzzy gen-
eralized bi-ideal of S, since [a;0.60]€y5, V qoeolt

and [b; 0.5]€ 39 V g o4t but [abb; min{0.60, 0.50}] =
[d;0.50]€0.30 V go.c0-

For any fuzzy subset y of S, we define the following sets
forallt € (y,1]:

Y = {x €S| [x;t] Gy(/t},
W ={x eS| xstlqsu), (1)
[[A]f = {x €S| Ixtle, any}.
It follows that [[4]? =p U yf .

The next theorem provides the relationship between
(€,, €, V q5)-fuzzy generalized bi-ideal and crisp generalized
bi-ideal of S.

Theorem 23. For any fuzzy subset y of an ordered semigroup
S, the following are equivalent:

(1) pisan (€, €,V q5)-fuzzy generalized bi-ideal of S,
(2) p,(#0) is a generalized bi-ideal of S for all t € (y,d].

Proof. (1)=(2). Let ube an (€€, V g5)-fuzzy generalized bi-
ideal of S. Let x, y € Swith x < yand ¢ € (y, §] be such that
y € y;. Then [y;t]€ p and since p is an (€, €, V q5)-fuzzy
generalized bi-ideal of S, therefore [x; t]€, V gsp. If [x; £] €, p,
then x € y, and if [x; t]gsp, then p(x) > 26 —t > t > y; that
is, x € ;.

Let x, y,a € S be such that x, y € y, for some t € (y,6].
Then [x;t]€,p and [y;t]€,p, and since p is an (€, €, V g5)-
fuzzy generalized bi-ideal of S, therefore [xay;t]€, V gsp. If
[xay;t]€, u, then xay € y, and if [xay; t]qsu, then p(xay) >
28 —t > t > y; thatis, xay € y,. Therefore y, is a generalized
bi-ideal of S.

(2)=(1). Assume that p,(#0) is a generalized bi-ideal
of Sforallt € (y,8]. Let x,y € S with x < y and
max{u(x),y} < min{u(y),d8}; then there exists t € (y,6]
such that max{u(x),y} <t < min{u(y), 8}; this follows that



[yst]€,us thatis, y € p, but x€g,, a contradiction. Therefore,
max{u(x),y} = min{u(y),d} for all x,y € S with x < y.
Let x, y,a € S and max{u(xay),y} < min{u(x),u(y),d};
then max{u(xay),y} < t < min{u(x),u(y),d} for some
t € (y,8]. This implies that x € y, and y € p, but xayepy,,
a contradiction. Therefore,

max {u (xay),y} = min {u (x),u(y),8}. 19)

Consequently, ¢ is an (€, €, V q5)-fuzzy generalized bi-ideal.
O

Theorem 24. For any fuzzy subset y of an ordered semigroup
S, then i is an (€,, €,Vqs)-fuzzy generalized bi-ideal of S if and

only if ul (# 0) is a generalized bi-ideal of S for all t € (5, 1].

Proof. Let p be an (€, €, V q5)-fuzzy generalized bi-ideal of

S.Letx,y € Swith x < yand t € (8, 1] be such that y € .”?-
Then [ y; t]qsu; thatis, u(y) > 26 —t. Since t € (6, 1], we have
20 -t <6 < tand pisan (ey, €,V qs)-fuzzy generalized
bi-ideal of S; therefore

max {u (x), y} > min {u(y), 0}
> min {26 - t, 6} (20)
=20-t;
that is, p(x) > 26 — t. Hence x € pi’.
Let x, y,a € Sbe such that x, y € [4? for some t € (4, 1].
Then [x; t]qsu, [y t1gsps that is, p(x) > 26 —t, that is, u(y) >

28 —t. Since pisan (€ V gg)-fuzzy generalized bi-ideal of
S, therefore

max {y (xay),y} 2 min {u (x),u(y), 6}
> min {28 — t,28 — t, 6} (21)

Y’ GV

=20-1t;

that is, u(xay) > 26 —t. Hence xay € yf. Consequently, ptf is
generalized bi-ideal.

Conversely, let yf (#0) be a generalized bi-ideal of S for
allt € (5,1]. Let x, y € S with x < y and max{u(x),y} <
t = min{u(y),d}; this follows that y € ptf but xgyf, a
contradiction. Therefore, max{u(x), y} > min{u(y), 6} for all
x,y € Swith x < y. Let x, y,a € S and max{u(xay),y} <
t = min{u(x), u(y), 8}; this implies that x € [4? and y € yf
but xaygyf , a contradiction. Therefore, max{u(xay),y} >
min{u(x), u(y), 6}. Consequently, u is an (€€, vV qs)-fuzzy
generalized bi-ideal. O

Theorem 25. A fuzzy subset p of an ordered semigroup S is
an (€,, €, V qs)-fuzzy generalized bi-ideal of S if and only if

[‘u]‘f(i 0) is a generalized bi-ideal of S for all t € (y, 1].
Proof. The proof follows from Theorems 23 and 24. O

Definition 26. A fuzzy subset p of S is called an («, §)-fuzzy
subsemigroup if it satisfies the following condition:
(B5) (Vx,y € S) (Vs,t € (y,1]) ([x;s]ap and [y;t]lap =
[xy; min{s, t}] Bp).
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Definition 27. A fuzzy subset p of S is called an («, B)-fuzzy
bi-ideal of Sifitis («, B)-fuzzy subsemigroup and («, f3)-fuzzy
generalized bi-ideal of S.

Theorem 28. A fuzzy subset y of S is an (€,, €, V g5)-fuzzy
bi-ideal of S if and only if the following conditions hold for all
x,a,y €8S:

(B6) (x < y) — (max{u(x),y} = min{u(y),d}),
(B7) (max{u(xy), v} = min{u(x), u(y), 8}),
(B8) (max{u(xay), y} = min{u(x), u(y), 6}).

Proof. (B5)=(B7). If there exists x, y € S such that

max {p (xy),y} <r <minf{u(x),pu(y).8},  (22)

then

p(x)=r>vy, p(y)=r>vy, p(xy)<r, (23)

and p(xy) + r < 2r < 26; that is, [x; r]eyy, [ys r]eyy
but [xy;r]€, Vs, a contradiction. Hence max{u(xy), y} >
minfu(x), u(y), 0} forall x, y € S.

(B7)=(B5). Assume that there exist x,y € S
and r,t € (y,1] such that [x; r]eypt, [y t]ey‘u but
[xy; min{r,t}]€, V gsy; then

u)=r>y,  u(y)=t>y,

(24)
p(xy) < min{u (x), 4 (y), o},

and u(xy) + min{r, t} < 26. It follows that u(xy) < & and so

max {¢ (xy), y} < min {u(x),u(y),6}, (25)

a contradiction. Hence (B5) is valid.
The remaining proof follows from Theorem 17. O

Next, the relationship between ( €, equ(;)-fuzzy bi-ideals
and (€, €, V q5)-fuzzy generalized bi-ideals is provided.

Corollary 29. Every (€,,€, V gs)-fuzzy bi-ideal p of S is
(€)» €, V q5)-fuzzy generalized bi-ideal.

Proof. The proof is straightforward and is omitted. O

The converse of the Corollary 29 is not true in general as
shown in the following example.

Example 30. Consider the ordered semigroup S = {0, x, y, z}
with the multiplication table and order relation as shown in
Example 3. Define a fuzzy subset y of S as follows:

090 ifa=0,
pu(a)=1070 ifa=y, (26)
025 ifa=x,z.

Then by Definition 15 p is an (€ 5, €925 V qo30)-fuzzy gen-
eralized bi-ideal of S but not an (€, ,5, €925 V qGo.30)-fuzzy
bi-ideal, since [y; 0.28]€,,5u but [yy; min{0.28,0.28}] =
[26;0.28] €0 55 V qo 304
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Theorem 31. A nonempty subset A of an ordered semigroup S
is a generalized bi-ideal of S if and only if

1 if x€A,
: , 1 = 27
Xa:S—[0,1] [ x+— x, (%) {0 ifxgA (27)
isan (€, €, V q;)-fuzzy generalized bi-ideal of S.
Proof. The proof is straightforward and is omitted. O

4. (B, «)-Fuzzy Bi-Ideals

In the last couple of decades, the importance of fuzzification
of ordered semigroups and related structures is increased
due to the pioneering role of aforementioned structures in
advanced fields like computer science, error correcting codes,
and fuzzy automata. In contribution to this fact, we define
and investigate (8, @)-fuzzy generalized bi-ideals of ordered
s_emigroups, where o, 8 € {e_y, %,e_y A %,e_y V gy} with
B+ €, A s and discussed some important results of ordered

semigroups in terms of (3, &)-fuzzy generalized bi-ideals.

Definition 32. A fuzzy subset u of S is called (B, a)-fuzzy
generalized bi-ideal of S if it satisfies the following conditions:

(B9) (Vx,y € S) (Vr € (p,1]) ([x; r]ﬁy = [y;r]ap with
x<y),

(B10) (Vx,a,y € S) (Vr,t € (y,1]) ([xay; min{r,t}]fu =
[o; r]acp or [y; tlap).

The case when B = € A g, can be omitted since for a
fuzzy subset p of S such that p(x) > § for any x € S in the
case [x; r]e_y A gsp we have p(x) < rand u(x) +r < 2. Thus
p(x) + p(x) < p(x) +r < 28, which implies p(x) < 8. This
means that {[x;7] : [x; r]e_y/\ st} = 0.

Example 33. Consider an ordered semigroup S = {a, b, ¢, d, e}
with the following multiplication table and order relation:

alblcld]|e
alald|ald|d
bla|blald|d
clald|c|d]|e
dla|d|a|d|d
elald|c|d]|e (28)
<={(a,a), (a,c), (a,e), (b, D), (b, e),
(c,0), (c,e), (d,d), (d,e), (e, e)}
Define a fuzzy subset p : S — [0, 1] as follows:
0.60 if x=a,
0.50 ifx=b,
ux)=4070 ifx=c, (29)
0.80 ifx=d,
090 ifx=e.

Then by Definition 32 p is an (€ 5, €43 V qq¢)-fuzzy general-
ized bi-ideal of S.

Theorem 34. A fuzzy subset y of S is an (€, €, V q;)-fuzzy
generalized bi-ideal of S if and only if the following conditions
hold:

(BL1) (Vx, y € S) (max{u(x),0} = u(y) with x < y),
(B12) (Vx,a, y € S) (max{u(xay),d} > min{u(x), u(y)}).

Proof. (B9)=(B11). Assume that there exists x, y € S with
x < y such that max{u(x), 8} < u(y). Then max{u(x),8} <
t < u(y) for some t € (y,1] follows that [x; r]e_yy but

[vs r]e_y V gsi a contradiction. Hence max{u(x), 8} > u(y)
forall x, y € Swith x < y.
(B11)=(B9). Assume that there exists x, y € S with x <

yand t € (y,1] such that [x;r]€,p but [y;r]€, V qsp; then
p(x) < t, u(y) = t,and pu(y) + ¢t > 28 and hence p(y) > 6.
This follows that

p(y) = max {t,8} > max {u (x),6}, (30)

a contradiction. Hence [x;r]€, u implies [y; r]€, V gsp.
(B10)=(B12). If x,a, y € S such that max{u(xay),d} <

min{u(x), u(y)}, then there exists t € (y,1] such that

max{pu(xay),0} < t < min{u(x),u(y)}. It follows that

[xay;r]€,p but [x;r]€, vV gsu and [y;r]€, V qsp, a contra-
diction. Hence max{u(xay),d} = min{u(x), u(y)} for all
x,a,y €S.

(B12)=(B10). Assume that there exist x,a,y € S and

r,t € (y,1] such that [xay; min{r, t}]G_ypt but [x; r]e_yv%y

and [y;r]€, V gsps; then p(xay) < min{r, t}, u(x) > r, u(y) =
t, u(x) +r > 28, and p(y) + r > 26. It follows that u(x) > §
and p(y) > §, and so

min {p (x), p (y)} = max {min {r, }, 8}
31
> max {u (xay), 8},

a contradiction. Hence (B10) is valid. O

Definition 35. A fuzzy subset u of S is called (B, a)-fuzzy
subsemigroup of S if it satisfies the following conditions:

(B13) (Vx,y € S) (Vr,t € (p,1])([xy; min{r,t}]fu =
[x;r]op or [y; tlap).

Definition 36. A fuzzy subset u of S is called (B, &)-fuzzy bi-
ideal of S if it is (3, &)-fuzzy subsemigroup and (3, )-fuzzy
generalized bi-ideal of S.

Theorem 37. A fuzzy subset y of S is an (€, €, V qs)-fuzzy
generalized bi-ideal of S if and only if the following conditions
hold:

(B14) (Vx, y € S) (max{u(x), 8} > u(y) with x < y),

(BI5) (Vx, y € S) (max{pu(xy), 8} > min{u(x), u(y)})
(B16) (Vx,a, y € S) (max{u(xay), 8} > min{u(x), u(y)}).

Proof. (B13)=(B15). Suppose x, y € S such that

max {u (xy), 8} < min {u (x), 4 (y)} - (32)



Then there exists t € (y,1] such that max{u(xy),8} < t <

min{u(x), u(y)}. It follows that [xy; r]e, p but [x;r]€, v gsu

and [y; r]e_y V gsu, a contradiction. Hence max{u(xy), 8} >
min{u(x), u(y)} forall x, y € S.
(B15)=(BI13). If there exist x, y € Sand r,t € (y, 1] such

that [xy; min{r, t}]€, p but [x;r]€, v gsp and [y;r]€, Vv gsp,
then pu(xy) < min{r, t}, u(x) > r, u(y) = t, u(x)+r > 268, and
u(y) +r > 28. It follows that p(x) > § and u(y) > 6, and so

min {u (x), 4 (y)} > max {min {r, t},8} > max {u (xy), 8},
(33)

a contradiction. Hence (B13) is valid. The remaining proof

follows from Theorem 34. O

Coro_llary 38. Every (€,,€, V qy)-fuzzy bi-ideal y of S is
(€,> €, V Qy)-fuzzy generalized bi-ideal.

Proof. The proof is straightforward and is omitted here. [

Theorem 39. The set us = {x € S | u(x) > &} is a generalized

bi-ideal of S whenever y is an (E,E_Y V qy)-fuzzy generalized
bi-ideal of S.

Proof. Assume that y is an (f, €,V gs)-fuzzy generalized bi-
ideal of S. Let x, y € S with x < y be such that y € pg; then

p(y) > 8. As pis an (B, e_y V g)-fuzzy generalized bi-ideal of
S, therefore

max {p (x),6} > pu(y) > 8 (34)

that is, u(x) > & and hence x € p3.
Let x,a,y € S be such that x,y € uz then p(x) >
S, u(y) > 6, and by (B8)

max {¢ (xay), 8} = min {u (x), 4 (y)}
> min {5, 6} ;

(35)

that is, xay € ps. Therefore, yg is a generalized bi-ideal of
S. O

Theorem 40. Consider a fuzzy subset y of S defined as

p(x) = {(13

Then A is a generalized bi-ideal of S if and only if y is an (B, E_YV
qs)-fuzzy generalized bi-ideal of S.

if x €A,

if x¢A. (36)

Proof. Assume that A is a generalized bi-ideal of S. Let
x,a,y € Sand r,t € (§,1] be such that [xay; min{r, t}] fu.
Then we have the following three cases.

Case 1. [xay; min{r, t}]€ u. Then p(xay) < min{r,t} < 1and
so y(xay) = 6 < min{r,t}; that is, xay ¢ A. It follows that
x¢Aory¢ A andsou(x) =8 <roru(y) =6 <t Hence
[x;r]€,por [yst]€, ps thatis, [x;r]€, v gsp or [yst]€, Vgsp.

Case 2. [xay; min{r, t}]qsu. Then u(xay) + min{r,t} < 26.
If u(xay) = &, analogous to the proof of Casel, we have
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[x;7]€, V Qop or [ystl€, V gsp. If p(xay) = 1; then
max{u(x), u(y)} + min{r,t} < 1+ min{r,t} = wp(xay) +
min{r,t} < 26. It follows that u(x) + r < 28 or u(y) +1t <
28. Hence [x;r]gsp or [y;tlqsus that is, [x;r]€, V gsp or

[y3tl€, Vv gsp.

Case 3. [xay; min{r, t}]e_y V gs¢- Then [xay; min{r, t}]e_y‘u or
[xay; min{r, t}]gsp. Hence [x;r]€, V gsp or [y;t]€, V gsp as
in Cases 1 and 2.

In a similar way we can show that [x; 7]y implies that
[ysr]€, Vv qsu forall x, y € Swith x < y.

Conversely, assume that y is a (€,, €, V g5)-fuzzy gener-
alized bi-ideal of S. It is easy to see that A = ug. Hence by
Theorem 39 A is a generalized bi-ideal of S. O

5. Conclusion

Due to the significant role of ordered semigroups and their
different characterizations in several applied fields such as
control engineering, fuzzy automata, coding theory, and
computer science, the latest research has been carried out in
the last few decades by considering various characterizations
of ordered semigroups in terms of different types of fuzzy
ideals. In this paper, we determined a more generalized form
of Davvaz and Khan [9] approach of fuzzy generalized bi-
ideals and introduced (€,,€, V qs)-fuzzy generalized bi-
ideals and (€, €, V g5)-fuzzy generalized bi-ideals. Further,
several characterization theorems of ordered semigroups in
terms of these notions are provided. The relationship between
ordinary generalized bi-ideals and fuzzy generalized bi-ideals
of type (€,, €, V gs) is also constructed.
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