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Azam et al. (2011), introduce the notion of complex valued metric spaces and obtained common fixed point result for mappings
in the context of complex valued metric spaces. Rao et al. (2013) introduce the notion of complex valued b-metric spaces. In this
paper, we generalize the results of Azam et al. (2011), and Bhatt et al. (2011), by improving the conditions of contraction to establish
the existence and uniqueness of common fixed point for two self-mappings on complex valued b-metric spaces. Some examples

are given to illustrate the main results.

1. Introduction

Banach contraction principle in [1] was the starting point for
many researchers during last decades in the field of nonlinear
analysis. In 1989, Bakhtin [2] introduced the concept of b-
metric space as a generalization of metric spaces. The concept
of complex valued b-metric spaces was introduced in 2013 by
Rao et al. [3], which was more general than the well-known
complex valued metric spaces that were introduced in 2011 by
Azam et al. [4]. The main purpose of this paper is to present
common fixed point results of two self-mappings satisfying
a rational inequality on complex valued b-metric spaces. The
results presented in this paper are generalization of work done
by Azam et al. in [4] and Bhatt et al in [5].

Definition I (see [6]). Let X be a nonempty set and let s > 1
be a given real number. A functiond : X x X — [0, 00) is
called a b-metric if for all x, y, z € X the following conditions
are satisfied:

(i) d(x, y) = 0ifand only if x = y;
(i) d(x, y) = d(y, x);
(iii) d(x, y) < s[d(x,z) + d(z, )].

The pair (X, d) is called a b-metric space. The number s > 1
is called the coefficient of (X, d).

Example 2 (see [7]). Let (X,d) be a metric space and
p(x,y) = (d(x,y))?, where p > 1 is a real number. Then
(X, p) is a b-metric space with s = 2Pt

Let C be the set of complex numbers and z,,z, € C.
Define a partial order < on C as follows:

z, %22,
@

iff Re(z,) <Re(z;), Im(z)<Im(z,).

Thus z, X z, if one of the following holds:
(1) Re(z,) = Re(z,) and Im(z,) = Im(z,),
(2) Re(z;) < Re(z,) and Im(z,) = Im(z,),
(3) Re(z;) = Re(z,) and Im(z,) < Im(z,),
(4) Re(z;) < Re(z,) and Im(z,) < Im(z,).

We will write z,% z, if z, # z, and one of (2), (3), and (4) is
satisfied; also we will write z; < z, if only (4) is satisfied.

Remark 3. We can easily check that the following statements
are held:

(i) ifa,b e Rand a < b,thenaz x bz forall z € C;

(ii) if 0 X z,%2,, then |z;| < |z,[;



(iii) if z; < z, and z, < z5, then z; < z;.

Definition 4 (see [4]). Let X be a nonempty set. A function
d: X xX — Ciscalled a complex valued metric on X if for
all x, y, z € X the following conditions are satisfied:
(i) 0 2 d(x, y) and d(x, y) = 0 if and only if x = y;
(i) d(x, y) = d(y, x);
(iil) d(x, y) 2 d(x,2) + d(z, y).

The pair (X, d) is called a complex valued metric space.

Example 5 (see [8]). Let X = C. Define the mapping d : X x
X — C by

d(x,y)=ilx-y|, Vx,yeX @)

Then (X, d) is a complex valued metric space.

Example 6 (see [9]). Let X = C. Define the mapping d : X x
X — Cby

d(x,y) =e* |x-y|, wherekeR, Vx,yeX. (3)
Then (X, d) is a complex valued metric space.

Definition 7 (see [3]). Let X be a nonempty set and let s >
1 be a given real number. A functiond : X x X — Cis
called a complex valued b-metric on X if for all x, y,z € X
the following conditions are satisfied:
(i) 0 2 d(x, y) and d(x, y) = O ifand only if x = y;
(i) d(x, y) = d(y, x);
(iii) d(x, y) 2 s[d(x,z) + d(z, y)].

The pair (X, d) is called a complex valued b-metric space.

Example 8 (see [3]). Let X = [0, 1]. Define the mapping d :
XxX — Cby

d(xy)=|x-y +ilx-y, vxyex @
Then (X, d) is a complex valued b-metric space with s = 2.

Definition 9 (see [3]). Let (X, d) bea complex valued b-metric
space. Consider the following.

(i) A point x € X is called interior point of a set A € X
whenever there exists 0 < r € C such that B(x,r) :=
{yeX:d(x,y) <r} CA

(ii) A point x € X is called a limit point of a set A
whenever, for every 0 < r € C, B(x,r) N (A - X) #0.

(iii) A subset A € X is called open whenever each element
of A is an interior point of A.

(iv) A subset A < X is called closed whenever each
element of A belongs to A.

(v) A subbasis for a Hausdorff topology 7 on X is a family
F={B(x,r): x € Xand 0 < r}.
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Definition 10 (see [3]). Let (X,d) be a complex valued b-
metric space and {x,} a sequence in X and x € X. Consider
the following.

(i) If for every ¢ € C, with 0 < 7, there is N € N such
that, for all n > N, d(x,,x) < ¢, then {x,} is said to
be convergent, {x,,} converges to x, and x is the limit
point of {x,}. We denote this by lim X, = X or
{x,} - xasn — oo.

n— 00

(ii) If for every ¢ € C, with 0 < r, there is N € N such
that, for all n > N, d(x,, x,,,,) < ¢, where m € N,
then {x,} is said to be Cauchy sequence.

(iil) If every Cauchy sequence in X is convergent, then
(X,d) is said to be a complete complex valued b-
metric space.

Lemma 11 (see [3]). Let (X,d) be a complex valued b-metric
space and let {x,} be a sequence in X. Then {x,} converges to x
if and only if |d(x,,x)] — 0 asn — oo.

Lemma 12 (see [3]). Let (X,d) be a complex valued b-metric
space and let {x,} be a sequence in X. Then {x,} is a Cauchy
sequence if and only if |d(x,, x,,,,,)] — 0 asn — oo, where
m € N.

Theorem 13 (see [4]). Let (X, d) be a complete complex valued
metric space and let A, y be nonnegative real numbers such that
A+p < L. Suppose that S, T : X — X are mappings satisfying

ud (x,8x)d (y, Ty)

dS,T ~Ad )
(Sx,Ty) < Ad (x, y) + T+ d(ny)

(5)

forall x, y € X. Then S, T have a unique common fixed point
in X.

Theorem 14 (see [5]). Let (X, d) be a complete complex valued
metric space and let S, T : X — X be mappings satisfying

ald(x,8x)d (x,Ty) +d (. Ty)d (y,5x)]

d(Sx,Ty) =
(Sx.Ty) 2 d(x,Ty) +d (y,Sx)

(6)

forall x,y € X, where a € [0,1). Then S,T have a unique
common fixed point in X.

2. Main Result

Our next theorem is a generalization of Theorem13 in
complex valued b-metric spaces.

Theorem15. Let (X, d) be a complete complex valued b-metric
space with the coefficient s > 1 and let S,T : X — X be

mappings satisfying

ud (x,8x)d (y, Ty)

’T ~ 3
d(Sx,Ty) 3 Ad (x, y) + T+ d ()

7)

forall x, y € X, where A, u are nonnegative reals with sA + pu <
1. Then S, T have a unique common fixed point in X.
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Proof. For any arbitrary point, x, € X. Define sequence {x,}
in X such that
Xope1 = SXop Xopen = TXppyy, forn=0,1,2,3,.... (8)

Now, we show that the sequence {x,} is Cauchy. Let x = x,,
and y = x,,,,, in (7); we have

d (x2n+1’ x2n+2)

=d (SxZn’ Tx2n+1)

<M (xzn, x2n+1) n !"d (xZn’ SxZn) d (x2n+1’ Tx2n+1) 9)
1+ d (X X311)

(xzw x2n+1) d (x2n+1’ x2n+2)

pd
= Ad > +
(x2n Xon 1) + 1+d (xZn’ x2n+1)

>

which implies that
|d (x2n+1’ x2n+2)|

I ld (XZn’ x2n+1)| |d (x2n+1’ x2n+2)|
|1 + d (x2n’ x2n+1)|

<A ld (%205 x2n+1)| +

(10)
Since |1 + d(x,,,, X5,,1) > d(x5,, X5,41)], We get
|d (%215 X202l
(11)
< Ad (%3 Xonir)| + 1 ]d (X5 X302
and hence
A
|4 (211> Xomi2)| < 1—u | (22 X1 - (12)
Similarly, we obtain
A
|d (x2n+2’x2n+3)| £ 1-u |d (%2415 x2n+2)| . (13)

SincesA + u < lands>1,wegetd+u < 1.
Therefore, with 8 = A/(1 — ) < 1,and foralln > 0,
consequently, we have

|d (x2n+1’x2n+2)|
< 8|d (% Xpp11)| < & |d (%3021 %5, (14)
<< 8 d (x50, x1)] -

Thus for any m > n, m, n € N, and since s6 = sA/(1 —p) < 1,
we get

| (x|
< sld (o %i)| + 51 (i1 %,0)|
< 51 (2 2%00)| + 57| (015 %002) | + 57 |d (010, 3,)
< s]d ( X01)| +8° | (01 %00)| + 57 [d (1100 %,)

+ 53 |d ('xn+2’ xm)|

< s]d (% X)) + 57 [d (K15 Xi2)| + 8 | (36300 %)
oot ST (Xpg X))
+ 5" d (% X)| + 5T (s X))

< s|d (X Xpe)| + s |4 (%15 X2
+5°|d (%420 %)
o )
+ 5" (Xpg Xp1)| + ™7 (X X)) -

(15)
By using (14) we get
|d (x,,x,,)|

< 58" |d (xg, ;)| + 526" |d (x50, %)
+5°6™2|d (x40 x,)]
oo+ ST d (x, X)) (16)

I |d (x4, x1)| + $mrem |d (x50, 1)

m-n L
= Z $'8™ 1 d (xg, 1)) -
i=1

Therefore,
|d (%, %)
< z Si+n_15i+n_1 |d (xO’ x1)|
i=1
m—1 .
= 5t6 |d (XO, x1)| (17)
t=n
< Z(s@)t |d (x0, x1)|
t=n
(s8)"
= 1-s |d(x0,x1)|,
and hence
(s6)"

|d (x,, x,,,)| < |d (x4, x,)| — 0 as m,n — co.

(18)

1-3s8

Thus, {x,} is a Cauchy sequence in X.

Since X is complete, there exists some u € X such that
x, — uasn — 00. Assuming not, then there exist z € X
such that

|d (u, Su)| = |z| > 0. (19)
So by using the triangular inequality and (7), we get
z = d (u, Su)
< sd (U Xpp4) + 5 (X040 St1)
= sd (4, X3,12) + 54 (T4, St1)
< sd (1 Xp012) + sAd (14 X,5)

S.“d (u, Su) d (x2n+1’ Tx2n+1)
L+d (u, X342)




4
= sd (1, X312) + A (4, X210,
sud (u, Su) d ('x2n+1’ x2n+2)
I+ d (Ll, x2n+2) )
(20)
which implies that
lz| = |d (u, Su)|
speldd (u, Su)||d (X015 Xanio)| (2D

< sld (u, Xpn00)| +

|1 +d (u’ x2n+2)|

Taking the limit of (21) as n — 0o, we obtain that |z| =
|d(u, Su)| < 0, a contradiction with (19). So |z|] = 0. Hence
Su = u. Similarly, we obtain Tu = wu.

Now we show that S and T have unique common fixed
point of S and T. To show this, assume that u* is another
common fixed point of S and T Then

d(wu”)=d(Su,Tu")

pd (u, Su)d (u*, Tu™)

<A (u,u”) + v d ()

(22)

<d(uu).

This implies that |d(x, x*)| < |d(u, u")|, a contradiction. So
u = u” which proves the uniqueness of common fixed point
in X. This completes the proof. O

Corollary 16. Let (X,d) be a complete complex valued b-
metric space with the coefficient s > 1 andlet T : X — X

be a mapping satisfying

)+ ud (x,Tx)d (y,Ty)

d(Tx,Ty) 3 Ad (x, y v d(ny)

, o (23)

forall x, y € X, where A, y are nonnegative reals with sA + u <
1. Then T has a unique fixed point in X.

Proof. We can prove this result by applying Theorem 15 with
S=T. O

Corollary 17. Let (X,d) be a complete complex valued b-
metric space with the coefficient s > 1 andletT : X — X

be a mapping satisfying

pud (x, T"x)d (y, T"y)

1+d(x,y) > (24

d(T"x,T"y) 2 Ad (x, y) +

forall x, y € X, where A, y are nonnegative reals with sA + pu <
1. Then T has a unique fixed point in X.

Proof. From Corollary 20, we obtain u € X such that

T"u = u. (25)
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The uniqueness follows from
d(Tu,u) =d(TT"u, T"u) = d (T"Tu, T"u)
pd (Tu, T"Tu) d (u, T"u)

T >
< Ad (Tu,u) + T d(Tuw o6
pd (Tu, T"Tu) d (u, u)
Ad (Tu,
3 Ad (Tu,u) + 1+d(Tu,u)
= A (Tu,u).

By taking modulus of (26) and since A < 1, we obtain
|d(Tu,u)] < Md(Tu,u)| < |d(Tu,u)|, a contradiction. So,
Tu = u. Hence

Tu=T"'u=u. (27)

Therefore, the fixed point of T' is unique. This completes the
proof. 0

Example 18. Let X = C. Define a functiond : X x X — C
such that

2. 2
d(21,2,) = |y = x| +ilyy = 3o, (28)
where z, = x; + iy, and z, = x, +iy,.

To verify that (X,d) is a complete complex valued b-
metric space with s = 2, it is enough to verify the triangular
inequality condition.

Let z;, 25, and z; € X; then,

d(z1,2,)
2.
=[x =2 +i[y - 3
2.
= |y = x5+ x5 = x| iy -yt -y,

< |x1 —x3|2 + |x3 - x2|2 +2 |x1 - x3| |x3 - x2|

|2

|2

+i[|)’1_J’3|2+|)’3_)’2|2+2|)’1_J’3||J’3_)’2|]
2 2 2 2
S A B 2 2 R P R E Y
) 2 2 2 2
+’[|}’1_J’3| +|)’3_)’2| +|)’1_)’3| +|)’3‘)’2|]
=2{|x1—x3|2+|x3—x2|2+i[|y1—y3|2+|y3—y2|2]}

=2[d(z1.23) +d(23.2)] -
(29)

Therefore, s = 2.
Now, define two self-mappings S, T : X — X as follows:

0 ifx,yeQ
. 2 ifxeQyeQ
T :T =
z (x +iy) 2i ifxeQyeQ" (30)
242 ifxeQyeQf

suchthatS = Tandz = x +iy. Let x = 1/m and y = 0, and
since A € [0, 1), we have

d(Tx, Ty) = d(Tl,To)
T
1
:d(2,0) :4>AF (31)

- 1 ud (1/7,T (1/7)) d (0, TO)
_Ad<n’0>+ 1+d(1/m,0)




The Scientific World Journal

Note that T"z = 0 forn > 1, so

ud (x, T"x)d (y, T"y)

d(T"x,T"y) = 0 < Ad (x,
(T"%,T"y) =0 3 Ad (x, y) + v d(ny)

>

(32)
forallx, y € Xand A, 4 > 0 with 24+ < 1. So all conditions
of Corollary 21 are satisfied to get a unique fixed point 0 of T.

Our next theorem is a generalization of Theorem 14 in
complex valued b-metric spaces.

Theorem19. Let (X, d) be a complete complex valued b-metric
space with the coefficient s > 1 and let S,T : X — X be

mappings satisfying
ald(x,8x)d (x,Ty) +d (y,Ty)d (y,5x)]
d(x,Ty) +d(y,Sx)

>

d(Sx,Ty) 2
(33)
forall x,y € X, where sa € [0,1). Then S, T have a unique

common fixed point in X.

Proof. For any arbitrary point, x, € X. Define sequence {x,,}
in X such that

Xope1 = SXop Xopey = TXppey, for k=0,1,2,3,.... (34)

Now, we show that the sequence {x,} is Cauchy. Let x = x,,
and y = x5, in (33); we have

=d (Sx2n’ Tx2n+1)

<a [d (x2n’ SxZn) d (x2n’ Tx2n+1)

+d (%3415 TX11) A (X3115 SX5)

X (d (%2 TXpyy1) +d (x2n+1’sx2n))_1
=a [d (x2n’ x2n+1) d (xzw x2n+2)

+d (g1 Xon42) A (Xopi1> X1 ]
-1
X (d (x2n> x2n+2) + d (x2n+1’ x2n+1)) >
(35)

d (x2n+1 > x2n+2)

which implies that

|4 (%215 X2n02)]
< a[|d (% Xone1)| | (X2 X242
+1d (X241 Xone2)| | (X241 X))
X (|d (2 X3n42) +d (x2n+1’x2n+l)|)_1 (36)
a |d (xZn’x2n+1)| |d (xln’x2n+2)|
B |d (%205 X312)]

=a |d (x2n>x2n+1)| >

and hence

|d (%2115 x2n+2)| <a |d (xZn’x2n+1)| . (37)

Similarly, we can see that

|d (X242 %2m13)| < @ |d (Xp01 X242)] - (38)

Sincesa < lands>1,wegeta < 1.

Therefore, for all n > 0, consequently, we have
|d (%241 X2ni2)| < @ |d (2 X011
< a’|d (x,-1%5,)] (39)
<-<a™d (x0, x|
Thus for any m > n, m, n € N, we have
|d (x5 %,
< s|d (% x0)| + 5 [d (%001 %)
< s1d (% X00)| + 57 d (1 X2)| + 57 [d (0020 %)
< s]d (0 Xpr)| + 57 d (K1 %12
+5°|d (X0 %) + 8 |d (X2 X))
< s]d (6 %0)| + 57 [d (K> X2 | + 87 [ (36002, %)
ot ST (Xpg X))
+ "7 (g g )|+ 5" | (1%,
< s]d (6 %p0)| + 57 [d (K> Xa2)| + 57 [ (0020 %,
+oo ST (Xpg X))
+ 5" (X Xo1)| + 57 (s X )| -
(40)
By using (39), we get
ld (x, x,,)|
< sa” |d (xg x,)| + s2@™ " |d (g, x1)| + 5°a™ |d (0, x7))]
+oo ST d (g, )|

m-n—1 m 2|d(x0,x1)|+sm nam lld(x()’xl)l

+
Z F1d (g0 X))
. (41)

Therefore,

m—-n

|d(x,,,xm)| Z i+n—1 z+n 1|d(x0,x1)|

m—1
Z s'a’ |d (xq, x;)|
t=n (42)

(o)

Z sa)’ |d (xO’x1)|

(sa)

|d (xo,x1)|

Now, since sa < 1, we deduce

4 (e, < S

|d(x0,x1 | —0 asmn— co.
(43)

Thus, {x,} is a Cauchy sequence in X.

Since X is complete, there exists some u € X such that
X, — uasn — 00. Assuming not, then there exist z € X
such that

|d (u, Su)| = |z| > 0. (44)



So by using the triangular inequality and (33), we get
z =d (u,Su)

2 sd (1 Xp42) + 5 (X040, 1)

= sd (1 Xp12) + A (Txy41, S1)

< sd (u, xyp,45) + (sad (u, Su) d (u, Txy,, 1)
+sad (Xpne1, Tp01) d (X341, S4))

x(d (t, Txypy1) +d (x2n+1’Su))_1

= sd (u, Xyy,4,) + (sad (u, Su) d (u, X,,,,,)

+sad (Xone1 Xonr2) 4 (X115 1))

X (d (u, x3,45) +d (x2n+1>S“))71’

(45)
which implies that
2| = |d (u, Su)| < s |d (u, xXp.5)|
+ (sald (u, Su)| |d (u, x,,
( I ( 2 +2)| (46)

tsa |d (%0415 x2n+2)| |d (%2415 S”)l)
X (ld (“’ x2n+2) +d (x2n+1’3”)|)71-

Taking the limit of (48) asn — 00, we obtain that |z] =
|d(u, Su)| < 0, a contradiction with (44). So |z| = 0. Hence
Su = u. Similarly, we obtain Tu = wu.

Now we show that S and T have unique common fixed
point of S and T. To show this, assume that u* is another
common fixed point of S and T. Then

d(u,u")=d(Su, Tu")
L@ [d(u,Su)d (u, Tu*) +d (u*, Tu") d (u*, Su)]
- d(u, Tu*) +d (u*,Su)

<d(uu").
(47)
This implies that |d(x, x*)| < 0,and thenu = u* which proves

the uniqueness of common fixed point in X. This completes
the proof. O

Corollary 20. Let (X,d) be a complete complex valued b-

metric space with the coefficient s > 1 andlet T : X — X

be a mapping satisfying

ald(x,Tx)d (x,Ty) +d(y,Ty)d (y,Tx)]
d(x,Ty)+d(y,Tx)

d(Tx,Ty)

>

(48)

forall x, y € X, where sa € [0,1). Then T has a unique fixed
point in X.

Corollary 21. Let (X,d) be a complete complex valued b-
metric space with the coefficient s > 1 andlet T : X — X
be a mapping satisfying
d(T"x,T"y)
L ald(eT'x)d (% T") +d (. T")d (5. T"x)]
- d(x,T"y)+d(y, T"x) ’
(49)
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forall x,y € X, where sa € [0,1) andn € N. Then T has a
unique fixed point in X.
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