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We establish some estimates of the right-hand side of Hermite-Hadamard type inequalities for functions whose derivatives absolute
values are harmonically s-convex. SeveralHermite-Hadamard type inequalities for products of twoharmonically s-convex functions
are also considered.

1. Introduction

Let 𝑓 : 𝐼 ⊆ R → R be a convex function and 𝑎, 𝑏 ∈ 𝐼 with
𝑎 < 𝑏; then

𝑓(
𝑎 + 𝑏

2
) ≤

1

𝑏 − 𝑎
∫
𝑏

𝑎

𝑓 (𝑡) 𝑑𝑡 ≤
𝑓 (𝑎) + 𝑓 (𝑏)

2
. (1)

Inequality (1) is known as the Hermite-Hadamard inequality.
In [1], Hudzik and Maligranda considered the class of

functions which are 𝑠-convex in the second sense. This class
of functions is defined as follows.

A function 𝑓 : [0,∞) → [0,∞) is said to be 𝑠-convex in
the second sense if the inequality

𝑓 (𝛼𝑥 + (1 − 𝛼) 𝑦) ≤ 𝛼𝑠𝑓 (𝑥) + (1 − 𝛼)
𝑠𝑓 (𝑦) (2)

holds for all 𝑥, 𝑦 ∈ [0,∞), 𝛼 ∈ [0, 1] and for some fixed 𝑠 ∈
(0, 1].

It can be easily seen that, for 𝑠 = 1, 𝑠-convexity reduces to
ordinary convexity of functions defined on [0,∞).

In [2], Dragomir and Fitzpatrick established a variant of
Hermite-Hadamard inequality which holds for the 𝑠-convex
functions in the second sense.

Theorem 1 (see [2]). Suppose that 𝑓 : [0,∞) → [0,∞) is an
s-convex function in the second sense, where 𝑠 ∈ (0, 1] and let

𝑎, 𝑏 ∈ [0,∞), 𝑎 < 𝑏. If 𝑓 ∈ 𝐿[𝑎, 𝑏], then the following inequ-
alities hold:

2𝑠−1𝑓(
𝑎 + 𝑏

2
) ≤

1

𝑏 − 𝑎
∫
𝑏

𝑎

𝑓 (𝑡) 𝑑𝑡 ≤
𝑓 (𝑎) + 𝑓 (𝑏)

𝑠 + 1
. (3)

Some generalizations, improvements, and extensions of
inequalities (1) and (3) can be found in the recent papers [2–
18].

In [16], İşcan investigated the Hermite-Hadamard type
inequalities for harmonically convex functions.

Definition 2 (see [16]). Let 𝐼 ⊆ R \ {0} be a real interval. A
function 𝑓 : 𝐼 → R is said to be harmonically convex, if

𝑓(
𝑥𝑦

𝑡𝑥 + (1 − 𝑡) 𝑦
) ≤ 𝑡𝑓 (𝑦) + (1 − 𝑡) 𝑓 (𝑥) , (4)

for all 𝑥, 𝑦 ∈ 𝐼 and 𝑡 ∈ [0, 1]. If the inequality in (4) is reve-
rsed, then 𝑓 is said to be harmonically concave.

Theorem 3 (see [16]). Let 𝑓 : 𝐼 ⊆ R \ {0} → R be a harmo-
nically convex function and 𝑎, 𝑏 ∈ 𝐼 with 𝑎 < 𝑏. If 𝑓 ∈ 𝐿(𝑎, 𝑏),
then one has

𝑓(
2𝑎𝑏

𝑎 + 𝑏
) ≤

𝑎𝑏

𝑏 − 𝑎
∫
𝑏

𝑎

𝑓 (𝑥)

𝑥2
𝑑𝑥 ≤

𝑓 (𝑎) + 𝑓 (𝑏)

2
. (5)
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Theorem4 (see [16]). Let𝑓 : 𝐼 ⊆ R\{0} → R be a differenti-
able function on 𝐼0 (𝐼0 is the interior of 𝐼), 𝑎, 𝑏 ∈ 𝐼 with 𝑎 < 𝑏,
and 𝑓󸀠 ∈ 𝐿[𝑎, 𝑏]; then

𝑓 (𝑎) + 𝑓 (𝑏)

2
−

𝑎𝑏

𝑏 − 𝑎
∫
𝑏

𝑎

𝑓 (𝑥)

𝑥2
𝑑𝑥

=
𝑎𝑏 (𝑏 − 𝑎)

2
∫
1

0

1 − 2𝑡

(𝑡𝑏 + (1 − 𝑡) 𝑎)2
𝑓󸀠 (

𝑎𝑏

𝑡𝑏 + (1 − 𝑡) 𝑎
) 𝑑𝑡.

(6)

In [19], İşcan investigated the Hermite-Hadamard type
inequalities for harmonically 𝑠-convex functions.

Definition 5 (see [19]). Let 𝐼 ⊆ R \ {0} be a real interval. A
function 𝑓 : 𝐼 ⊆ (0,∞) → R is said to be harmonically
𝑠-convex, if

𝑓(
𝑥𝑦

𝑡𝑥 + (1 − 𝑡) 𝑦
) ≤ 𝑡𝑠𝑓 (𝑦) + (1 − 𝑡)

𝑠𝑓 (𝑥) , (7)

for all 𝑥, 𝑦 ∈ 𝐼, 𝑡 ∈ [0, 1] and for some fixed 𝑠 ∈ (0, 1]. If the
inequality in (7) is reversed, then 𝑓 is said to be harmonically
𝑠-concave.

Theorem 6 (see [19]). Let 𝑓 : 𝐼 ⊆ (0,∞) → R be a harmo-
nically 𝑠-convex function and 𝑎, 𝑏 ∈ 𝐼with 𝑎 < 𝑏. If𝑓 ∈ 𝐿(𝑎, 𝑏),
then one has

2𝑠−1𝑓(
2𝑎𝑏

𝑎 + 𝑏
) ≤

𝑎𝑏

𝑏 − 𝑎
∫
𝑏

𝑎

𝑓 (𝑥)

𝑥2
𝑑𝑥 ≤

𝑓 (𝑎) + 𝑓 (𝑏)

𝑠 + 1
. (8)

In [20], Pachpatte established two new Hermite-Hada-
mard type inequalities for products of convex functions asse-
rted byTheorem 7.

Theorem 7 (see [20]). Let 𝑓 and 𝑔 be real-valued, nonnega-
tive, and convex functions on [𝑎, 𝑏]. Then

1

𝑏 − 𝑎
∫
𝑏

𝑎

𝑓 (𝑥) 𝑔 (𝑥) 𝑑𝑥 ≤
1

3
𝑀 (𝑎, 𝑏) +

1

6
𝑁 (𝑎, 𝑏) ,

2𝑓(
𝑎 + 𝑏

2
)𝑔(

𝑎 + 𝑏

2
)

≤
1

𝑏 − 𝑎
∫
𝑏

𝑎

𝑓 (𝑥) 𝑔 (𝑥) 𝑑𝑥 +
1

6
𝑀 (𝑎, 𝑏) +

1

3
𝑁 (𝑎, 𝑏) ,

(9)

where 𝑀(𝑎, 𝑏) = 𝑓(𝑎)𝑔(𝑎) + 𝑓(𝑏)𝑔(𝑏) and 𝑁(𝑎, 𝑏) =
𝑓(𝑎)𝑔(𝑏) + 𝑓(𝑏)𝑔(𝑎).

For more results concerning the Hermite-Hadamard
inequality, we refer the reader to [21–25] and the references
cited therein.

In this paper, we establish some estimates of the right-
hand side of Hermite-Hadamard type inequalities for func-
tions whose derivatives absolute values are harmonically 𝑠-
convex. Moreover, we provide several Hermite-Hadamard
type inequalities for products of two harmonically 𝑠-convex
functions.

2. Inequalities for Harmonically
𝑠-Convex Functions

We recall the following special functions.
The gamma function is as follows:

Γ (𝑥) = ∫
+∞

0

𝑒−𝑥𝑡𝑥−1𝑑𝑡, 𝑥 > 0; (10)

the beta function is as follows:

𝛽 (𝑥, 𝑦) = ∫
1

0

(1 − 𝑡)
𝑦−1𝑡𝑥−1𝑑𝑡, 𝑥 > 0, 𝑦 > 0,

𝛽 (𝑥, 𝑦) =
Γ (𝑥) Γ (𝑦)

Γ (𝑥 + 𝑦)
;

(11)

the hypergeometric function is as follows:

2𝐹1 (𝑥, 𝑦; 𝑐; 𝑧)

=
1

𝛽 (𝑦, 𝑐 − 𝑦)
∫
1

0

𝑡𝑦−1(1 − 𝑡)
𝑐−𝑦−1

(1 − 𝑧𝑡)
−𝑥𝑑𝑡,

|𝑧| < 1, 𝑐 > 𝑦 > 0.

(12)

Our main results are given in the following theorems.

Theorem 8. Let 𝑓 : 𝐼 ⊆ (0,∞) → R be a differentiable
function on 𝐼0 such that 𝑓󸀠 ∈ 𝐿[𝑎, 𝑏], where 𝑎, 𝑏 ∈ 𝐼0 with
𝑎 < 𝑏. If |𝑓󸀠|𝑞 is harmonically 𝑠-convex on [𝑎, 𝑏] for some fixed
𝑠 ∈ (0, 1], 𝑞 ≥ 1, then

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

𝑓 (𝑎) + 𝑓 (𝑏)

2
−

𝑎𝑏

𝑏 − 𝑎
∫
𝑏

𝑎

𝑓 (𝑥)

𝑥2
𝑑𝑥

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤
𝑎𝑏 (𝑏 − 𝑎)

2
𝐶
1−1/𝑞

1
(𝑎, 𝑏) [𝐶2 (𝑠; 𝑎, 𝑏)

󵄨󵄨󵄨󵄨󵄨𝑓
󸀠
(𝑏)

󵄨󵄨󵄨󵄨󵄨
𝑞

+𝐶3 (𝑠; 𝑎, 𝑏)
󵄨󵄨󵄨󵄨󵄨𝑓
󸀠
(𝑎)

󵄨󵄨󵄨󵄨󵄨
𝑞

]
1/𝑞

,

(13)

where

𝐶1 (𝑎, 𝑏) = 𝑏−2 (2𝐹1 (2, 2; 3; 1 −
𝑎

𝑏
) − 2𝐹1 (2, 1; 2; 1 −

𝑎

𝑏
)

+
1

2 2
𝐹1 (2, 1; 3;

1

2
(1 −

𝑎

𝑏
))) ,
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𝐶2 (𝑠; 𝑎, 𝑏)

= 𝑏−2 (
2

𝑠 + 2 2
𝐹1 (2, 𝑠 + 2; 𝑠 + 3; 1 −

𝑎

𝑏
)

−
1

𝑠 + 1 2
𝐹1 (2, 𝑠 + 1; 𝑠 + 2; 1 −

𝑎

𝑏
)

+
1

2𝑠 (𝑠 + 1) (𝑠 + 2) 2
𝐹1

× (2, 𝑠 + 1; 𝑠 + 3;
1

2
(1 −

𝑎

𝑏
))) ,

𝐶3 (𝑠; 𝑎, 𝑏) = 𝑏−2 (
2

(𝑠 + 1) (𝑠 + 2) 2
𝐹1 (2, 2; 𝑠 + 3; 1 −

𝑎

𝑏
)

−
1

𝑠 + 1 2
𝐹1 (2, 1; 𝑠 + 2; 1 −

𝑎

𝑏
)

+
1

2 2
𝐹1 (2, 1; 3;

1

2
(1 −

𝑎

𝑏
))) .

(14)

Proof. Let 𝐴 𝑡 = 𝑡𝑎 + (1 − 𝑡)𝑏. Using Theorem 4, the power
mean inequality, and the harmonically 𝑠-convexity of |𝑓󸀠|𝑞,
we have

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

𝑓 (𝑎) + 𝑓 (𝑏)

2
−

𝑎𝑏

𝑏 − 𝑎
∫
𝑏

𝑎

𝑓 (𝑥)

𝑥2
𝑑𝑥

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤
𝑎𝑏 (𝑏 − 𝑎)

2
∫
1

0

|1 − 2𝑡|

𝐴2
𝑡

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
𝑓󸀠 (

𝑎𝑏

𝐴 𝑡
)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
𝑑𝑡

≤
𝑎𝑏 (𝑏 − 𝑎)

2
(∫
1

0

|1 − 2𝑡|

𝐴2
𝑡

𝑑𝑡)

1−1/𝑞

× (∫
1

0

|1 − 2𝑡|

𝐴2
𝑡

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
𝑓󸀠 (

𝑎𝑏

𝐴 𝑡
)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

𝑞

𝑑𝑡)

1/𝑞

≤
𝑎𝑏 (𝑏 − 𝑎)

2
𝐾
1−1/𝑞

1

× (∫
1

0

|1 − 2𝑡|

𝐴2
𝑡

[(1 − 𝑡)
𝑠󵄨󵄨󵄨󵄨󵄨𝑓
󸀠
(𝑎)

󵄨󵄨󵄨󵄨󵄨
𝑞

+ 𝑡𝑠
󵄨󵄨󵄨󵄨󵄨𝑓
󸀠
(𝑏)

󵄨󵄨󵄨󵄨󵄨
𝑞

] 𝑑𝑡)

1/𝑞

≤
𝑎𝑏 (𝑏 − 𝑎)

2
𝐾
1−1/𝑞

1
(𝐾2

󵄨󵄨󵄨󵄨󵄨𝑓
󸀠
(𝑏)

󵄨󵄨󵄨󵄨󵄨
𝑞

+ 𝐾3
󵄨󵄨󵄨󵄨󵄨𝑓
󸀠
(𝑎)

󵄨󵄨󵄨󵄨󵄨
𝑞

)
1/𝑞

,

(15)

where

𝐾1 = ∫
1

0

|1 − 2𝑡|

𝐴2
𝑡

𝑑𝑡,

𝐾2 = ∫
1

0

|1 − 2𝑡|

𝐴2
𝑡

𝑡𝑠𝑑𝑡,

𝐾3 = ∫
1

0

|1 − 2𝑡|

𝐴2
𝑡

(1 − 𝑡)
𝑠𝑑𝑡.

(16)

Calculating𝐾1, 𝐾2, and𝐾3, we find

𝐾1 = ∫
1

0

|1 − 2𝑡|

𝐴2
𝑡

𝑑𝑡

= ∫
1/2

0

1 − 2𝑡

𝐴2
𝑡

𝑑𝑡 + ∫
1

1/2

2𝑡 − 1

𝐴2
𝑡

𝑑𝑡

= ∫
1

0

2𝑡 − 1

𝐴2
𝑡

𝑑𝑡 + 2∫
1/2

0

1 − 2𝑡

𝐴2
𝑡

𝑑𝑡

= 2∫
1

0

𝑡𝐴−2
𝑡
𝑑𝑡 − ∫

1

0

𝐴−2
𝑡
𝑑𝑡

+ ∫
1

0

(1 − 𝑢) 𝑏
−2(1 − 𝑢

1

2
(1 −

𝑎

𝑏
))
−2

𝑑𝑢

= 𝑏−2 (2𝐹1 (2, 2; 3; 1 −
𝑎

𝑏
)

− 2𝐹1 (2, 1; 2; 1 −
𝑎

𝑏
)

+
1

2 2
𝐹1 (2, 1; 3;

1

2
(1 −

𝑎

𝑏
)))

= 𝐶1 (𝑎, 𝑏) .

(17)

Similarly, we get

𝐾2 = ∫
1

0

|1 − 2𝑡| 𝑡𝑠

𝐴2
𝑡

𝑑𝑡

= ∫
1

0

2𝑡 − 1

𝐴2
𝑡

𝑡𝑠𝑑𝑡 + 2∫
1/2

0

1 − 2𝑡

𝐴2
𝑡

𝑡𝑠𝑑𝑡

= 2∫
1

0

𝑡𝑠+1𝐴−2
𝑡
𝑑𝑡 − ∫

1

0

𝑡𝑠𝐴−2
𝑡
𝑑𝑡

+
1

2𝑠
∫
1

0

(1 − 𝑢) 𝑢
𝑠𝑏−2(1 − 𝑢

1

2
(1 −

𝑎

𝑏
))
−2

𝑑𝑢

=
2𝑏−2

𝑠 + 2 2
𝐹1 (2, 𝑠 + 2; 𝑠 + 3; 1 −

𝑎

𝑏
)

−
𝑏−2

𝑠 + 1 2
𝐹1 (2, 𝑠 + 1; 𝑠 + 2; 1 −

𝑎

𝑏
)

+
𝑏−2

2𝑠 (𝑠 + 1) (𝑠 + 2) 2
𝐹1 (2, 𝑠 + 1; 𝑠 + 3;

1

2
(1 −

𝑎

𝑏
))

= 𝐶2 (𝑠; 𝑎, 𝑏) ,

(18)

𝐾3 = ∫
1

0

|1 − 2𝑡| (1 − 𝑡)𝑠

𝐴2
𝑡

𝑑𝑡

= ∫
1

0

2𝑡 − 1

𝐴2
𝑡

(1 − 𝑡)
𝑠𝑑𝑡 + 2∫

1/2

0

1 − 2𝑡

𝐴2
𝑡

(1 − 𝑡)
𝑠𝑑𝑡
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≤ 2∫
1

0

𝑡(1 − 𝑡)
𝑠𝐴−2
𝑡
𝑑𝑡

− ∫
1

0

(1 − 𝑡)
𝑠𝐴−2
𝑡
𝑑𝑡 + 2∫

1/2

0

1 − 2𝑡

𝐴2
𝑡

𝑑𝑡

= 𝑏−2 (
2

(𝑠 + 1) (𝑠 + 2) 2
𝐹1 (2, 2; 𝑠 + 3; 1 −

𝑎

𝑏
)

−
1

𝑠 + 1 2
𝐹1 (2, 1; 𝑠 + 2; 1 −

𝑎

𝑏
)

+
1

2 2
𝐹1 (2, 1; 3;

1

2
(1 −

𝑎

𝑏
)))

= 𝐶3 (𝑠; 𝑎, 𝑏) .

(19)

This completes the proof of Theorem 8.

Theorem 9. Let 𝑓 : 𝐼 ⊆ (0,∞) → R be a differentiable
function on 𝐼0 such that 𝑓󸀠 ∈ 𝐿[𝑎, 𝑏], where 𝑎, 𝑏 ∈ 𝐼0 with
𝑎 < 𝑏. If |𝑓󸀠|𝑞 is harmonically 𝑠-convex on [𝑎, 𝑏] for some fixed
𝑠 ∈ (0, 1], 𝑞 > 1, then

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

𝑓 (𝑎) + 𝑓 (𝑏)

2
−

𝑎𝑏

𝑏 − 𝑎
∫
𝑏

𝑎

𝑓 (𝑥)

𝑥2
𝑑𝑥

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤
𝑎 (𝑏 − 𝑎)

2𝑏
(

1

𝑝 + 1
)
1/𝑝

× ((2𝐹1 (2𝑞, 𝑠 + 1; 𝑠 + 2; 1 −
𝑎

𝑏
)
󵄨󵄨󵄨󵄨󵄨𝑓
󸀠
(𝑏)

󵄨󵄨󵄨󵄨󵄨
𝑞

+ 2𝐹1 (2𝑞, 1; 𝑠 + 2; 1 −
𝑎

𝑏
)
󵄨󵄨󵄨󵄨󵄨𝑓
󸀠
(𝑎)

󵄨󵄨󵄨󵄨󵄨
𝑞

)

× (𝑠 + 1)
−1)
1/𝑞

,

(20)

where (1/𝑝) + (1/𝑞) = 1.

Proof. Let𝐴 𝑡 = 𝑡𝑎+(1−𝑡)𝑏. UtilizingTheorem 4, the Hölder
inequality, and the harmonically 𝑠-convexity of |𝑓󸀠|𝑞, we have

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

𝑓 (𝑎) + 𝑓 (𝑏)

2
−

𝑎𝑏

𝑏 − 𝑎
∫
𝑏

𝑎

𝑓 (𝑥)

𝑥2
𝑑𝑥

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤
𝑎𝑏 (𝑏 − 𝑎)

2
∫
1

0

|1 − 2𝑡|

𝐴2
𝑡

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
𝑓󸀠 (

𝑎𝑏

𝐴 𝑡
)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
𝑑𝑡

≤
𝑎𝑏 (𝑏 − 𝑎)

2
(∫
1

0

|1 − 2𝑡|
𝑝𝑑𝑡)

1/𝑝

(∫
1

0

1

𝐴
2𝑞

𝑡

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
𝑓󸀠 (

𝑎𝑏

𝐴 𝑡
)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

𝑞

𝑑𝑡)

1/𝑞

≤
𝑎𝑏 (𝑏 − 𝑎)

2
𝐾
1/𝑝

4

× (∫
1

0

1

𝐴
2𝑞

𝑡

[(1 − 𝑡)
𝑠󵄨󵄨󵄨󵄨󵄨𝑓
󸀠
(𝑎)

󵄨󵄨󵄨󵄨󵄨
𝑞

+ 𝑡𝑠
󵄨󵄨󵄨󵄨󵄨𝑓
󸀠
(𝑏)

󵄨󵄨󵄨󵄨󵄨
𝑞

] 𝑑𝑡)

1/𝑞

=
𝑎𝑏 (𝑏 − 𝑎)

2
𝐾
1/𝑝

4
[𝐾5

󵄨󵄨󵄨󵄨󵄨𝑓
󸀠
(𝑏)

󵄨󵄨󵄨󵄨󵄨
𝑞

+ 𝐾6
󵄨󵄨󵄨󵄨󵄨𝑓
󸀠
(𝑎)

󵄨󵄨󵄨󵄨󵄨
𝑞

]
1/𝑞

,

(21)

where

𝐾4 = ∫
1

0

|1 − 2𝑡|
𝑝𝑑𝑡 =

1

𝑝 + 1
,

𝐾5 = ∫
1

0

𝐴
−2𝑞

𝑡
𝑡𝑠𝑑𝑡

= 𝑏−2𝑞 ∫
1

0

𝑡𝑠(1 − 𝑡 (1 −
𝑎

𝑏
))
−2𝑞

𝑑𝑡

=
1

(𝑠 + 1) 𝑏2𝑞 2
𝐹1 (2𝑞, 𝑠 + 1; 𝑠 + 2; 1 −

𝑎

𝑏
) ,

𝐾6 = ∫
1

0

𝐴
−2𝑞

𝑡 (1 − 𝑡)
𝑠𝑑𝑡

= 𝑏−2𝑞 ∫
1

0

(1 − 𝑡)
𝑠(1 − 𝑡 (1 −

𝑎

𝑏
))
−2𝑞

𝑑𝑡

=
1

(𝑠 + 1) 𝑏2𝑞 2
𝐹1 (2𝑞, 1; 𝑠 + 2; 1 −

𝑎

𝑏
) .

(22)

The proof of Theorem 9 is completed.

3. Inequalities for Products of
Harmonically 𝑠-Convex Functions

Theorem 10. Let 𝑓, 𝑔 : [𝑎, 𝑏] → [0,∞), 𝑎, 𝑏 ∈ (0,∞), 𝑎 < 𝑏,
be functions such that 𝑓, 𝑔, 𝑓𝑔 ∈ 𝐿[𝑎, 𝑏]. If 𝑓 is harmonically
𝑠1-convex and 𝑔 is harmonically 𝑠2-convex on [𝑎, 𝑏] for some
fixed 𝑠1, 𝑠2 ∈ (0, 1], then

𝑎𝑏

𝑏 − 𝑎
∫
𝑏

𝑎

𝑓 (𝑥) 𝑔 (𝑥)

𝑥2
𝑑𝑥

≤
1

1 + 𝑠1 + 𝑠2
𝑀(𝑎, 𝑏) +

Γ (1 + 𝑠1) Γ (𝑠2 + 1)

Γ (𝑠1 + 𝑠2 + 2)
𝑁 (𝑎, 𝑏) ,

(23)

where 𝑀(𝑎, 𝑏) = 𝑓(𝑎)𝑔(𝑎) + 𝑓(𝑏)𝑔(𝑏) and 𝑁(𝑎, 𝑏) =
𝑓(𝑎)𝑔(𝑏) + 𝑓(𝑏)𝑔(𝑎).

Proof. Since 𝑓 is harmonically 𝑠1-convex and 𝑔 is harmoni-
cally 𝑠2-convex on [𝑎, 𝑏], then for 𝑡 ∈ [0, 1] we get

𝑓(
𝑎𝑏

𝑡𝑎 + (1 − 𝑡) 𝑏
) ≤ 𝑡𝑠1𝑓 (𝑏) + (1 − 𝑡)

𝑠
1𝑓 (𝑎) ,

𝑔 (
𝑎𝑏

𝑡𝑎 + (1 − 𝑡) 𝑏
) ≤ 𝑡𝑠2𝑔 (𝑏) + (1 − 𝑡)

𝑠
2𝑔 (𝑎) .

(24)
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From (24), we get

𝑓(
𝑎𝑏

𝑡𝑎 + (1 − 𝑡) 𝑏
) 𝑔(

𝑎𝑏

𝑡𝑎 + (1 − 𝑡) 𝑏
)

≤ 𝑡𝑠1+𝑠2𝑓 (𝑏) 𝑔 (𝑏) + (1 − 𝑡)
𝑠
1
+𝑠
2𝑓 (𝑎) 𝑔 (𝑎)

+ 𝑡𝑠1(1 − 𝑡)
𝑠
2𝑓 (𝑏) 𝑔 (𝑎) + (1 − 𝑡)

𝑠
1𝑡𝑠2𝑓 (𝑎) 𝑔 (𝑏) .

(25)

Integrating both sides of the above inequality with respect to
𝑡 over [0, 1], we obtain

∫
1

0

𝑓(
𝑎𝑏

𝑡𝑎 + (1 − 𝑡) 𝑏
) 𝑔(

𝑎𝑏

𝑡𝑎 + (1 − 𝑡) 𝑏
) 𝑑𝑡

=
𝑎𝑏

𝑏 − 𝑎
∫
𝑏

𝑎

𝑓 (𝑥) 𝑔 (𝑥)

𝑥2
𝑑𝑥

≤
1

𝑠1 + 𝑠2 + 1
[𝑓 (𝑎) 𝑔 (𝑎) + 𝑓 (𝑏) 𝑔 (𝑏)]

+ 𝑓 (𝑎) 𝑔 (𝑏) ∫
1

0

(1 − 𝑡)
𝑠
1𝑡𝑠2𝑑𝑡

+ 𝑓 (𝑏) 𝑔 (𝑎) ∫
1

0

𝑡𝑠1(1 − 𝑡)
𝑠
2𝑑𝑡

=
1

1 + 𝑠1 + 𝑠2
𝑀(𝑎, 𝑏) + 𝛽 (1 + 𝑠1, 𝑠2 + 1)𝑁 (𝑎, 𝑏) .

(26)

The proof of Theorem 10 is completed.

Remark 11. Taking 𝑠1 = 𝑠2 = 1 in Theorem 10, we obtain

𝑎𝑏

𝑏 − 𝑎
∫
𝑏

𝑎

𝑓 (𝑥) 𝑔 (𝑥)

𝑥2
𝑑𝑥 ≤

1

3
𝑀 (𝑎, 𝑏) +

1

6
𝑁 (𝑎, 𝑏) . (27)

Remark 12. Choosing 𝑠1 = 𝑠2 = 1 and 𝑔 ≡ 1 in Theorem 10
gives

𝑎𝑏

𝑏 − 𝑎
∫
𝑏

𝑎

𝑓 (𝑥)

𝑥2
𝑑𝑥 ≤

𝑓 (𝑎) + 𝑓 (𝑏)

2
, (28)

which is the right-hand side inequality of (5).

Theorem 13. Let 𝑓, 𝑔 : [𝑎, 𝑏] → [0,∞), 𝑎, 𝑏 ∈ (0,∞), 𝑎 < 𝑏,
be functions such that 𝑓, 𝑔, 𝑓𝑔 ∈ 𝐿[𝑎, 𝑏]. If 𝑓 is harmonically
𝑠1-convex and 𝑔 is harmonically 𝑠2-convex on [𝑎, 𝑏] for some
fixed 𝑠1, 𝑠2 ∈ (0, 1], then

2𝑠1+𝑠2−1𝑓(
2𝑎𝑏

𝑎 + 𝑏
)𝑔(

2𝑎𝑏

𝑎 + 𝑏
)

≤
𝑎𝑏

𝑏 − 𝑎
∫
𝑏

𝑎

𝑓 (𝑥) 𝑔 (𝑥)

𝑥2
𝑑𝑥 +𝑀(𝑎, 𝑏)

Γ (1 + 𝑠1) Γ (𝑠2 + 1)

Γ (𝑠1 + 𝑠2 + 2)

+
1

𝑠2 + 𝑠1 + 1
𝑁 (𝑎, 𝑏) ,

(29)

where 𝑀(𝑎, 𝑏) = 𝑓(𝑎)𝑔(𝑎) + 𝑓(𝑏)𝑔(𝑏) and 𝑁(𝑎, 𝑏) =
𝑓(𝑎)𝑔(𝑏) + 𝑓(𝑎)𝑔(𝑏).

Proof. Using the harmonically 𝑠-convexity of 𝑓 and 𝑔, we
have for all 𝑥, 𝑦 ∈ [𝑎, 𝑏]

𝑓(
2𝑥𝑦

𝑥 + 𝑦
) ≤

𝑓 (𝑦) + 𝑓 (𝑥)

2𝑠1
,

𝑔 (
2𝑥𝑦

𝑥 + 𝑦
) ≤

𝑔 (𝑦) + 𝑔 (𝑥)

2𝑠2
.

(30)

Choosing 𝑥 = 𝑎𝑏/(𝑡𝑏 + (1 − 𝑡)𝑎) and 𝑦 = 𝑎𝑏/(𝑡𝑏 + (1 − 𝑡)𝑎),
we have

𝑓(
2𝑎𝑏

𝑎 + 𝑏
)𝑔(

2𝑎𝑏

𝑎 + 𝑏
)

≤
𝑓 (𝑎𝑏/ (𝑡𝑏 + (1 − 𝑡) 𝑎)) + 𝑓 (𝑎𝑏/ (𝑡𝑎 + (1 − 𝑡) 𝑏))

2𝑠1

×
𝑔 (𝑎𝑏/ (𝑡𝑏 + (1 − 𝑡) 𝑎)) + 𝑔 (𝑎𝑏/ (𝑡𝑎 + (1 − 𝑡) 𝑏))

2𝑠2

=
1

2𝑠1+𝑠2
[𝑓(

𝑎𝑏

𝑡𝑏 + (1 − 𝑡) 𝑎
) 𝑔(

𝑎𝑏

𝑡𝑏 + (1 − 𝑡) 𝑎
)

+ 𝑓(
𝑎𝑏

𝑡𝑏 + (1 − 𝑡) 𝑎
) 𝑔(

𝑎𝑏

𝑡𝑎 + (1 − 𝑡) 𝑏
)

+ 𝑓(
𝑎𝑏

𝑡𝑎 + (1 − 𝑡) 𝑏
) 𝑔(

𝑎𝑏

𝑡𝑏 + (1 − 𝑡) 𝑎
)

+𝑓(
𝑎𝑏

𝑡𝑎 + (1 − 𝑡) 𝑏
) 𝑔(

𝑎𝑏

𝑡𝑎 + (1 − 𝑡) 𝑏
)]

≤
1

2𝑠1+𝑠2
[𝑓(

𝑎𝑏

𝑡𝑏 + (1 − 𝑡) 𝑎
) 𝑔(

𝑎𝑏

𝑡𝑏 + (1 − 𝑡) 𝑎
)

+𝑓(
𝑎𝑏

𝑡𝑎 + (1 − 𝑡) 𝑏
) 𝑔(

𝑎𝑏

𝑡𝑎 + (1 − 𝑡) 𝑏
)]

+
1

2𝑠1+𝑠2
{[𝑡𝑠1𝑓 (𝑎) + (1 − 𝑡)

𝑠
1𝑓 (𝑏)]

× [(1 − 𝑡)
𝑠
2𝑔 (𝑎) + 𝑡𝑠2𝑔 (𝑏)]

+ [(1 − 𝑡)
𝑠
1𝑓 (𝑎) + 𝑡𝑠1𝑓 (𝑏)]

× [𝑡𝑠2𝑔 (𝑎) + (1 − 𝑡)
𝑠
2𝑔 (𝑏)]}

=
1

2𝑠1+𝑠2
[𝑓(

𝑎𝑏

𝑡𝑏 + (1 − 𝑡) 𝑎
) 𝑔(

𝑎𝑏

𝑡𝑏 + (1 − 𝑡) 𝑎
)

+𝑓(
𝑎𝑏

𝑡𝑎 + (1 − 𝑡) 𝑏
) 𝑔(

𝑎𝑏

𝑡𝑎 + (1 − 𝑡) 𝑏
)]

+
1

2𝑠1+𝑠2
{[𝑡𝑠1(1 − 𝑡)

𝑠
2 + (1 − 𝑡)

𝑠
1𝑡𝑠2]𝑀 (𝑎, 𝑏)

+ [(1 − 𝑡)
𝑠
2
+𝑠
1 + 𝑡𝑠2+𝑠1]𝑁 (𝑎, 𝑏)} .

(31)
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Integrating the resulting inequality with respect to 𝑡 over
[0, 1], we get

𝑓(
2𝑎𝑏

𝑎 + 𝑏
)𝑔(

2𝑎𝑏

𝑎 + 𝑏
)

≤
1

2𝑠1+𝑠2
[∫
1

0

𝑓(
𝑎𝑏

𝑡𝑏 + (1 − 𝑡) 𝑎
) 𝑔(

𝑎𝑏

𝑡𝑏 + (1 − 𝑡) 𝑎
) 𝑑𝑡

+∫
1

0

𝑓(
𝑎𝑏

𝑡𝑎 + (1 − 𝑡) 𝑏
) 𝑔(

𝑎𝑏

𝑡𝑎 + (1 − 𝑡) 𝑏
) 𝑑𝑡]

+
1

2𝑠1+𝑠2
{𝑀(𝑎, 𝑏) ∫

1

0

[𝑡𝑠1(1 − 𝑡)
𝑠
2 + (1 − 𝑡)

𝑠
1𝑡𝑠2] 𝑑𝑡

+ 𝑁 (𝑎, 𝑏) ∫
1

0

[(1 − 𝑡)
𝑠
2
+𝑠
1 + 𝑡𝑠2+𝑠1] 𝑑𝑡} .

(32)

That is,

𝑓(
2𝑎𝑏

𝑎 + 𝑏
)𝑔(

2𝑎𝑏

𝑎 + 𝑏
)

≤
1

2𝑠1+𝑠2−1
𝑎𝑏

𝑏 − 𝑎
∫
𝑏

𝑎

𝑓 (𝑥) 𝑔 (𝑥)

𝑥2
𝑑𝑥

+
1

2𝑠1+𝑠2
{𝑀(𝑎, 𝑏) ∫

1

0

[𝑡𝑠1(1 − 𝑡)
𝑠
2 + (1 − 𝑡)

𝑠
1𝑡𝑠2] 𝑑𝑡

+𝑁 (𝑎, 𝑏) ∫
1

0

[(1 − 𝑡)
𝑠
2
+𝑠
1 + 𝑡𝑠2+𝑠1] 𝑑𝑡} .

(33)

From

∫
1

0

[𝑡𝑠1(1 − 𝑡)
𝑠
2 + (1 − 𝑡)

𝑠
1𝑡𝑠2] 𝑑𝑡 = 2𝛽 (𝑠1 + 1, 𝑠2 + 1) ,

∫
1

0

[(1 − 𝑡)
𝑠
2
+𝑠
1 + 𝑡𝑠2+𝑠1] 𝑑𝑡 =

2

𝑠2 + 𝑠1 + 1
,

(34)

we get

2𝑠1+𝑠2−1𝑓(
2𝑎𝑏

𝑎 + 𝑏
)𝑔(

2𝑎𝑏

𝑎 + 𝑏
)

≤
𝑎𝑏

𝑏 − 𝑎
∫
𝑏

𝑎

𝑓 (𝑥) 𝑔 (𝑥)

𝑥2
𝑑𝑥 +𝑀(𝑎, 𝑏) 𝛽 (𝑠1 + 1, 𝑠2 + 1)

+ 𝑁 (𝑎, 𝑏)
1

𝑠2 + 𝑠1 + 1
.

(35)

This completes the proof of Theorem 13.

Remark 14. Putting 𝑠1 = 𝑠2 = 1 in Theorem 13 gives

2𝑓(
2𝑎𝑏

𝑎 + 𝑏
)𝑔(

2𝑎𝑏

𝑎 + 𝑏
)

≤
𝑎𝑏

𝑏 − 𝑎
∫
𝑏

𝑎

𝑓 (𝑥) 𝑔 (𝑥)

𝑥2
𝑑𝑥 +

1

6
𝑀 (𝑎, 𝑏) +

1

3
𝑁 (𝑎, 𝑏) .

(36)

Remark 15. If we take 𝑠1 = 𝑠2 = 1 and 𝑔 ≡ 1 in Theorem 13,
then we obtain

2𝑓(
2𝑎𝑏

𝑎 + 𝑏
) ≤

𝑎𝑏

𝑏 − 𝑎
∫
𝑏

𝑎

𝑓 (𝑥)

𝑥2
𝑑𝑥 +

𝑓 (𝑎) + 𝑓 (𝑏)

2
. (37)
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