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Multisoliton solutions are derived for a general nonlinear Schrédinger equation with derivative by using Hirota’s approach. The
dynamics of one-soliton solution and two-soliton interactions are also illustrated. The considered equation can reduce to nonlinear

Schrddinger equation with derivative as well as the solutions.

Some nonlinear partial differential equations are integrable
models with interesting physical applications. Much work
has been focused on those equations such as the celebrating
KdV, modified KdV, nonlinear Schrédinger equations, and
Toda lattice. Inverse scattering transform (IST), Darboux
transformation, Hirota’s approach, tanh-function method,
and algebraic-geometry method [1-25] have been used to
investigate the exact solutions and integrability of those equa-
tions. Among these methods, Hirota’s approach is usually
used to find N-soliton solutions for soliton equation. The
key is transforming the soliton equations to the bilinear ones
by introducing bilinear derivative and appropriate variable
transformation [4]. The Hirota approach has been general-
ized to much more general bilinear equations recently [5]. The
invariant subspace method is refined to present more unity
and more diversity of exact solutions by taking subspaces of
solutions to linear ordinary differential equations as invariant
subspaces that evolution equations admit [6].

Associating with Kaup-Newell (KN shortly) spectral
problem, there exist three types of derivative nonlinear
Schrodinger equations [7, 8]. Gauge transformations have
been found among them [9, 10]. The first well-known deriva-
tive nonlinear Schrédinger equation (DNLSE) is

iUy + Uy, + i(uzu*)x =0, (1)

where u* denotes the complex conjugate of u. This equation
models Alfven waves and magnetohydrodynamic waves in

plasmas and also model subpicosecond or femtosecond
pulses in single-mode optical fibers in nonlinear optics [11,
12]. The equation is investigated in some literature (see, e.g.,
[13-15]). Its explicit form of the N-soliton solutions is also
obtained by some algebraic technique [16]. Through the n-
fold Darboux transformation the rogue wave solutions are
constructed explicitly by seed solutions recently [17]. The
standard NLS equation has a tri-Hamiltonian structure [18]
and DNLSE equations has some sl(2) generalizations [19] and
an so(3) generalization [20].

In the paper, we consider general nonlinear Schrédinger
equation with derivative (GDNLSE) as follows:

G = Gex — 1 (qzr)x’ (2a)

re=—ru—i(q’).. (2b)

We show that through a variable transformation the bilinear
equations for (2a) and (2b) can be derived for constructing
its N-soliton solutions. We also describe that the multisoliton
solutions of (1) can be derived by reduction.

Firstly, we deduce the Lax pair of GDNLSE (2a) and
(2b), which usually assures the complete integrability of a
nonlinear equation. From the Kaup-Newell spectral problem
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time evolution
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and the related zero curvature equation
M, - N, +[M,N] =0, (4)

one can derive the GDNLSE (2a) and (2b). Its corresponding
Lax pair (3a) and (3b) is governed by

A=-21" —iqr, (5a)
B= —2i;13q +1 (qx - iqzr) , (5b)
C==2ifr-n (rx + iqrz) . (5¢)

Secondly, we give the bilinear form of GDNLSE and fur-
ther its N-soliton solutions. By the variable transformation
s h
= %, r= S—{ ©6)
GDNLSE (2a) and (2b) can be transformed to the bilinear
form

(D,-D2)g-f=0, (7a)
(D, +D})h-s=0, (7b)
(D,-D})f-s=0, (7¢)

D.fs= —%gh, (7d)

where g, h, f,and s are complex functions and D is the well-
known Hirota bilinear operator defined as

D!'Dla-b=(9,-09,)" (2

X

- 9.)"a(t, )b(t', x|

t'=t,x'=x

(8)

To solve the system (7a), (7b), (7¢), and (7d), we expand
f, g, h,and s as

§ (2) § ( -
2j) 2j 2j-1) 2'1
f_l fJ€], g gl J ,

Jj=1 j=1

. . ©)

h=Y @it s=1+ Y s,

% %

Substituting (9) into (7a), (7b), (7¢), and (7d) yields
g’ -9l =0, (10a)
9 - g% = (-D,+ D) g" - 1, (10b)

g9 =9 =(-Di+ DY) (¢ [P+ g7 1),

(10¢)
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hY +h) =0, (l1a)
WO+ =D+ D), b

HO + KO = — (D, + D) (K <9 + 1O . @),

(11¢)
O_ (0 1@) =9 (12a)
fP =78 (P +s8) = (-D,+ Di)f(z) s?, (12b)
FO - 7O (s© 4 49)
= (—Dt + Di) (f(4) 5Py f(z) -5(4)) ) (12¢)
@ _@_ _F @0
_s@ o L opm 13
£ =50 =—2g (132)
FO_@__p 0.0 i (6" + gPHV), (3b)

2
(6) 6) _
fx TS =

D, (5@ 4 O @)

(O + gPRO 1+ gORD), (130

In order to get one-soliton of GDNLSE (2a) and (2b), we
select g(l) and K for (10a) and (11a) as follows:

g(l) _ e‘El’ El

hD = em, m=ot+hx+4?, o =-L,

ot -kx+&Y 0 =k,  (l4a)

(14b)

where Eio), 1750) are all constants. Substituting (14a) and (14b)
into (13a), one can obtain

ff) _ SECZ) _ _%efﬁ"h. (15)

Then combining (15) with (12a) yields

f(2) _ ik, efﬁ"h ,

20— k) (162

@O g

2(11 - k1)2

Assuming that g@ = Y = f0 = O = o (G =
3,5,7,...,j = 4,6,8,...), one can find that (10a), (10b) and
(10c)-(13a), (13b), and (13¢) are still hold. Thus, let ¢ = 1,
substituting (9), (14a) and (14b) and (16a) and (16b) into (6),

(16b)
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FIGURE 1: The shape of the one-soliton solution of GDNLSE given by (17). ¢, and r;, with k, = 1+ 0.34, I, = -1+ 0.2i,and £” = #¥ = 0. (a)

115 (B) |ry.

one can arrive at one soliton solution for GDNLSE (2a) and
(2b):

eil (1 + (11/2) egl+’71+(ﬂ/2)i+013)
(14 (ky[2) i)

a1

(17)
o1 (13 (k2 om0

- (1 + (11/2) eE1+’71+(ﬂ/2)i+913)2

where &;, 1, are defined by (14a) and (14b), k,, I; are all
arbitrary constants, and s = 1/, - kl)z). We depict |q; |
and |r,| in Figure 1. For convenience, we replace t by —it and
x by —x.

To get two-soliton of GDNLSE (2a) and (2b), we select
g(l) and Y for (10a) and (11a) as follows:

) _ g 3 - (0) 2
g _el+62, f]—w]t—k]x+f] 5 wj_kj’
(18a)
(j=12),
WO =el vet, pi=oit+lx+q, o;=-L, (18b)

where Ej.o), 175.0) are all constants. Substituting (18a) and (18b)
into (13a), one can obtain

f}EZ) _ SECZ) — _é (6‘51*’11 + e‘fl*’h + e‘fz*’h + e‘fz*’h) . (19)
Then combining (19) with (12a) yields

JC ’% (it

& +’72+(7T/2)i+914)

(20a)
+ % (efz+711+(7f/2)i+923 + e£2+flz+(ﬂ/2)i+924) ,

I

@_h
2

s (efl +1y+(71/2)i+6;5 + e£2+’11+(ﬂ/2)i+923)

(20b)

)

(ef1+’12+(”/2)i+914 + efz+’12+(71/2)i+924) .
2

Substituting (18b) and (20a) into (10b), by some computa-
tions, we obtain

(3) _ l_lefﬁfz*’h+(”/2)i+913+923+912
2

(21)
+ l_2efl+52+’72+(ﬂ/2)i+914+924+912 ,
2
where
05 _ 1 6923 — 1
2’ 2
(ll - kl) (ll - kz)
O _ 1 0 _ 1 (22)
2 b 2 b
(L~ k) (L~ k)
e = (ky — k,)".

Then substituting (18b) and (20b) into (11b), by some compu-
tations, we obtain

h(3) — Iﬂe€1+’ll+'lz+(7'f/2)i+913+914+934

(23)

+ ]2 eEz 1+, +(71/2)i+0,3+0,4 4034
bl

where % = (I, - 12)2. Substituting (21) and (23) into (12b)
and (13b), we obtain

f(4) — kl k2 efl &1y A7 +015 401340144023 +6,4+034 (24a)
4
5(4) — & eEl &t A1 +7i+01, 40134014 +0,3+0,4+034 . (24b)

4
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FIGURE 2: The interaction of two-soliton solution of GDNLSE given by (6). g, and r, with k; = 1+ 0.3i, k, =1+ 0.9, I, = -1+ 0.2i, [, =

~1+0.8i,and & = &0 = 5 = 5 = 0. (a) |g,, (b) Ir,].

Assuming that g = B = ) =W =0, (i=5,7,...,j=
6,8,...), one can find that (10a), (10b) and (10c)-(13a), (13b),
and (13¢) are still hold. Thus, let ¢ = 1, we have two-soliton
solution for GDNLSE (2a) and (2b):

(9 +g®) (1+5@ + @)
(1+ f@ + @)
(hD + hO) (14 fO 4 f9)

@) 4 (@)?
(1 4@ +sW)

(25)

r =

Figure 2 gives the interaction of two-soliton solution.
So, by the standard Hirota’s approach, one can derive N-
soliton (N =1,2,...)interms of f, g, h,and s:

2N 2N 1
anExX) = Y A (Wexp | YuEi+ D b, |
= R ]
(26a)
BN , 2N ]
!
fultx)= Y A (Wexp | Yukl+ Y wub, |,
§=0,1 [ j=1 1<j<p ]
(26b)
B 2N 1
!
hy (6x)= Y Ay (Wexp | Y i+ Y b, |
4=0,1 | =1 1<j<p |
(26¢)
2N " 2N ]
sy (tx)= ) Ay (u)exp Z#j’?j ) w0, |
Pr 1 15j<p ]
(26d)

where

E=kxtwt+8, w =k, (j=12..,N) @27

_ ©) P
T,
E;=§j: g;\]+j=r]j+lnlj+51,
_ (27¢)
§ =g +ink+ 20, &=
T,
(27d)
" 7T . "
11]. =;7].+lnlj+51, 71N+j:£ja
, 1 .
691,N+p=—2, (],p:l,z,...,N)) (27e)
(kj _ZP)
o= (ki=k)s (i<p=23...N), (70
v = (1-1Y, (j<p=23...N). (279

kj, lj, 5;0), 11§0) are all arbitrary constants; A,(u), A,(u),
Aj;(u) take over all possible combinations of y1; = 0,1 (j =
1,2,...,2N) and satisfy the following condition:

N N N N
Zﬂj = Z‘MN*']" Z‘M] = Z”N+j +1
=1 j=1 i=1 j=1

(28)

N N
IDITEDY
=1 =1
respectively.

We replace efim, eEéO), e and e by (“e£§°>/ (k; — ky)),
(e [(ky— k), (Be' /0, ~1,)) and (Be™ /(I ~1,)) (aand
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F1GURE 3: The shape of the one-soliton and the interaction of two-soliton of DNLSE (1). (a) One-soliton u, with k; = 1 + 0.3i and Eio) =0,
(b) one-soliton u, with k; = 1 - 0.3i and £ = 0, and (c) two-soliton u, with k, = 1+ 0.3i, k, = 1 - 0.3i, and £&? = & = 0.

B are arbitrary real constants), respectively. Then the two-
soliton solution (25) under the limit of k, — ki, I, — [
leads to the limit solution

q = o r= 5_2) (29)
where
_ (Zkt ) £, llazezfl‘*'h‘*(ﬂ/z)i
9= it—x)er - —————— 4>
(ll - kl) (30a)
_ ( ) ; klﬁzeEl‘*z'h"‘(ﬂ/Z)i
h= (-2Lt+x el - —————
(ll - kl)
20272
7 —14 2k, 2e£1+171+(7r/2)i + o Bk 8€2£1+2r,1+m',
(ll - kl) 4(11 - kl)
(30b)
2212
S=1+ 2'll 2eEI+1']1+(7't/2)i 4 o ﬁ ll 86251+2r]1+m'.
(h = k) 4l ~ ky)

(30¢)

o and f3 are arbitrary constants. This is the so-called one-
double-pole solution. This kind of limit procedure can be
found in [21, 22], which builds a bridge between Hirota’s
approach and the inverse scattering transform on the level of
double-pole solution. Zhou and the coauthors find that the
limit solutions for classical 2N-solitons are nothing but the
N-double-pole solutions [23].

Now, we consider the derivative nonlinear Schrodinger
equation (1). We shall give its bilinear equation and N-soliton
solutions by reduction. Setting r = g* = u" and replacing ¢
by —it and x by —x in (2a) and (2b), one can find that (2a)
and (2b) reduce to DNLSE (1). Taking s = f*, h = g* and
replacing ¢ by —it and x by —x, (7a), (7b), (7c), and (7d) reduce
to the bilinear forms of DNLSE (1):

(iD,+Dl)g- f =0, (31a)
(iDt +ch) f-fr=o, (31b)
D.f-f" = %gg*, (31c)
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FIGURE 4: The 2D plot of two-soliton of DNLSE. g, with k; =1+ 0.3i, k, = 1 - 0.34, and §§°) = Eg)) =0att=6, t=2, t=-2,andt = 6.

which can be also directly obtained from (1) through the

transformation u = (gf*/f>). If we take l; = —k;f, 11;0) =

zj.‘”* in (26a), (26b), (26¢), and (26d) and (27a), (27b), (27¢),
(27d), (27e), (27), and (27g), then n; = &, el

Oonsi QOip* evine Thus we can also have s =

f*, h = g%, and obtain N-soliton solutions of DNLSE (1)
by reduction:

-

2N 2N
antx)= Y Ay (wexp | Y&+ Y wub, |,
#=0,1 j=1 l<j<p J
(32a)
oo N 1
Sty = 3 Ay (e | Yukl+ Y wub, |
§=0,1 j=1 1=j<p ]
(32b)
where
_ 2, (0)
§;=kjx—ik;t + &7,
g; =&, (33a)

Eyy =& +In(=k]),

g =& +Ink;, &, =&, (j=12...,N), (33b)

0 1 .
e N = (j,p=12,...,N), (33¢)

(33d)
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kj, E§O) are all arbitrary constants; A, (u), A,(u) take over
all possible combinations of y; = 0,1 (j = 1,2,...,2N)

and satisfy the condition (28). If replacing k; for p;, &
for o, and t for —t, (32a) and (32b) are in accord with the
N-soliton solutions in [14], where the solutions of DNLSE
(1) are reduced by a multicomponent modified nonlinear
Schrodinger equation. Dynamics for one- and two-soliton
solutions for DNLSE (1) are described in Figures 3 and 4.
Figure 4 depicts 2D plot of two-soliton of DNLSE.

In summary, we present multisoliton solutions for a
general nonlinear Schrodinger equation with derivative by
Hirota’s approach. By reductions, we also directly obtain the
multisoliton solutions for nonlinear derivative Schrodinger
equation. We demonstrate that the solitons of general non-
linear Schrédinger equation with derivative and nonlinear
derivative Schrodinger equations result in elastic scattering.



The Scientific World Journal

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

This project is supported by the Research Foundation of
Education Bureau of Jiangxi Province of China (no. GJJ13459)
and the National Natural Science Foundation of China (no.
11101350).

References

[1] C.S. Gardner, J. M. Greene, M. D. Kruskal, and R. M. Miura,
“Method for solving the Korteweg-deVries equation,” Physical
Review Letters, vol. 19, no. 19, pp. 1095-1097, 1967.

[2] M. ]. Ablowitz and H. Segur, Solitons and the Inverse Scattering
Transform, SIAM, Philadelphia, Pa, USA, 1981.

[3] V. B. Matveev and M. A. Salle, Darboux Transformation and
Soliton, Springer, Berlin, Germany, 1991.

[4] R.Hirota, “Exact solution of the korteweg-de vries equation for
multiple Collisions of solitons,” Physical Review Letters, vol. 27,
no. 18, pp. 1192-1194, 1971.

[5] W.X. Ma, “Generalized bilinear differential equations,” Studies
in Nonlinear Sciences, vol. 2, no. 4, pp. 140-144, 2011.

[6] W.-X. Ma, “A refined invariant subspace method and applica-
tions to evolution equations,” Science China Mathematics, vol.
55, no. 9, pp. 1769-1778, 2012.

[7] D. J. Kaup and A. C. Newell, “An exact solution for a deriva-
tive nonlinear Schrédinger equation,” Journal of Mathematical
Physics, vol. 19, no. 4, pp. 798-801, 1977.

[8] E. Fan, “A Liouville integrable Hamiltonian system associated
with a generalized Kaup-Newell spectral problem,” Physica A:
Statistical Mechanics and its Applications, vol. 301, no. 1-4, pp.
105-113, 2001.

[9] M. Wadati and K. Sogo, “Gauge transformations in soliton
theory;” Journal of the Physical Society of Japan, vol. 52, no. 2,
pp. 394-398, 1983.

[10] S. Kakei, N. Sasa, and J. Satsuma, “Bilinearization of a general-
ized derivative nonlinear Schrédinger equation,” Journal of the
Physical Society of Japan, vol. 64, no. 5, pp. 1519-1523, 1995.

[11] E. Mjolhus, “On the modulational instability of hydromagnetic
waves parallel to the magnetic field,” Journal of Plasma Physics,
vol. 16, no. 3, pp. 321-334, 1976.

[12] N.Tzoar and M. Jain, “Self-phase modulation in long-geometry
optical waveguides,” Physical Review A, vol. 23, no. 3, pp. 1266-
1270, 1981.

[13] A.Kundu, “Exact solutions to higher-order nonlinear equations
through gauge transformation,” Physica D: Nonlinear Phenom-
ena, vol. 25, no. 1-3, pp. 399-406, 1987.

[14] Y. Matsuno, “The bright N-soliton solution of a multi-
component modified nonlinear Schrédinger equation,” Journal
of Physics A: Mathematical and Theoretical, vol. 44, no. 49,
Article ID 495202, 2011.

[15] C. Q. Dai, Z. Y. Qin, and C. L. Zheng, “Multi-soliton solutions
to the modified nonlinear Schrodinger equation with variable
coefficients in inhomogeneous fibers,” Physica Scripta, vol. 85,
no. 4, Article ID 045007, 2012.

[16] G.-Q. Zhou and N.-N. Huang, “An N-soliton solution to the
DNLS equation based on revised inverse scattering transform,”
Journal of Physics A: Mathematical and Theoretical, vol. 40, no.
45, pp. 13607-13623, 2007,

(17] S.W.Xu,].S. He, and L. H. Wang, “The Darboux transformation
of the derivative nonlinear Schrodingerequation,” Journal of
Physics A: Mathematical and Theoretical, vol. 44, no. 30, Article
ID 305203, 2011.

[18] W.-X. Ma and R. Zhou, “On inverse recursion operator and tri-
Hamiltonian formulation for a Kaup-Newell system of DNLS
equations,” Journal of Physics A: Mathematical and General, vol.
32, no. 20, pp. L239-1242, 1999.

[19] X.-G. Gengand W.-X. Ma, “A generalized Kaup-Newell spectral
problem, soliton equations and finite-dimensional integrable
systems,” Il Nuovo Cimento A, vol. 108, no. 4, pp. 477-486,1995.

[20] W. X. Ma, “A spectral problem based on so(3,R) and its asso-
ciated commuting soliton equations,” Journal of Mathematical
Physics, vol. 54, no. 10, 2013.

[21] M. Wadati and K. Ohkuma, “Multiple-pole solutions of the
modified Korteweg-de Vries equation,” Journal of the Physical
Society of Japan, vol. 51, no. 6, pp. 2029-2035, 1982.

[22] M. Takahashi and K. Konno, “N double pole solution for the
modified Korteweg-de Vries equation by the Hirota's Method,”
Journal of the Physical Society of Japan, vol. 58, no. 10, pp. 3505-
3508, 1989.

[23] J. Zhou, D.-]. Zhang, and S.-L. Zhao, “Breathers and limit
solutions of the nonlinear lumped self-dual network equation,”
Physics Letters A: General, Atomic and Solid State Physics, vol.
373, no. 36, pp. 3248-3258, 2009.

[24] Y. Yao and Y. Zeng, “Integrable Rosochatius deformations of
higher-order constrained flows and the soliton hierarchy with
self-consistent sources,” Journal of Physics A: Mathematical and
Theoretical, vol. 41, no. 29, Article ID 295205, 2008.

[25] S.-E Deng, D.-Y. Chen, and D.-J. Zhang, “The multisoliton
solutions of the KP equation with self-consistent sources,”
Journal of the Physical Society of Japan, vol. 72, no. 9, pp. 2184~
2192, 2003.



Advances in Advances in Journal of Journal of
Operations Research lied Mathematics ability and Statistics

il
PR
S Rt
£ 2 §

\ ‘

The Scientific
\{\(orld Journal

International Journal of
Differential Equations

Hindawi

Submit your manuscripts at
http://www.hindawi.com

International Journal of

Combinatorics

Advances in

Mathematical Physics

%

Journal of : Mathematical Problems Abstract and Discrete Dynamics in
Mathematics in Engineering Applied Analysis Nature and Society

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Journal of
'

al of Journal of

Function Spaces Stochastic Analysis Optimization

Journal of International Jo




