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We introduce the concept of triangular o, -admissible mappings (pair of mappings) with respect to 7. nonself-mappings and
establish the existence of PPF dependent fixed (coincidence) point theorems for contraction mappings involving triangular «,-
admissible mappings (pair of mappings) with respect to 7. nonself-mappings in Razumikhin class. Several interesting consequences

of our theorems are also given.

1. Introduction and Preliminaries

The applications of fixed point theory are very important and
useful in diverse disciplines of mathematics. In fact, fixed
point theory can be applied for solving equilibrium problems,
variational inequalities, and optimization problems. In par-
ticular, a very powerful tool is the Banach fixed point theo-
rem, which was generalized and extended in various direc-
tions: modifying Banach’s contractive condition, changing
the space, or extending single-valued mapping to multivalued
mapping (see [1-8] and references therein). In 1997, Bernfeld
et al. [9] introduced the concept of fixed point for mappings
that have different domains and ranges, which is called PPF
dependent fixed point or the fixed point with PPF depen-
dence. Furthermore, they gave the notion of Banach type con-
traction for nonself-mapping and also proved the existence of
PPF dependent fixed point theorems in the Razumikhin class
for Banach type contraction mappings (also see [10]). The
PPF dependent fixed point theorems are useful for proving
the solutions of nonlinear functional differential and integral
equations which may depend upon the past history, present
data, and future consideration. On the other hand, Samet
et al. [11] first introduced the concept of «-admissible self-
mappings and proved the existence of fixed point results using

contractive conditions involving «-admissible mappings in
complete metric spaces. They also gave some examples and
applications of the obtained results to ordinary differential
equations. In this paper, we will introduce the concept of
triangular o -admissible mappings (pair of mappings) with
respect to #, nonself-mappings and establish the existence
of PPF dependent fixed point theorems for contraction
mappings involving triangular o -admissible mappings (pair
of mappings) with respect to #, nonself-mappings in Razu-
mikhin class.

Throughout this paper, we assume that (E,| - [lp) is a
Banach space, I denotes a closed interval [a,b] in R, and E, =
(I, E) denotes the sets of all continuous E-valued functions on
I equipped with the supremum norm || - ||z, defined by

"?5”1«:0 = St‘g’"‘/’ Gl 1)

For a fixed element ¢ € I, the Razumikhin or minimal
class of functions in E,, is defined by

Re={¢ € Ey: gl = I¢ @I} 2)

Clearly, every constant function from I to E belongs to %...



Definition 1. Let & be the Razumikhin class; then

(i) the class %, is algebraically closed with respect to
difference, if § — & € K. when ¢, & € R ;

(ii) the class £, is topologically closed if it is closed with
respect to the topology on E, generated by the norm

-,

Definition 2 (see [9]). A mapping ¢ € E, is said to be a PPF
dependent fixed point or a fixed point with PPF dependence
of mapping T : E, — Eif T¢p = ¢(c) for some c € I.

Definition 3 (see [10]). LetS : E;, — Ejand T : E, — E.
A point ¢ € E, is said to be a PPF dependent coincidence
point or a coincidence point with PPF dependence of S and
T it T$p = (S¢)(c) for somec € I.

Definition 4 (see [9]). The mapping T : E, — E is called a
Banach type contraction if there exists k € [0, 1) such that

|T¢ - TE|x < kllp - &> (3)
forall ¢,& € E,.

In 2012, Samet et al. [11] introduced the concepts of -
y-contractive and «a-admissible mappings and established
various fixed point theorems for such mappings in complete
metric spaces. Afterwards, Karapinar and Samet [12] general-
ized these notions to obtain fixed point results. More recently,
Salimi et al. [13] modified the notions of a--contractive and
a-admissible mappings and established fixed point theorems
which are proper generalizations of the recent results in [11,
12].

Samet et al. [11] defined the notion of a-admissible map-
pings as follows.

Definition 5. Let T be a self-mapping on X and let & : X x
X — [0, +00) be a function. We say that T is an «-admissible
mapping if

xyeX, a(xy)>1= a(Tx,Ty)>1. (4)

In [11] the authors consider the family ¥ of nondecreasing
functions ¥ : [0,+00) — [0,+00) such that Y ' y"'(t) <
+0o for each t > 0, where y” is the nth iterate of y and give

the following theorem.

Theorem 6. Let (X, d) be a complete metric space and let T be
an a-admissible mapping. Assume that

a(x,y)d(Tx, Ty) <y (d(x y)) (5)

forall x, y € X, wherey € Y. Also, suppose that the following
assertions hold:
(i) there exists x, € X such that a(x,, Tx,) > 1,

(ii) either T is continuous or for any sequence {x,} in X
with a(x,, x,,,) = 1 foralln e NU{0} and x,, — x
asn — +09, one has a(x,, x) = 1 for alln e NU {0}.

Then T has a fixed point.
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Salimi et al. [13] modified and generalized the notions of
a-y-contractive mappings and a-admissible mappings by the
following ways.

Definition 7 (see [13]). Let T bea self-mappingon X and a, 7 :
X x X — [0,+00) two functions. We say that T' is an a-
admissible mapping with respect to # if

a(x,y)2n(x,y) = a(Tx,Ty) 2 n(Tx, Ty()6)

x,y€X

Note that if we take 7(x, y) = 1, then this definition reduces
to Definition 5. Also, if we take a(x, y) = 1, then we say that
T is an #-subadmissible mapping.

The following result was proved by Salimi et al. [13].

Theorem 8 (see [13]). Let (X, d) be a complete metric space
and let T be an a-admissible mapping. Assume that

xyeX, a(xy)21=d(Tx,Ty)<y(M(x,y)),
7)
where v € ¥ and
M (x, y) = max {d(x,y), 4 Tx) ; d(y,Ty),
d(x,Ty)+d(y,Tx)
3 :
8)

Also, suppose that the following assertions hold:

(i) there exists x, € X such that a(x,, Tx,) = 1,

(ii) either T is continuous or for any sequence {x,} in X
with a(x,, x,,,) = 1 foralln e NU{0} and x,, — xas
n — +00, one has a(x,, x) > 1 for alln € N U {0}.

Then T has a fixed point.

Recently Karapinar et al. [14] introduced the notion of
triangular a-admissible mapping as follows.

Definition 9 (see [14]). Let T : X — X anda : X X
X — (—00,+00). We say that T is a triangular a-admissible
mapping if

a(x,y)>1 implies a(Tx,Ty)>1, x,y € X, (T1)
a(x,z) =1 .
a(zy) =1 imply o« (x,y) > 1. (T2)

For more details and applications of this line of research,
we refer the reader to some related papers [15-21].

Now, motivated by Salimi et al. [13] and Karapinar et al.
[14] (see also [15-21]), we introduce the following notion.
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Definition 10. Letc € IandT : E, — E,a,np: EXE —
[0, +00). We say that T is a triangular «.-admissible mapping
with respect to #. if, for ¢, &, 7w € E,

a(¢(c),&(0) 2n(¢(c),&(0)

(TC1)
= a(T¢, TE) = n (T, TE),
a(¢p(e),m () zn(d(),m(c),
a(m(c),&(c)) = n(m(c),&(c)) (TC2)

imply o (¢ (c), € (c)) =7 (¢(c),£(c)).

Note that if we take n(x, y) = 1 for all x,y € E, then
we say that T is a triangular o .-admissible mapping. Also, if
we take ae(x, y) = 1 for all x, y € E, then we say that T'is a
triangular #,-subadmissible mapping.

Example 11. Let E = R be a real Banach space with usual
norm and let I = [0,1]. Define T : E; — E by T¢ = 2¢(1)
forall¢ € Ejand o, : Ex E — [0,+00) by

2, .2 .
X+ yi x|y + 1 ifx>y,

, V) = 9

oc(x y) {0, otherwise; ©)

nx,y) = 2+ y2 + |x[lyl + 1/2. Then T is a trian-
gular o -admissible mapping with respect to #,. Indeed, if

a((1),&(1)) = n(p(1),&(1)), then ¢(1) = £(1) and so 2¢(1) >
2&(1). That is, T¢p > TE which implies a(T¢, TE) > n(T'p, TE).
Also, if
a(¢(e),m()2n(pc),m(c),
a(m(c),&(c) 2n(m(c),&(c),

then ¢(c) > m(c) and n(c) > &(c) and so ¢(c) > &(c). That is,
a(¢(c), () = n(¢(c), E(c)).

The following lemma is necessary later on.

Lemma 12. Let T be a triangular «_-admissible mapping with
respect to 1. Define the sequence {¢,} by the following way:

T¢n—1 = ¢n (C) > (11)

foralln € N, where ¢, € R, is such that a(¢y(c), Tey) >
1(¢y(c), Ty). Then

A ($ ()5, () 2 71 (b (0), 6, (),

Vm,n € N with m < n.

(12)

Proof. Since T is a triangular « -admissible mapping with
respect to 7],

a (B (©), ¢y (c) = (g (), Tehy) = 11 (g (), Thy)
=1(¢o (c), ¢ (c))

and so

a($y(0),Tey) =1 (d (0), Tey). (14)

3
By continuing this process we get,
& (B ()5 b1 () 2 1($,(0) s puir (), VmeN. (15
Since
& (G () B (©)) 2 1 (B (€) s Pyt (©)) )

o (¢m+1 (©)> bz (C)) = (¢m+1 (©) sz (C)) >

then by (TC2) we get a(d,,,(c), P,42(€)) = 7(h,,,(C), P,12(C)).
By continuing this process, we get

(¢, (), 8, () 2 71 ($y, (), 6, (€) 5 17)

Vm,n € N with m < n.
m,n with m < n D

2. Main Results

One of our main theorems is a result of Geraghty type [22]
obtained by a modification of the approach in [13]. Let &

denote the class of all functions 8 : [0,+00) — [0,1)
satisfying the following condition:
B(t,) — 1 implies t, — 0, as n — +0o0. (18)

Theorem 13. Let T : E; — E, a,y: ExXE — [0,+00) be
three mappings satisfying the following assertions:

(i) there exists ¢ € I such that R, is topologically closed
and algebraically closed with respect to difference;
(ii) T is a triangular o -admissible mapping with respect to
Hes
(iii) there exists § € F such that

a(¢(0),&() 2n(p(),&(0)
= |16~ T8, < B(I¢ ~&lls, ) 16—l
forall$,& € Ey;

(iv) if {¢p,} is a sequence in E, such that ¢, — ¢pasn —
+00 and a(¢p,(c), b,,1(c)) = n(p,(c), b, (c)) for all

n € NU O, then a(¢p,(c), p(c)) = n(¢,(c), ¢(c)) for all
neNUO;

(v) there exists ¢, € R, such that a(¢py(c), Tdy) = 1(py(c),
Tého)-

Then, T has a PPF dependent fixed point ¢* € ..

(19)

Proof. Let ¢, € R, such that a(P,(c), Tey) = n(Py(c), Tey).
Since T'¢, € E, there exists x; € E such that T¢, = x;. Choose
¢, € R, such that

x;=¢;(c). (20)

By continuing this process, by induction, we can build a
sequence {¢,} in X, < E such that,

T¢, , =¢,(c), VYneN. (1)



Hence, from Lemma 12, we have

A (b ()5, () 2 1 (b (€), 6, (),

Vm,n € N with m < n.

(22)
Since %, is algebraically closed with respect to difference, it
follows that
I61-1 = bull, = Ibu-1(0) = bu(O VrEN.  (23)
Then, by (iii), we get
16, = buirlls, = 190 © = b @Ol = [Ts = Ttu

(24)
<p (ll¢n—1 - ¢"||E0) “(/)n—l - ¢”"Eo’

and so

”¢’n - ¢n+1"E0 = ﬁ ("(pnfl - ¢n||E0) ”(/5714 - (/)n"EU
< ||¢n—1 - ¢n||E0’

for all n € N. This implies that the sequence {ll¢, — ¢, [l }
is decreasing in R,. Then, there exists r > 0 such that
lim, _, ,oI¢, = $uislly, = 7. Assume r > 0. Now, by taking
limitasn — +o00in (24), we get

r< tim (¢~ ulls,) 7 (26)
which implies 1 <lim,, _, o B(I¢,-1 — P,llg,)- That is,
HEI}}OOﬁ ("(/)n—l - ¢n||E0) =1, (27)

and since f € &, lim, , ¢, , - ¢ully, = 0 which is a
contradiction. Hence, » = 0. That is,

lim ¢, - ¢n||Eo =0. (28)

n—+0oo

Now, we prove that the sequence {¢,} is Cauchy in Z%..
Assume the contrary; then there exist ¢ > 0 and two
sequences {m,} and {n; } with k < m;. < n;_ such that

'l(l)mk B ¢“k "E0 28 “(/)mk - ¢”k_1||E0 <& (29)
From

o
<[, = bnall, + lbns =0, (30)
¢nk—1 - ¢nk ||E0’

letting k — +00, we get

<é&E+

lim |, -, ”EO —e. 31)

n— +00

By triangle inequality, we have

||¢mk - ¢”k

b, < [Om = G, + [Omees = b,

(32)
¢nk - ¢nk+1 ”Eo .

+
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On the other hand, by (iii) and (21), we have

||¢mk+l - ¢nk+1 E, < ﬁ ("(/)m,< - ¢nk E0> '¢mk - ¢nk B,
(33)
Therefore, we get
[ =], < 8. = Il
+ ﬁ <|'¢mk - (/)nk Eo) |¢mk - ¢”k E, (34)
+ ¢nk - ¢nk+1|'Eo’
which implies
(1 - ﬁ <'|¢mk - ¢nk E0>) ||¢mk - ¢’nk E,
35)

s "¢mk N ¢mk+1| E, + “¢"k B ¢”k+1“E0'

Takinglimitask — +oo in the above inequality and applying
(28) and (31), we get

tim (1-B(lom, ~0uly)) =0 G

k — 400

which implies limy _, o f(ll¢,,, — ¢, [, ) = 1 and since B €
F, we deduce

lim ||¢mk - ¢nk

k— +oo

PR (37)
which is a contradiction. Consequently

lim ¢, = ¢ullg, =0, (38)

m,n — +00

and hence {¢,} is a Cauchy sequence in &, < E,. By the
completeness of E, we get that {¢,,} converges to a point ¢* €
E,; thatis, ¢, — ¢* asn — +00. Since &, is topologically
closed, we deduce ¢* € .. From (iv) we have a(¢,(c),
¢ () = n(e,(c),¢"(c)) for all n € N U 0. Then, from (iii)
we get
176" = ¢" @l < IT¢" = Tl + |76, - 6" @
= 76" = Tule + |énis (© = ¢" )5
<BI4" = bulls, ) 16" = Bl

+nir (© = 6" @l
(39)

foralln € N. Takinglimitasn — +o0in the above inequality,
we get

IT¢" =™ @)l = 0; (40)
that is,
T$" = ¢" (c), (41)

which implies that ¢* is a PPF dependent fixed point of T in
R O

c*
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If in Theorem 13 we take 7(¢(c), &(c)) = 1 forall ¢, & € E,,
then we deduce the following corollary.

Corollary 14. LetT: Ey — Eanda : EXE — [0,+00) be
two mappings satisfying the following assertions:

(i) there exists ¢ € I such that R is topologically closed
and algebraically closed with respect to difference;
(ii) T is a triangular _-admissible mapping;
(iii) there exists B € F such that

a(¢(c),&() =1
= (19 - T8 < B(I¢ - &l ) I - €l

forall$,& € E;

(iv) if {¢p,} is a sequence in E, such that ¢, — ¢Ppasn —
+00 and a(¢p,(c), ¢,,,(c)) = 1 foralln € NU O, then
a(p,(c), ¢(c)) = 1 foralln e NU0;

(v) there exists ¢, € R, such that a(¢y(c), Td,) = 1.
Then, T has a PPF dependent fixed point ¢* € R..

(42)

If in Theorem 13 we take a(¢)(c), &(c)) = 1 forall ¢, & € E,,
then we deduce the following corollary.

Corollary 15. LetT : Ey, — Eandn: EXE — [0,+00) be
two mappings satisfying the following assertions:

(i) there exists ¢ € I such that R, is topologically closed
and algebraically closed with respect to difference;
(ii) T is a triangular r.-subadmissible mapping;
(iii) there exists 3 € & such that

n(¢(0),§(0) <1
= |T¢ - TE| < B(l¢ - &l ) o~ &l

forall $,& € Ey;

(iv) if {¢p,} is a sequence in E, such that ¢, — ¢pasn —
+00 and 1(¢,(c), ¢,,1(c)) < 1 foralln € NUO, then
n(¢,(c),p) <1 foralln e NUO;

(v) there exists ¢y € R, such that n(¢y(c), Tp,) < 1.
Then, T has a PPF dependent fixed point ¢* € R,.

(43)

Definition 16. Letc € Tand S : E, — E,, T : E, — E,
a,n : ExE — [0,+00). We say that (S,T) is a triangular
o, -admissible pair with respect to 7, if, for ¢, &, 7 € E,,

a ((Sp) (c),(S8) () = n ((Sp) (c), (S§) ()
= a(T$, TE) = n (TP, TE),

a((S¢) (c),(S8) (©)) = 1 ((S) () (S8) (c)),
a ((S8) (¢), (Sm) (€)) = 1 ((S$) (c) () (c))

= a((S¢) (c), (Sm) (c)) =1 ((S$) (c), (Sm) (¢)) .
(44)

(ST1)

Note that if we take 7(¢(c), £(c)) = 1, then, we say that (S, T) is
a triangular .-admissible pair. Also, if we take a(¢(c), &(c)) =
1, then we say that (S, T') is a triangular #,.-subadmissible pair.

The following theorem gives a result of existence of PPF
dependent coincidence points.

Theorem 17. Let S : E), — E,, T : E;, — E, and a,n :
E X E — [0,+00) be four mappings satisfying the following
assertions:

(i) there exists ¢ € I such that S(R,) C R, is algebraically
closed with respect to difference;

(ii) (S, T) is a triangular «_-admissible pair with respect to
Hes
(iii) there exists B € F such that

a((5$) (©),(58) (©)) = 1 ((S9) (), (58) ()
(45
= |16 - T8l < B (IS¢ - ¢, ) IS¢ - el

forall$,& € R

(iv) if {S¢,} is a sequence in R, such that S, — S¢ as
n — +oo and a((S¢,)(c), (S¢,..1)(c) = n((S¢,)(c),
(8¢,,,1)(c)) for alln € NUO, then a((S,)(c), (S¢)(c)) =
1((Sp,)(c), (Sp)(c)) for alln € N U 0;

(v) there exists ¢y € R such that a((Spy)(c), Tp,) =
n((S¢o)(c), Tepy);

(vi) S(R,) is complete in R ;
(vil) T(R,) c {(S¢)(c) : p € R}

Then, there exists ¢* € R, such that S¢* € R is a PPF
dependent fixed point of T and hence ¢~ is a PPF dependent
coincidence point of S and T.

Proof. Let ¢ € K. such that a((S¢y)(c),T¢,) =

n((Spy)(c), Ty). By condition (vii), there exists ¢, € R, such
that

Ty = (S¢) (c) . (46)

By continuing this process, by induction, we can build a
sequence {¢,} in % such that

T, = (54,) (©),

Hence, from Lemma 12, we have

a((84,1) (), (S,) () = 1 ((S¢,) (€), (S,) (€)) >

Vm,n € N with m < n.

Vn e N. (47)

48)

Since S(&,) is algebraically closed with respect to difference,
it follows that

IS¢ = SBullg, = [(Spu-1)(©) = (Sp)(O)]  VmeN.
(49)



Then, by (iii), we get
||S¢n - S¢n+1”Eo = "(S(/)n) (C) - (S¢n+1) (C)“E
= ||T¢n—l - T¢n”E

< BI1S¢u-1 = S¢ulls, ) 1561 = Sl
(50)

and so
196, = Sbusillg, < B(ISGus = Sully, ) 1Sn-1 = Suly,

<S¢+ = Sull,
(51)

foralln € N. This implies that the sequence {|S¢,, — $¢,,,, |5, }

is decreasing in R,. Then, there exists r > 0 such that
lim,, _, o IS¢, =SP4, = 1. Assume r > 0. Now by taking

limitasn — +o00 in (50) we get

r< tim B[54, — Sl ) 7 (52)

n— +00

which implies 1 <lim,, , , B(S¢,-1 — S¢, [l ). That s,

lim B([S$,-, — Sl ) = 1. (53)

n— +00

and since f € F, lim,, o [IS¢,_; — S¢,ll5, = 0 which is a
contradiction. Hence, r = 0. That is,

lim [S¢,, - S¢n||E0 =0. (54)

n—+00

Now, we prove that the sequence {S¢,} is Cauchy in
S(R,). Assume the contrary; then there exist ¢ > 0 and two
sequences {m;} and {n;} with k < m; < n; such that

||S¢mk - S(/)nk ||E0 2§ "S(pmk - S¢nk—1 “Eo <& (55)

From

€= "s¢mk - S(/)nk

EU
< |Sbm, = Stn ]y, + [Stns =Sl 56)
<e+ "S¢nk—1 - Sy, "E0
letting k — +00, we get
ngrlloo"&bmk - S¢”k "E0 =& (57)

By triangle inequality, we have
.|S¢mk - S¢nk ||E0 < ||S¢mk - S¢mk+1“Eo + ||S¢mk+l - S¢nk+1"E0

+ ||S¢nk - S¢nk+l ||E0
(58)
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On the other hand, by (iii) and (47), we have

"S¢mk+1 - S¢nk+1 E, < ﬁ (||S¢mk - S¢nk Eo) |S¢mk - S(l)”k

E,’
(59)

Therefore, we get
16 = S0, < 158 = Sbmeen,
+ (1860, 561, ) 56, 56,1,
+ S, = b,
(60)

which implies
(1= B (1580 = S8l )) I8 - 580,

< ||S¢mk - S¢mk+1"E0 + ||S¢nk - S¢nk+l.|E0'

Takinglimitask — +oco in the above inequality and applying
(54) and (57), we get

im (1-B([S¢m, ~S4,],)) =0 (62

k— +00
which implies limkﬂmoﬁ(”S(/)mk - S¢,,, ||E ) = landsince 8 €
0
F, we deduce
kErEw"S¢mk B S¢"k “EO =0, (63)

which is a contradiction. Consequently

lim [S¢, =S¢y, =0, (64)

m,n— +00

and hence {S¢,} is a Cauchy sequence in S(%,) C %.. By the
completeness of (%), there exists ¢* € R, such that S¢,, —
S¢™ asn — +oo. From (iv), we have a((S¢,,)(c), (S¢™)(c)) >
1((S¢,)(c), (Sp™)(c)) for all n € N U 0. Then from (iii) we get

IT¢" — (5¢™) )]
<|[T¢" =T, + [T, - (S¢7) (O]
=[T¢" = Tyl x + [(Spurt) © = (S6™) Oz (65)
< B(I5¢" ~ 5¢ullg, ) I15¢" 54l
+[1(Sbuir) (©) = (S67) (O]

foralln € N. Takinglimitasn — +oc0 in the above inequality,
we get

78" - (56O = 0. (66)
That is,
T¢* = (S¢7) (c), (67)

which implies that S¢* is a PPF dependent fixed point of T' in
S(R,) and hence ¢* is a PPF dependent coincidence point of
SandT. O
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If in Theorem 17 we take 7(¢(c), {(c)) = 1 forall ¢, & € E,,
then we deduce the following corollary.

Corollary 18. Let S : E, — E, T : E, — E, and « :
ExE — [0,+00) be three mappings satisfying the following
assertions:

(i) there exists ¢ € I such that S(R,) C R, is algebraically
closed with respect to difference;

(ii) (S, T) is a triangular «_-admissible pair;

(iii) there exists 3 € & such that

a((S¢) (c),(SE) () > 1
(68)
= |7 - TE|, < B (IS¢ - SE]5, ) ¢ — SE

forall $,& € R;

(iv) if {S¢,} is a sequence in R, such that S¢p, — S¢ as
n — +o0 and a((S¢,)(c), (S¢,,1)(c)) = 1 foralln €
N U 0, then a((S¢,)(c), (Sp)(c)) > 1 for alln e N U 0;

(v) there exists ¢y € R, such that a((S¢y)(c), TP,) = 1;
(vi) S(%,.) is complete in R ;
(vii) T(R,) c {(Sp)(c) : p € R_}.

Then, S and T have a PPF dependent coincidence point ¢* €
R

c

If in Theorem 13 we take a(¢(c), &(c)) = 1 forall ¢, & € E,,
then we deduce the following corollary.

Corollary19. LetS: E, —» E\,T:E, — E,andn: EXE —
[0, +00) be three mappings satisfying the following assertions:

(i) there exists ¢ € I such that S(R,) C R, is algebraically
closed with respect to difference;

(ii) (S, T) is a triangular o -subadmissible pair;

(iii) there exists B € & such that

1 ((S¢) (), (SE) (0)) < 1
(69)
= [T¢ - 78] < B(I5¢ - el ) IS¢ - S,

forall $,& € R

(iv) if {S¢,} is a sequence in E, such that S¢, — S¢ as
n — +oo and 7((S¢,)(c), (§¢,.1)(c)) < 1 foralln €
N U 0, then n((S¢,)(c), (S$)(c)) < 1;

(v) there exists ¢, € R such that n((SP,)(c), Te,) < 1;
(vi) S(R.) is complete in R ;
(vil) T(R,) c {(SP)(c) : ¢ € R}

Then, S and T have a PPF dependent coincidence point ¢* €
R,.

2.1. Consequences of Corollary 14

Theorem 20. LetT : E, —» Eanda: ExE — [0,+00) be
two mappings satisfying the following assertions:

(i) there exists ¢ € I such that R, is topologically closed
and algebraically closed with respect to difference;
(ii) T is a triangular o .-admissible mapping;
(iii) there exists B € F such that

«($(0),€©) |76 - T&l ;< B(I6— &g, ) 19— El,»
(70)

forall$,& € Ey;

(iv) if {¢p,} is a sequence in E, such that ¢, — ¢pasn —
+00 and (¢, (c), $,,1(c)) = 1 foralln e NU O, then
a(p,(c), ¢(c)) = 1 foralln e NU0;

(v) there exists ¢, € R, such that a(¢y(c), Td,) > 1.
Then, T has a PPF dependent fixed point ¢* € ...

Proof. Let a(p(c),&(c)) > 1; then by (iii) we have
T - Tl < a($(c), & () |Td - TE|

< B(I¢ ~&le,) e — &l

That is, all conditions of Corollary 14 hold and T has a PPF
dependent fixed point ¢* € .. O

Theorem 21. Let T : E;, —» Eanda : ExXE — [0,+00) be
two mappings satisfying the following assertions:

(i) there exists ¢ € I such that R, is topologically closed
and algebraically closed with respect to difference;
(ii) T is a triangular «_-admissible mapping;

(iii) there exists § € F such that
(¢ - & + &) P < B(l6 — e, ) I ~ Ells, + e
(72)

forall$,& € E, wheree > 1;

(iv) if {$,,} is a sequence in E, such that ¢, — ¢ asn —
+00 and a(¢,(c), ¢,.1(c)) = 1 foralln € NUO, then
a(,(c),¢(c)) = 1 foralln e NU 0;

(v) there exists ¢, € R, such that a(¢y(c), Tp,) = 1.
Then, T has a PPF dependent fixed point ¢* € &..

Proof. Let a((c), €(c)) = 1; then by (iii) we have
76~ T8l + e < (1T - 78] + €
<B(lo-2ls)le—2ls, +e

which implies [T ~ T&l; < (I ~ &z, I — &l That is,

all conditions of Corollary 14 hold and T'has a PPF dependent
fixed point ¢* € &... O

(73)



Theorem 22. LetT : Ey, — Eanda : ExXE — [0,+00) be
two mappings satisfying the following assertions:

(i) there exists ¢ € I such that R, is topologically closed
and algebraically closed with respect to difference;

(ii) T is a triangular o .-admissible mapping;
(iii) there exists B € & such that
(@($(0),E Q) — 1 +0)TThe ¢ BT -8,  (74)

forall¢,& € Ey, where 1 < € < 0;

(iv) if {¢p,} is a sequence in E, such that ¢, — ¢pasn —
+00 and a(¢p,(c), ,,1(c)) = 1 foralln € NU 0, then
a(p,(c),¢(c)) = 1 foralln e NU 0;

(v) there exists ¢, € R, such that a(¢y(c), Tp,) = 1.
Then, T has a PPF dependent fixed point ¢* € ..

Proof. Let a(¢p(c), &(c)) > 1; then by (iii) we have
O_||T¢*TEIIE < ((x (‘P () )E(C)) 14+ O,)||T¢—Tf||E

< PUS-E 68z, o BUP-El, gLl

(75)

which implies |T¢ - T¢|l, < B(ll¢ - §|IEO)II¢ - EllEO. That is,
all conditions of Corollary 14 hold and T has a PPF dependent
fixed point ¢* € R,. O

2.2. Consequences of Corollary 15

Theorem 23. LetT : E, — Eandn: EXE — [0,+00) be
two mappings satisfying the following assertions:

(i) there exists ¢ € I such that R, is topologically closed
and algebraically closed with respect to difference;

(ii) T is a triangular 1 -subadmissible mapping;
(iii) there exists 3 € F such that

|76 - TEl <1 (¢(©),£©) B¢ —El,) 6~ Ells,» (76)
forall $,& € E;

(iv) if {¢p,} is a sequence in E, such that ¢, — ¢pasn —
oo and (¢, (c), b,,,(c)) < 1 foralln € NUO, then
n(¢,(c), ¢(c)) < 1foralln e NUO;

(v) there exists ¢, € R such that n(¢,(c), Te,) < 1.

Then, T has a PPF dependent fixed point ¢* € R..
Theorem 24. Let T : Ey, — Eand#n: ExE — [0,00) be
two mappings satisfying the following assertions:

(i) there exists ¢ € I such that R, is topologically closed
and algebraically closed with respect to difference;
(ii) T is a triangular 1 -subadmissible mapping;
(iii) there exists B € & such that

I7¢ - &l +e < (B(I¢ - &ls, ) 6 &, + e)'K‘P(c),E(c)),

(77)
forall $,& € Ey, wheree > 1 and y € ¥;
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(iv) if {¢p,} is a sequence in E, such that ¢, — ¢Ppasn —
+00 and 7(¢,(c), b,,,(c)) < 1 foralln e NU O, then
7(¢,.(c), ¢(c)) < 1 foralln e NU0;

(v) there exists ¢, € R, such that n(¢y(c), Tp,) < 1.
Then, T has a PPF dependent fixed point ¢* € R...

Theorem 25. LetT : E, — Eandn: EXE — [0,+00) be
two mappings satisfying the following assertions:

(i) there exists ¢ € I such that R, is topologically closed
and algebraically closed with respect to difference;
(ii) T is a triangular r.-subadmissible mapping;
(iii) there exists 3 € & such that

0||T¢—T€IIE < (}7 ((/) ©),& (C)) re— 1)5(||¢*5||Eo)||¢*5||50) (78)

forall¢p,& € E), wherel < e <o andy € ¥;

(iv) if {¢p,} is a sequence in E, such that ¢, — ¢Ppasn —
+00 and y(¢,(c), b,,1(c)) < 1 foralln e NU O, then
n(p,(c), d(c)) < 1 foralln e NUO;

(v) there exists ¢y € R, such that n(¢y(c), Tp,) < 1.
Then, T has a PPF dependent fixed point ¢* € &..

2.3. Consequences of Corollary 18

Theorem26. LetS: E;, — E,,T:E, — E,anda: EXE —
[0, +00) be three mappings satisfying the following assertions:

(i) there exists c € I such that S(R,) ¢ R, is algebraically
closed with respect to difference;
(ii) (S, T) is a triangular o -admissible pair;

(iii) there exists B € F such that
a((Sp) (c),(S8) () |Tp - TE|
< B(lIs¢ - SEllg, ) IS¢~ S&l,

forall$p,& e B ;

(iv) if {S¢,} is a sequence in R such that S¢p, — S¢ as
n — +co and a((S¢,)(c), (S¢,.1)(c)) = 1 foralln €
N U0, then a((S¢,,)(c), (Sp)(c)) = 1 foralln e NU 0;

(v) there exists ¢, € R, such that a((S¢y)(c), Td,) = 1;
(vi) S(R,) is complete in R ;
(vil) T(R,) c {(S¢)(c) : p € R}

Then, S and T have a PPF dependent coincidence point ¢* €
R

79)

Theorem 27. LetS: E, — E;,T:E, —» E,anda: EXE —

[0, +00) be three mappings satisfying the following assertions:

(i) there exists ¢ € I such that S(R,) C R, is algebraically
closed with respect to difference;

(ii) (S, T) is a triangular «_-admissible pair;
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(iii) there exists B € & such that

(|T¢ — TE], + €)™ EPOEID
E

< B(l1s9 - S&l, ) IS¢ - SEllg, + e

forall$,& € B wheree > 1;

(iv) if {S¢,} is a sequence in E, such that S¢, — S¢ as
n — +oo and a((S¢,)(c), (S¢,,1)(c)) = 1 foralln €
N U 0, then a((S¢,,)(c), (S$)(c)) = 1 foralln e NU 0;

(v) there exists ¢, € R such that «((S¢,)(c), Td,) = 1;
(vi) S(R.) is complete in R ;
(vii) T(R,) c {(Sp)(c) : p € R}

Then, S and T have a PPF dependent coincidence point ¢* €
R

(80)

-
Theorem28. LetS: E, — E,,T:E, — E,anda: EXE —
[0, +00) be three mappings satisfying the following assertions:

(i) there exists ¢ € I such that S(%.) ¢ R, is topologically
closed and algebraically closed with respect to differ-
ence;

(ii) (S, T) is a triangular «_-admissible pair;
(iii) there exists 3 € & such that
(((59) (©), (S8) (©)) = 1+ )T T¥1e
< 6ﬁ(|\5</>—sfllgo)HS¢—SEIIEO

(81)

forall & € R, wherel < € < 0;

(iv) if {S¢,} is a sequence in E such that S¢, — S¢ as
n — +0o and a((S¢,)(c), (S¢,.1)(c)) = 1 foralln €
N U 0, then a((S¢,,)(c), (S$)(c)) = 1 foralln e NU 0;

(v) there exists ¢, € R, such that a((Sdy)(c), Td,) = 1;
(vi) S(%,.) is complete in R ;
(vil) T(R,) c {(Sp)(c) : p € R_}.

Then, S and T have a PPF dependent coincidence point ¢* €
R

c*

2.4. Consequences of Corollary 19

Corollary 29. LetS: E, — Ey,T:E, — E,andn: EXx
E — [0, +00) be three mappings satisfying the following asser-
tions:

(i) there exists ¢ € I such that S(R,) C R, is algebraically
closed with respect to difference;

(ii) (S, T) is a triangular «_-subadmissible pair;
(iii) there exists § € F such that

176 - T¢]

<1 ((S¢) (c),(S8) (©)) B (IS¢ — SEll, ) IS¢ = SEll,»
(82)

forall $,& € R;

(iv) if {S¢,} is a sequence in E such that S¢, — S¢ as
n — +oo and n((S¢,)(c), (S¢,,1)(c)) < 1 foralln €
N U 0, then #((S¢,,)(c), (S$)(c)) < 1 foralln e NU 0;

(v) there exists ¢, € R, such that n((S¢y)(c), Te,y) < 1;
(vi) S(R,.) is complete in R ;
(vil) T(Z,) < {(SP)O) : ¢ € R,).
Then, S and T have a PPF dependent coincidence point ¢* €
R

c

Corollary 30. LetS: E, — E,, T : E, — E,andn: Ex
E — [0,+00) be three mappings satisfying the following
assertions:

(i) there exists ¢ € I such that S(R,) C R, is algebraically
closed with respect to difference;
(ii) (S, T) is a triangular « -subadmissible pair;
(iii) there exists B € F such that

|7¢—T&|; +e

< (159 - 515, I3 - 8é, +¢

)n«sw(c),(sz)(c»
(83)

forall$,& € R, wheree > 1;

(iv) if {S¢,} is a sequence in E, such that S¢, — S¢ as
n — +oo and n((8¢,)(c), (S¢,.1)(c)) < 1foralln €
N U 0, then #((S¢,,)(c), (S¢)(c)) < 1 foralln e NU 0;

(v) there exists ¢, € R, such that n((SPy)(c), Te,) < 1;
(vi) S(R,) is complete in R ;
(vil) T(R,) € (SO : ¢ € B).
Then, S and T have a PPF dependent coincidence point ¢* €
R

c

Corollary3l. LetS: E, — E,,T:E, — E,andn: EXE —
[0, +00) be three mappings satisfying the following assertions:

(i) there exists c € I such that S(R.) ¢ R is topologically
closed and algebraically closed with respect to differ-
ence;

(ii) (S, T) is a triangular «_-subadmissible pair;
(iii) there exists B € F such that

U||T¢>—TE||E < (’7 ((S(/)) (), (S&) (C)) re— 1)ﬁ(||5¢*55||50)||S¢*SEIIEO
(84)
forall$p, & € R, wherel < e < 0;

(iv) if {S¢,} is a sequence in E, such that S¢,, — S¢ as
n — +oo and n((8¢,)(c), (S¢,.1)(c)) < 1foralln €
N U 0, then n((S¢,)(c), (S¢)(c)) < 1 foralln e NU0;

(v) there exists ¢, € R, such that n((SPy)(c), Te,) < 1;
(vi) S(R,) is complete in R ;
(vil) T(R,) c {(S¢)(c) : p € R}

Then, S and T have a PPF dependent coincidence point ¢* €
R

c*
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