Hindawi Publishing Corporation

The Scientific World Journal

Volume 2014, Article ID 691461, 7 pages
http://dx.doi.org/10.1155/2014/691461

Research Article

Hindawi

Spectral Analysis of the Bounded Linear Operator in
the Reproducing Kernel Space W,"(D)

Lihua Guo,' Songsong Li,” Boying Wu,' and Dazhi Zhang'

! Department of Mathematics, Harbin Institute of Technology, Harbin 150001, China
% School of Management, Harbin Institute of Technology, Harbin 150001, China

Correspondence should be addressed to Boying Wu; mathwby@163.com

Received 2 April 2014; Accepted 29 July 2014; Published 28 August 2014

Academic Editor: Jozef Banas

Copyright © 2014 Lihua Guo et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

We first introduce some related definitions of the bounded linear operator L in the reproducing kernel space W,"(D). Then we show

spectral analysis of L and derive several property theorems.

1. Introduction

It is well known that spectral analysis of linear operators [1]
is an important topic in functional analysis. For example, the
matrix eigenvalue in linear algebra and eigenvalue problems
for differential equation have been discussed emphatically.
Two major reasons are as follows. Firstly, spectral analysis
arises from vibration frequency problems and the stability
theory of system. Secondly, spectral analysis comes from
the need of discussing the structure of the operator and
solving the corresponding equation by using the eigenvalue
and spectral theorem. Also, spectral analysis can be used
to study the structure of the solution for homogeneous or
nonhomogeneous differential system and the normalized
form of matrix which can be obtained clearly by matrix
eigenvalues.

So far, the spectral decomposition method [2] has become
a central topic in the theory of spectral analysis of linear
operators. This method has been successfully applied in
Hilbert space and perfect spectral decomposition theorem
[3]. In recent years, the spectral decomposition method has
been developed into spectral theorems of spectral operators
and decomposable operators in Banach space [4, 5].

To our knowledge, reproducing kernel space has been
applied in many fields, such as linear systems [6-8], nonlin-
ear systems [9-11], operator equation, stochastic processes,
wavelet transform, signal analysis, and pattern recognition
[12-17]. Since the reproducing kernel space is a Hilbert space,

this paper will apply the theory of spectral analysis for linear
operator in the reproducing kernel space W,"(D) and derive
some useful conclusions.

The paper is organized as follows. In Section 2, we
introduce some related definitions for the eigenvalue of the
bounded linear operator L in the reproducing kernel space
W,"(D). In Section 3, the regular point and the spectral
point of bounded linear operator L in W,"(D) are given. In
Section 4, we show spectral analysis of the bounded linear
operator L and also establish several theorems. Section 5 ends
this paper with a brief conclusion.

2. Related Definitions

Definition 1. Let D be an abstract set, W," (D) the reproducing
kernel space, and BL[W,"(D) — W,'(D)] the bounded linear
operator space. VL € BLIW,"(D) — W, (D)] withm,n € N,
if there exists nonvanishing vector u € W,"(D), such that

Lu=Au or AM-L)u=0. 1)

Then A is called an eigenvalue of L and u is called the
eigenvector of L according to A, where I denotes the identity
operator.

Definition 2. VL € BL[W,"(D) — W;(D)] and all
eigenvectors and zero vector of L compose the eigenvector
space which is denoted by Ej.



Obviously, E, is a linear closed subspace of W,"(D).

Definition 3. Denote the dimension of E, by dim E,; it is
called the multiplicity of eigenvalue A. That is, dim E, is the
number of vectors of maximum linear independence.

Example 4. Let K(s,t) be a binary function on D = {(s,t) |
a<s<ba<t<b}LeBLW" D) - W' (D)],mneN
with
b
Lu(s) = J K (s,t) u(t)dt,

a

ueWw,"(D); (2)

then A is the eigenvalue of L if and only if the following
integral equation has nonzero solution:

b

Au(s) - J K(s,t)u(t)dt = 0. (3)
a

If K(s,t) = Yo, fi(s)g:(t), {f;}i-, is a linear independence

vector system, then (3) can be converted into the equivalent

equation

n b
M-y | a0ud-o (4)
i=1 a

Thus we have the following results.

(a) If A = 0, then (4) has nonzero solution if and only if

w € WD) and [0 g(u®)dt = 0,i = 1,2,....n.
It follows that, for the eigenvalue A = 0 of L, the
eigenvector space is infinite-dimensional.

(b) If A # 0, then the solution of (4) can be denoted by

u(s) =Y Cif; (s), ©)
i=1

where C; (i = 1,2,...,n) are constants.

Combine (5) with (4) and, in view of the linear indepen-
dence of {f;}i., in (5), C; must satisfy the following linear
equation system:

n b
chjgi(t)fj(t)dt:)tc,., i=1,2,...,n.  (6)
e

Summing up the above results, we can see that eigenvalues
of (3) and (5) are equivalent, where C; (i = 1,2,...,n) are
undetermined coeflicients. In addition, in order to solve the
eigenvector, we just need to solve C; (i = 1,2,...,n) in (5).

3. Regular Point and Spectral Point

In Definitions 1-3, we introduce the eigenvalue, eigenvector,
eigenvector space, and dim E, of L for the homogeneous
equation (1). However, for many problems in mathematics
and physics, we just need to solve the following nonhomo-
geneous equation:

(AI-Lyu=f, 7)
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where L is a given operator, f is a given vector, and u is an
unknown vector. In order to discuss this problem, we need to
introduce the following definitions and theorems.

Definition 5. Let L € BL[W,"(D) — W, (D)], m,n € N,
D(L) € W,"(D), and R(L) < W, (D), where D(L) denotes
the domain of L and (L) denotes the range of values of L. If
the inverse operator L™" of L exists and is linearly bounded,
then L is called a regular operator.

Let L be a linear operator; 2(L) ¢ W,"(D) and Z(L) ¢
W,(D); if L™ exists, then L™'L = Iy and LL™' = Iy,
where Iy, 1) and I, ;) are, respectively, identity operators of
subspace D (L) and R(L). Inversely, if there exists a linear
operator C : W;'(D) — W,"(D), such that CL = I, and
LC = Iy then L™ exists and I = C. In fact, Yu,,u, €
D(L); if Lu; = Lu,, then u; = CLu; = CLu, = u,. Hence,
L is invertible. Since LC = Ig (), then Vv € P(C); we have
u = Cv such that Lu = v. That is, 2(C) € Z(L).

Summing up the above disscusion, Z(L) = D(C). Hence,
we have L™! = (CL)L™! = CLL™! = C. Particularly, when
2(C) = W,(D) and C is a bounded linear operator, we can
derive the following results.

Theorem 6. Let L € BL[W,"(D) — W,(D)], m,n € N;
then L is a regular operator if and only if 3C € BL[W, (D) —
WZm(D)], such that CL = I@(L) and LC = I@(C)

Theorem 7. Let L € BL[W,"(D) — W;(D)], m,n € N; if
L is a regular operator, then L* is also a regular operator and
(L*)71 — (L_l)*.

Proof. Since L e BLIW, (D) — W,*(D)],m,n € N, and

-1 -1, _
LU =Ly, L7'L= Ty, ®)
by taking conjugate on both sides of the above formulas, we
obtain
(o —1\* —1\* ;%

(L) = Ly oy (L)L =Ly e 9
In view of Theorem 6, we can see that L is a regular operator
and (L*)™" = (L™")*. The proof is complete. O

Definition 8. Let Z(L) € W,"(D), m € N, A € C; C denotes
the complex number field.

(1) AI - L1is aregular operator, that is, AI — L is a one-to-
one linear operator from 2 (L) to W,"(D). In addition,
the inverse operator (AI — L)™' is a linear bounded
operator. Then A is called a regular point of L. All
regular points compose the regular set of L, which is
denoted by p(L).

(2) If A is not a regular point, then A is called a spectral
point of L. All spectral points compose the spectral set
of L, which is denoted by o(L).

In view of Definition 8, we have p(L)|Jo(L) = C. Then
we have the following property results.
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Lemma 9. Let L be a bounded linear operator in reproducing
kernel spaceW," (D), m € N; then A is a regular point of L if and
only ifV f € W,"(D), there exists a solution g of (AI-L)g = f,
which satisfies ||gll < ml| fIl, where m is a positive constant.

Proof. = Since R(AI — L) = W,"(D), then Vf € W,"(D),
g € W,"(D) such that (AI — L)g = f. In addition, in view
of the boundedness of (AI — L)™! and the Cauchy-Schwartz
inequality, we have

lol = -0~ 7] < Jar-p7 1A oo

Let m = ||(M — L)"}|| > 0; then gl < mll fll.

& Since (AI - L)g = f, we have Z(Ml — L) = W,"(D).
Next, we will prove that AI — L is one-to-one. In fact, Vf €
W) (D); if (Al — L)g, = f, (M — L)g, = f, then

(M =L1)(g, - 9,) = 0; (11)

namely, the image of g, — g, is 0. Hence, |lg, — g, < m|l0];
thatis, g, = g,. Therefore, AI - L is one-to-one and (AI - L) ™"
exists. Furthermore, since ||g|l < m| f|l, we have

|ar-1)7 f| < m| £ (12)
that is,

|Ar-1)7| < m. (13)

Hence, (A — L)™" exists and is a bounded linear operator.
Summing up the above, AI — L is a regular operator, where
A is a regular point of L. O

Lemma 9 shows that Vf € W;"(D); when L is a
continuous linear operator and A is the regular point of L,
(AI = L)g = f has a unique solution g. Furthermore, the
continuity of g depends on the right term. In other words,
if {f;}\, are column vectorsand f,, — f,theng, — g.

Lemma 10. Let L be a bounded linear operator in the repro-
ducing kernel space W,"(D), m € N. If A is not the eigenvalue
ofLand (AI-L)g, = (AI-L)g,, one has L(g,—g,) = Mg,—9,),
g1 = G- That is, AI — L is invertible.

Proof. Otherwise, the invertible operator can convert the
nonvanishing vector to nonvanishing vector. Hence, there
exists g # 0 such that (AI — L)g = 0. That is, A is not the
eigenvalue of L.

When W,"(D) is a finite dimension space and A is not
the eigenvalue of L, we can derive that C = AI — L is an
invertible mapping. Obviously, Z(C) = W,"(D). In fact, let
{e;}", be the basis of W,"(D); then {(AI — L)e;}", is a linear
independent system in W,'(D) and also a basis of W, (D).
Therefore, Z(L) = W, (D). In view of the inverse operator
Theorem, (A — L)™" is bounded. It follows that A € p(L).

So, the proof of the theorem is complete. O

Lemma 10 shows that regular point and spectral point
are absolutely opposite for finite dimension normed spaces.
That is, spectral point of L can only be an eigenvalue in finite

dimension normed space. This is entirely consistent with the
conclusion of the theory of linear algebra. But if W;"(D) is an
infinite-dimensional space and A is not the eigenvalue of L,
then A may not be a regular point of L, so far as AI — L is not
a map from W,"(D) to W, (D).

For example, let

b
Lu = J u(t)dt, uew,"(D); (14)

a

VA € C, Lb u(t)dt = Au(t) has only zero solutions. Hence,
L has not eigenvalue. That is, zero is not the eigenvalue.
However, the range of values is all functions of the from
J: u(t)dt for (0I — L). This shows that the spectral point is
complex in infinite-dimensional space for the operator L.
Now, we will classify the spectral set by three situations.

(a) If AI — L is not one-to-one, then A is called point
spectral of L; the set of point spectral is denoted by
(IP(L).

(b) If AI — L is one-to-one and #(AI — L) is dense in
W,"(D), then A is called continuous spectral of L; the
set of continuous spectral is denoted by o(L).

(c) If AI — L is one-to-one and Z(AI — L) is not dense in
W,"(D), then A is called residual spectral of L; the set
of residual spectral is denoted by o, (L).

Obviously, O‘P(L), o.(L), and 0,(L) are mutually disjoint
setsand o(L) = O’P(L) Uo.(L)Uao,(L).

4. Spectral Analysis

Let L € BLW'(D) — W/D), mn € N, r =
lim, , VIIL"l, Ve > 0, AN € N*, ¥n > N, such that

L < r + e < 15 thatis, [L"]| < (r + €)". In view of the
completeness of W,"(D), there exists 7 > N, such that

YL <Y < Y (r+e)
= n=m f=m (15)

=(r+e)"(1-r—e "
Hence, Y2 L" converges in the sense of | - || and the limit is
denoted by C = Y2 L".
LetC,, = Y, L"; then
1

C,I-L)y=(I-L)C,,=I-L"". (16)

For |C,, - C|| — 0,m > N, we have
L™ < r+e™" = 0. 17)

Ifm — oo, then

CI-L)=(I-L)C=1 (18)

Namely, 1 € p(L) and (I - L)™' = Y2 L".



For ||L|| < 1, one obtains

o] =1c1< Y 171 - 19

1
1-|ILI

Summing up the above parts, we have the following
theorems.

Theorem 11. Let L € BL[W,"(D) — W, (D)], m,n € N, then
one has the following.

(1) Consider 1 € p(L).
(2) Consider (I-L)™" =¥ L".
(3) When |IL|l < 1, |(I - L)™' < 1/(1 - |LLI)).

Theorem 12. Let L € BLIW,"(D) — W,(D)], m,n € N; if
r =1lim,_, VIL"|, then one has the following.

(1) [Al > r if and only if A is a regular point of L.
(2) When [A| > r, (AT - L)™' = Y20 (L"/A™).
(3) When A > ILIL, IA = L)7M < (1Al = ILI) ™.

Proof. VA # 0, since (AI — L) = A(I = L/A), A € p(L) if and
onlyif 1 € p(L/A). Replacing L by L/A in Theorem 11, we have

n
n“l%od i_ B ﬁnlin%o”"”" <L (20)
namely,
. L
Al> lim YT =r, e p(X). (21)

Furthermore, we have

L -1 [e'e] L n () n
I-2) =Y(2) =Y=.
(-3) ;( P) L (22)
Then we obtain
401 L\t &
AT-L)" = X(I - X) - ;Mﬂ. (23)

It follows that A is a regular point of L and [[(AI — L7 <
(A = LI with [A] > 7.

In addition, when |A| > ||L||, we have |L/A| < 1. In view
of (2) of Theorem 11, we have

4 1 LI\ ! 4
Jar-07) < 5 (0-[3]) = e
The proof is complete. O

Theorem13. Let L € BL[W," (D) — W,(D)], m,n € N; then
one has the following.
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(1) p(L) is an open set.
(2) When p(L) is nonempty, YA, € p(L); if n, =

lim,, _, o {/Il(AgI = L)™"|l, then A is a regular point of L

and AL = L)™' = ¥ (=1)"(AI = L) ™D (A = 1),
where |A — A,| < 1/r,\0.

(3) o(L) is a closed set.
(4) Consider supka(ml/\l < lim,, _, o VIL"|.

Proof. (1) If p(L) = 0, the conclusion is obvious. If p(L) # 0,
then

M —L=(A=A)T+ (AT -1L)
(25)
= [T+ (A-2) (AOI—L)_I] (Al - L),

where (1,I — L)™' is a bounded linear operator in the repro-
ducing kernel space W,"(D). We use (A — Aq)(A,I - L)!
instead of L in Theorem 11, such that

lim {/
n—00

That is, when [A = Aol < 1/, [[+ (A= A)(Aol - L)'
exists and is bounded. Hence, when [A-A¢| < 1/7; , A € p(L);
that is, p(L) is an open set.

(2) If p(L) is nonempty, VA, ¢

[-A (A= 2A0) (ApI - L)*l]”" <1. (26

p(L), let n, =

s oo MIIAI = L)™"|I. In view of (2) of Theorem 11 and (1)
of Theorem 13, we have

lim

M =L) " = (Al = L) [T+ (A= A) (Aol - L)_l]_l

™ (27)
= Y (1" (Al - L) "V (A= 2"

n=0

(3) Since p(L) | Jo(L) = C and (1), o(L) is a closed set.
(4) In view of (1) of Theorem 12 and r = lim, _, . VIL"(|,
we have o(L) € {A | |A| < r}, which means that supAEJ(L)I/XI <

lim,,_, o, V7.

The proof is complete. O

Definition 14. Let L € BLIW,"(D) — W,(D)], m,n € N,
r(L) = max, ., |Al; 7(L) is called the spectral radius of L.

From the purpose of solving equations, spectral radius
has the following meanings.

(1) For [A| > (L), due to the fact that A is a regular point
of L, then for any f € W,"(D), (AI - L)g = f hasa
unique solution g.

(2) For |A| < r(L), it cannot guarantee this equation has
a solution for any f € W,"(D). In many practical
problems, in order to calculate the spectral range, one
needs to estimate the spectral radius. In terms of (4) of
Theorem 13, we can get (L) < ||L||. In practical terms,
this estimate is convenient, but it is imprecise.
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Theorem15. Let L € BL[W,"(D) — W,'(D)], m,n € N; then
(L) = sup, oyl Al = lim,, _,  VIL"|.

Proof. In terms of (4) of Theorem 13, r(L) < lim
Hence, one only needs to prove that 7(L) > lim
For |A| > ||IL|l, one obtains

VIL".
VIL .

n— 00

n— 00

n

/\n+1

M-L)" = z (28)
Consider Vf € WJ(D), f(AL - L)) = Y, (F(L")/A").
If [A| > (L), then A is a regular point of L. In addition, since
{A | [A] > (L)}, then Laurent expansions of f((AI — L) Y are
established, where |A| > r(L).

Leta = r(L), Ve > 0; we have

& f(L)

29
n=0 (a + s)n+1 ( )

Let B, = L"/(a+¢)",Vf € W™ (D); then
sti}l) |f (B,)] < oco. (30)

In terms of the resonance Theorem, {B,} must be
bounded. It follows that there exists a positive constant M,

such that ||B,|| < M and [[L"]| < (a+¢&)"|B"| < (a+¢)"M.
Namely,
nangom <a+e. (31)
Lete — 0; then
r(l)=a> lim L. (32)
The proof is complete. O

Theorem16. Let L € BL[W,"(D) — W,(D)],m,n € N; then
o(L) # 0.

Proof. If o(L) = 0, in view of the properties of the
reproducing kernel space, W,"(D) # {0}; hence, I # {0},
where the unit element is denoted by I. In terms of the
functional extension Theorem, 3f € Wzm (D), such that
f(I) # 0.1In addition, VA, € p(L) and 3r) € R; when
A=Al < l/rAO, we have

(M-L) Z( D"AJ-L) "' (A=1,)". (33)
Note that
FAT=07") = Y0 F (AT =L) ™) (A= Ay)",
n=0

(34)

in terms of the assumption that (L) = @ and Theorem 15;
when |A| > | L||, one obtains

f(Ar-on™)= (35)

5
Therefore, when |A| > ||L| + 1, we have
oy i
(=07 = 21 e < 1 g = A1
(36)

That is, f((AI - L)™!) is bounded. In terms of the Liouville
Theorem, f((AI — L)"') must be a constant, so we have o(L) #
0.

The proof is complete. O

Definition 17. If L € BL[W,"(D) — W;(D)], m,n € N,
lim, , VIL"| = O, then L is called a generalized nilpotent
operator.

Definition 17 is the finite-dimensional space concept
nilpotent operator in the infinite-dimensional space to pro-
mote. In the spectral theory of operators, generalized nilpo-
tent operator is a kind of important operator.

In terms of Theorem 16 and the spectral radius theorem,
one can obtain that the generalized nilpotent operator has
only a spectral point 0. For example, let L € BL[W,"(D) —
W (D)],m,n € N, [a,t] € D,

(Lu) (t) = J. u(p)du, uew,"(D). (37)

In terms of the property of L, one obtains

t tl tn—l
'y = J J J u(u)dudt,_, ---dt,. (38)

a Ja a

Note that

IWMWSMEE

we have

[ )
[ ) dud, s (9

L7 < %(b —a)" ull, uew," (D). (40)

This shows that L is a generalized nilpotent operator; spectral
point A = 0 is not the eigenvalue of L.

Definition 18. Let L € BLIW," (D) — W,(D)], m,n € N,
A € G; if there exists {u,},2, € W,"(D), such that (AI -
L)u, — 0, then A is called an approximate spectral point.
All approximate spectral points are denoted by o,(L); the
other spectral point is called remainder spectral point. All the
remainder spectral points are denoted by o, (L).

Theorem19. Let L € BLIW," (D) — W,(D)], m,n € N; then
(1) 0,(L) € 0, (L)
(2) 0,(L)(o,(L) =0, and 0,(L)|Jo,(L) = o(L),
(3) 0,(L) is an open set,

(4) 0o(L) < a,(L), where 0o(L) denotes the boundary of
o(L),

(5) 0,(L) is a nonempty closed set.



Proof. (1)IfA € O'p(L), then there exists nonzero element u of
W, (D), such that

(L-A)u=0. (41)

Without loss of the generality, let |lu| = 1; we choose u,, = u,
n=1,2,...,and then |u,| = 1 and (L — AI)u,, — 0; namely,
A € g,(L); this shows that 0,(L) € 0,(L).

(2) In terms of Definition 18, one obtains o,,(L) () o,(L) =
¢ando,(L)Jo,(L) = o(L).

(3)If A € 0,(L), then A ¢ o,(L). Hence, 3o € N*, such
that

IL=ADull > afull, uewW," (D). (42)

When |\ - A| < a/2,Vu € W,"(D), we have
|2 -1y u] > 0@ - ADyul = A= 2]l > 5l (43)

It shows that for any A" which satisfies [A' — A| < o/2 it is
impossible to be an approximate spectral point of L. Hence,
if one can prove that when M = Al < a/2, ) isnota regular
point of L, then A" € o,(L). That is, A is an inner point of
0,(L), so 0,(L) is an open set.

Now, we prove that when N =A< af2, ) ¢ p(L). But
not vice versa, 31 € C, [A; — A| < a/2; then A, € p(L). Note
that [|(L = A'Dul| > (L = ADull = [A = A'[llull > (a/2)llull; if
A' = A,, then

(=207 < 2 (44)

In view of (2) of Theorem 13, let u be a regular point of L; if
lu = Aol < 1/r),, then

ra, = lim (Al = L) < [(Ael - L) = 2 (45)

In a particular case, let 4 = A; note that

o 1
|.”_/\0|:|A_Ao|<5<;; (46)

0

then A € p(L). This is a contradiction with A € o,.(L). It
follows that ,(L) is an open set.

(4) Since o(L) is a closed set, when A € 0o(L), A € o(L).In
addition, A ¢ 0,(L),d0(L) ¢ 0,(L), so wehavedo(L) € 0,(L).

(5) Since 0,(L) = o(L) — 0,(L), then 0,(L) is a closed set.
Furthermore, since do(L) € 0,(L), 0,,(L) # 0, this shows that
00(L) and 0,(L) are all nonempty sets.

The proof is complete. O

5. Conclusions

This paper first introduces the eigenvalue, eigenvector, eigen-
vector space, and dim E, of the bounded linear operator
L in the reproducing kernel space W,"(D). Then we show
some definitions and properties of the regular operator. The
regular set and spectral set of bounded linear operator are also
introduced. From the solvability of the equation, we show the
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spectral classification and give three conditions. Finally, we
introduce the spectral analysis of the bounded linear operator
L. Tt includes the definitions of spectral radius, nilpotent
operator, approximate spectral point, and remainder spectral
point. We also establish some property theorems of the
bounded linear operator in the reproducing kernel space
W,"(D).
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