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A Hamiltonian path in a graph is a path involving all the vertices of the graph. In this paper, we revisit the famous Hamiltonian
path problem and present new sufficient conditions for the existence of a Hamiltonian path in a graph.

1. Introduction

Hamiltonian paths and cycles are named after William Rowan
Hamilton who invented the puzzle that involves finding a
Hamiltonian cycle in the edge graph of the dodecahedron.
Although Hamilton solved this particular puzzle, finding
Hamiltonian cycles or paths in arbitrary graphs is proved to
be among the hardest problems of computer science [1]. As a
result, instead of complete characterization, most researchers
aimed to find sufficient conditions for a graph to possess a
Hamiltonian cycle or path. In this paper, we focus on degree
based sufficient conditions for the existence of Hamiltonian
paths in a graph.

To the best of our knowledge, the quest for good sufficient
degree based conditions for Hamiltonian cycles or paths dates
back to 1952 when Dirac presented the following theorem,
where §(G) denotes the degree of the minimum degree vertex
of the graph G.

Theorem 1 (see [2]). If G is a simple graph with n vertices,
wheren > 3 and 6(G) > n/2, then G contains a Hamiltonian
cycle.

Later Ore in 1960 presented a highly celebrated result
where a lower bound for the degree sum of nonadjacent pairs
of vertices was used to force the existence of a Hamiltonian
cycle. In particular, Ore proved the following theorem, where
d,, denotes the degree of the vertex u.

Theorem 2 (see [3]). Let G be a simple graph with n vertices
and u, v distinct nonadjacent vertices of G withd,, + d,, > n.
Then, G has a Hamiltonian cycle.

A graph satisfying Ores condition has a diameter of
only two [4], where the diameter of a graph is the longest
distance between two vertices. But if a sufficient condition
can be derived for a graph with diameter more than two,
Hamiltonian path or cycle may be found with fewer edges.
With this motivation, Rahman and Kaykobad [5] proposed
a sufficient condition to find a Hamiltonian Path in a graph
involving the parameter §(u, v), which denotes the length of
the shortest path between u and v.

Theorem 3 (see [5]). Let G = (V, E) be a connected graph with
n vertices such that for all pairs of distinct nonadjacent vertices
u,v € Vonehasd, +d,+8u,v) > n+ 1. Then, G has a
Hamiltonian path.

In some subsequent literature, the condition “d, + d, +
0(u,v) > mn + 1, where u, v are distinct nonadjacent
vertices of a graph having n vertices, is referred to as the
“Rahman-Kaykobad” condition. A number of interesting
results were achieved extending and using the “Rahman-
Kaykobad” condition as listed below.

Theorem 4 (see [6]). Let G be a 2-connected graph which
satisfies the “Rahman-Kaykobad” condition. If G contains



a Hamiltonian path with endpoints at distance 3, then G
contains a Hamiltonian cycle.

Theorem 5 (see [7]). Let G be a connected graph which
satisfies the “Rahman-Kaykobad” condition. Then, either G
contains a Hamiltonian cycle or G belongs to some specific
classes of graphs.

Theorem 6 (see [8]). Let G be a 2-connected graph withn > 3
vertices. If d,, + d,, > n — 1 for every pair of vertices u and v
with 8(u,v) = 2, then G contains a Hamiltonian cycle, unless
n is odd and G belongs to some specific classes of graphs.

The sufficient conditions of Theorems 4, 5, and 6 can be
seen as incremental improvements over the result of Rahman
and Kaykobad [5]. To the best of our knowledge, the latest
and the best (so far) result of “Rahman-Kaykobad” condition
was reported in [9]. In particular, in [9], the authors show that
“Rahman-Kaykobad” condition is “almost” sufficient to make
a graph pancyclic, where a graph is pancyclic if it contains a
cycle of length k for 3 < k < n.

Theorem 7 (see [9]). Let G be a 2-connected graph of order
n > 6, which satisfies the “Rahman-Kaykobad” condition.
Then, either G is pancyclic or G belongs to some specific classes

of graphs.

In [10], the authors proved the following traceability
analogue of the famous Fan’s condition for hamiltonicity [11].

Theorem 8. Let G be a connected graph of order n. If
max {d(u),d(v)} = (n— 1)/2 for each pair of vertices u,v €
V(G) at distance 2, then G is traceable.

By this theorem, the existence of a Hamiltonian path for
each pair of vertices of only distance two is ensured. In this
paper, we mention a more generalized version of Theorem 8.
In particular, we present new suflicient conditions for a graph
to possess a Hamiltonian path and Theorem 8 can be seen
as a special case of our sufficient conditions. This time, we
achieve a lower bound for the degree sum of nonadjacent
pairs of vertices that is 2 lesser than Ore’s condition. However,
this condition cannot guarantee a Hamiltonian path for all
graphs and we present such examples as well. The rest of
the paper is organized as follows. In Section 2, we present
some preliminary notations and results needed throughout
the paper. Section 3 presents our main results. Finally, we very
briefly conclude in Section 4.

2. Preliminaries

We consider only simple graphs and hence neither self-
loop nor multiedges are present. Suppose we have a graph
G = (V, E) with n vertices. We sometimes use the notations
VI[G] = V and E[G] = E. Two vertices, u,v € V are said to
be adjacent/neighbours to each other if (1, v) € E; otherwise,
they are nonadjacent. The set of neighbours of a vertex u in
G is denoted by N,,. If G’ is a subgraph of G and u € V[G'],
then N, [G'] denotes the set of neighbours of u (confined) in
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FIGURE 1: Crossover edges.

G'.Now,d, = [N, and d,[G'] = |N,[G']]. We use G’ to
denote the complimentary graph of G’ with respect to G; that
is, V[G'] =V - V[G'] and E[G'] = E - E[G']. A path P of G
is defined by a sequence of vertices (u = x1,X,,...,X; = V)
such that V[P] = {x; | 1 <i < k} € V, E[P] = {(x;, x;,;) |
1 < i < k} € E. Sometimes, P is referred to as a u, v-path
and u and v are referred to as the end vertices or endpoints
of P. Also, sometimes we use the notation |P| to denote the
length of P. So, by our definition, |P| = k — 1. If we have
(x;,x;) € E, then the graph C = (V[P],E') such that E' =
E[P] U{(x;,x;)} is called a cycle. In what follows, we only
consider simple paths and simple cycles. A path P (cycle C)
is called a Hamiltonian path (cycle) if V[P] = V (V[C] = V).
Given a path P of G as defined above, assume thatd, [P]#0
and dxk [P] #0. Two edges (x,, x;), (xk,xj) €E 1<i#j<k,
are said to be crossover edges if and only if j = i — 1. For
example, in Figure 1, the pair of edges (x;, x5) and (xg, x,)
are crossover edges. The following is a well-known fact.

Fact 1. Suppose P = (x,%,,...,x) is a path of G. If there
exist crossover edges (x,, x;), (X, X;_;), then there is a cycle
C = (V[P],E) inG.

Proof. We easily get a cycle C as follows:

S Xi 1> Xjor Xj_po v+ o> X X1 ) - )
O

C={x;,%...

In what follows, we extensively use the following result.

Lemma 9 (see [5]). Let G = (V, E) be a connected graph with
n vertices and P a longest path in G. If P is contained in a cycle
then P is a Hamiltonian path.

An independent set of a graph G = (V,E) is a set of
vertices V' € V such that all pairs of vertices u,v € V'
are nonadjacent in G. A graph can be decomposed into
independent sets in the sense that the entire vertex set of the
graph can be partitioned into pairwise disjoint independent
subsets. Such independent subsets are called partite sets or
simply parts. A graph is said to be a k-partite graph, if its
vertex set can be decomposed into k partite sets but not fewer.
So, a bipartite graph is a graph that can be decomposed into
two partite sets but not fewer. Similarly, a tripartite graph is a
graph that can be decomposed into three partite sets but not
fewer. A 1-partite graph is the same as an independent set or
an empty graph.

One often writes G = (A|JB,E) to denote a bipartite
graph whose partite sets are A and B. If [A| = |B], that
is, if the two partite sets have equal cardinality, then G is
called a balanced bipartite graph. On the other hand, if || A| -
[Bll < 1, then we say that G is a semibalanced bipartite
graph. Note that, by definition, a balanced bipartite graph is
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also a semibalanced bipartite graph. It is easy to see that, for
a bipartite graph G to possess a Hamiltonian path, G must
be semibalanced. Similar to the notation used for bipartite
graphs, a tripartite graph with partite sets A, B, and C may
be denoted by G = (AU BUC, E).

3. Sufficient Conditions

In this section we present our main results. First, we present
the following useful lemma.

Lemma 10. Let P = (x;,x,,...,x,) be a longest path of G
such that p > 4. If d, +de > p-1+¢, € > 1, then there exists

at least € crossover edges.

Proof. Since P is a longest path, (xy, xp) ¢ E(Lemma 9) and
all the neighbors of x; and x,, must lie within P. Assume that
N(x;) = {x; | (x;,x;) € E}and N*(x,) = {x;1; | (x1,%;) €
E,i+1 < p}. Now, itis clear that x;, x, ¢ N(x;) and x, x, ¢
N+(xp). Therefore, we must have |N(x;) | N+(xp)| <p-1
Now we have the following:

IN () (1N (x,)]
= N ()| + |NJr (xp)' - 'N(xl)UN+ (xp)'
=d, + dxp - 'N (%) LJNJr (xp)' @)
>d, +dxp—p+1
>p-1+€-p+1
=¢.

Therefore, we have [N (x;) () N+(xp)| > ¢ and we are done.
O

Remark 11. Note carefully that, in Lemma 10, when we talk
about multiple crossover edges, they may not necessarily be
disjoint.

Now, we present the following sufficient condition.

Theorem 12. Let G = (V,E) be a connected graph with n >
5 vertices, such that n is odd. If for all pairs of nonadjacent
vertices u, v one hasd,, +d, > n—2, then G has a Hamiltonian

path.

Proof. Let P = (x;,%,,...,x;) be a longest path of G of
length k — 1. If P is a Hamiltonian path, we are done. So,
assume otherwise. Clearly, (x;,x;) ¢ E because, otherwise,
by Lemma 9, we are done. Now, we must have d, [P] =

d, [P] = 0, since, otherwise, P is part of a longer path, a
contradiction. Therefore, we must have d, = d, [P] and
d, =d, [Pl

Now, since x,, x; are nonadjacent, we must have d, +
d, > n-— 2. Now, if we assume thatd, +d, < k-1,
then we must have k — 2 > »n - 2; that is, k > n, implying
that P is a Hamiltonian path. Therefore, assume that d, +
d, > k— 1. Since we cannot allow a crossover edge, if we
want to maximize the total degree sum of d,, +d, , we can

have configurations similar to one of three configurations,

namely, Config-1, Config-2, and Config-3 shown in Figures
2 to 5. It can be verified easily that any other configuration
willresultind, +d, <k-1andaccording to the argument
presented above P then would have to be a Hamiltonian path.
Note carefully that in both Config-1 and Config-2 we have
d, +d, > k-1 The main properties of Config-1 and
Config-2 are listed as the following facts. And Config-3 is a
combination of Config-1 and Config-2.

Fact 2. In Config-1, we have N, = {x; | 1 < j <1} N, =
{x; | r < j <k} suchthat N, (1N, ={x}.

Fact 3. In Config-2, if k is odd, then we have N, = N, =
{x | | j is even}. On the other hand, if k is even, then we have
N, ={x;|jis evenand j#k}and N, =N, Ufx,}.

X1

Now, we consider two cases as follows.

Casel (d, +d, > k—1). From Figures2to 4 itis easy to see
thatifd, +d, > k, then we definitely will have a crossover
edge resulting in a cycle containing another path P’ such that
|P| = |P'|. Therefore, by Lemma 9, it follows that the length
of a longest path cannot be k — 1, a contradiction.

Case 2 (d, +d, = k-1).Since (x;,x;) ¢ E, we haved, +

d, = n-—2. Therefore, k—1>n-2 = k >n-1 Now, if

k > n— 1, we are done. So, assume that k = n — 1. Then we
have a vertex y such that y € V—V[P]. Now, for y, we cannot
have (y, x,), (¥, x;) € E because, then, we have a longer path
than P, a contradiction. Now we must haved, +d, >n-2
andd, +d, >n-2.Then, we have the following:

dy +d, +2xd,22x(n-2)
:>2><dy+k—122n—4
=>2><dy+n—l—122n—4
=>2><dy+n22n—2
szdyzn—z
_ (n-2)
Y 2
n
=d, >--1
L)

=d

3)

Now, sincen > 5and d , cannot be a fractional value, we must
have d y 22 Now we have two cases.

Case 2.a (Config-1). In this case we have a configuration
similar to Figure 2. Now, let XpXj € N_. Assume without
loss of generality that j > i. If j = i + 1, then we easily get
a Hamiltonian path P* = (x;,X;,..., X} ¥, X, Xjop5 005 Xg)
and we are done. So, assume that j =i+ ¢, € > 1.

Now, recall that, in this case, there exists a vertex x,,r ¢
{1, k} such that (x,, x,), (x,,x;) € E (Fact 2). Now, we have
three subcases.

Case 2.al (r < i < j < k). From Fact 2, it is clear that
(x> x;41) € E. Therefore, we get a Hamiltonian path
Xj)

(4)

1"
P = <x1,x2,...,xi,y,xj,xj+1,...,xk,xi+1,xi+2,..

and we are done.
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FIGURE 2: Config-1.

Case 2.a.2 (1 <i < j < r).This is symmetrical to Case 2.a.1.

Case 2.a.3 (1 <i < r < j). Again, from Fact 2, it is clear that
(xi, xj_1) € E. Therefore, we get a Hamiltonian path
p" = (x> Xp5 e y Xip1)s

)

3 Xis Yo X jy X ju1se o> X Xj_1p Xjgs -

and we are done.

Case 2.b (Config-2). Since n is odd, in this case, we have k
is even. Hence, we have a configuration similar to Figure 3.
Recall that we have dy > (n/2) — 1. Since n is odd and dy
cannot be a fractional number, we must have d y 2 (n+1)/2)—
L. In other words, we have d, > ((k +2)/2) - 1 = k/2.

First of all, if we have either of the edges (y, x,), (y, x;) €
E, we are done. So assume otherwise. Furthermore, if we
have (y,x;_;) € E, then we get a Hamiltonian path P’ =
(X1>Xg> + s Xp_gs Xp» Xp_1» ¥) and we are done. So, assume
otherwise. So, xy,x;_;,x; ¢ N,. Therefore, we have k — 3
vertices as candidates for membership in N,

Now, since n > 5, we have k = n — 1 > 4. Therefore,
we must have d, > 2. Now, let x;,x; € N,. Without
the loss of generality assume that j > i. Clearly, if j =
i + 1, we are done, since we get a Hamiltonian path P’ =
(X15 X255 Xjp Y5 Xj X j15 -+ > Xp ). SO, assume that j = i + £,
¢ > 1. Since k — 3 is an odd number, it follows that d, <
(k-2)/2 = (k/2) — 1. This contradicts our deduction above
thatd, > k/2.

Case 2.c (Config-3). As mentioned above Config-3 is a
combination of Config-1 and Config-2. Recall that in this
case our assumption is d, +d,, = k — 1. Hence we have
d, > (n/2) - 1. Clearly, x;,x; ¢ N, because then we get a
longer path, a contradiction. It is easy to verify that this would
force two consecutive vertices x;, x;,, € N, for2<i<n-2.
Then, again we get a longer path simply including the subpath
(x> ¥, X;41)> which leads us to a contradiction.

And this completes our proof. O

Note that in the proof of Theorem 12, the condition that
n is odd is assumed only in Case 2.b where Config-2 is
considered. So, based on the proof of Theorem 12, we have
the following two corollaries.

Corollary 13. Suppose one has a graph G = (V,E) withn > 5
vertices such that for all pairs of nonadjacent vertices u, v one
hasd,+d, > n-2. If one has configurations similar to Config-1,
then G must possess a Hamiltonian path.
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FIGURE 3: Config-2: k is even (the dotted edge is nonexistent).

FIGURE 4: Config-2: k is odd.

Corollary 14. Suppose one has a graph G = (V, E) withn > 5
vertices such that for all pairs of nonadjacent vertices u, v one
hasd,,+d, > n—2. If one has configurations similar to Config-2
and n is odd, then G must possess a Hamiltonian path.

We now present another sufficient condition.

Theorem 15. Let G = (A|J B, E) be a semibalanced bipartite
connected graph with n > 5 vertices. If, for all pairs of
nonadjacent vertices u, v one has d, + d, > n -2, then G
has a Hamiltonian path.

Proof. Now, the proof assumes the same hypotheses of the
proof of Theorem 12. Clearly, based on Corollaries 13 and 14,
it suffices to consider only Config-2 when n is even. Therefore,
what follows should be treated as a continuation of the proof
of Theorem 12 excluding Case 2.b. Additionally, we assume
that G is a semibalanced bipartite connected graph.

Since # is even, in this case, k is odd. Hence, we have a
configuration similar to Figure 4. Recall that we have d,, >
(n/2) - 1. In other words, we have d,, > ((k + 1)/2) - 1 =
(k/2) +(1/2) =1 = (k/2) = (1/2) = (k= 1)/2.
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FIGURE 6: A (problematic) graph with even number of vertices.

First of all, if we have either of the edges (y, x,), (¥, x;) €
E, we are done. So assume otherwise. So, x;,x, ¢ N,.
Therefore, we have k-2 vertices as candidates for membership
inN,.

Now, since 7 is even, n > 5 implies n > 6. Hence, we have
k = n—1 > 5. Therefore, we must have d, > 2. Now, let
x;,x; € N,,. Without the loss of generality assume that j > i.
Clearly, if j = i + 1, we are done, since we get a Hamiltonian
path P' = (x,, Xy, .., X5 ¥, Xjs X415 - - > %) S0, assume that
j=1i+¢,€> 1. Now, we claim the following.

Claim 1. If x;, x; € N, such that either i or j or both are odd,

then we have a Hamifvtonian path.

Proof of Claim 1. Assume thatiisevenand j=i+#, £ isodd.

Clearly, j—11is even and we know that x;_, is adjacent to both
x, and x;. (Fact 3). Then, we easily get a Hamiltonian path

P’ = <x1,x2,.. .,xk,xj,l,xj,z,...xi+1>.

(6)

Similarly we can show the existence of another Hamilto-

nian path if i is odd and j is even. The case when both i and j
are odd also follows easily. O

S Xp Yo Xjp X

Now, by Claim 1, if x;, x ;€ N P such that either i or j or
both are odd, then we have a Hamiltonian path and we are
done. Therefore, assume otherwise. Then, since we have k — 2
vertices as candidates for membership in N pd, > (k-1)/2,
and k is odd, we must have N, = {xj | j is even}. Therefore,
d, = (k-1)/2.

Now, if 7, j are odd, then we must have (x;,x;) ¢ E,
because otherwise we get an odd cycle contradicting our

assumption that G is a bipartite graph. Similarly, if i, j are
even, then we must have (xi,xj) ¢ E for the same reason.
Then, the two partite sets A and Bof our graph G = (A|J B, E)
are defined as follows:

A ={x; |iis even},
B={x;|iis odd}U{y}.

Then, we have |B| — |A| > 1, which contradicts our
assumption that G is semibalanced and this completes the
proof of Theorem 15.

7)

Interestingly, we have the following theorem as well.

Theorem16. LetG = (A|JBJC, E) be a tripartite connected
graph withn > 5 vertices. If, for all pairs of nonadjacent vertices
u, vone has d,, +d, > n—2, then G has a Hamiltonian path.

Proof. The proof of this theorem almost exactly follows the
proof of Theorem 15. The only difference now is that we
assume G to be tripartite instead of semibalanced bipartite.
Then, we can continue with the same arguments as we did in
the proof of Theorem 15 and reach a position where G turns
out to be a bipartite graph. This is a contradiction since G is
tripartite and this completes the proof. O

3.1 Discussion. In Theorem 12, we have presented a sufficient
condition for the existence of Hamiltonian path assuming
that, n, the number of vertices of the graph, is odd. When
n is even, we have shown our condition to be effective for
some classes of graphs. Interestingly, we can construct a graph
with even number of vertices which satisfies our condition
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TaBLE 1: Adjacency matrix of the graph of Figure 6.
X1 X2 X3 X4 Xs X6 X7 X8 X9 X10 11 X1z
b — 1 0 1 0 1 0 1 0 1 0 0
X, 1 — 1 0 1 0 1 0 1 0 1 1
X3 0 1 — 1 0 1 0 1 0 1 0 0
Xy 1 0 1 — 1 0 1 0 1 0 1 1
Xs 0 1 0 1 - 1 0 1 0 1 0 0
X 1 0 1 0 1 — 1 0 1 0 1 1
x; 0 1 0 1 0 1 — 1 0 1 0 0
Xg 1 0 1 0 1 0 1 — 1 0 1 1
Xy 0 1 0 1 0 1 0 1 — 1 0 0
X0 1 0 1 0 1 0 1 0 1 — 1 1
Xy 0 1 0 1 0 1 0 1 0 1 — 0
X1 0 1 0 1 0 1 0 1 0 1 —
Degree 5 7 5 7 5 7 5 7 5 7 5
but still does not possess a Hamiltonian path. For example, [2] G.Dirac, “Some theorems on abstract graphs,” Proceedings of the
consider the graph in Figure 6. The adjacency matrix of the London Mathematical Society, vol. 3, no. 1, pp. 69-81, 1952.
graph of Figure 6 is presented in Table 1. Now, it is clear from [3] O. Ore, “Note on hamiltonian circuits,” The American Mathe-
Table 1 that for every pair of nonadjacent vertices u, v in this matical Monthly, vol. 67, no. 1, p. 55, 1960.
graph we have d, + d, > 10 = n — 2. However, the graph [4] M. K. Hasan, M. Kaykobad, Y.-K. Lee, and S. Lee, “A compre-
in Figure 6 is in fact a bipartite graph with partite sets A = hensive analysis of degree based condition for Hamiltonian
{x1, X3, X5, X7, X9, X11, X1} and B = {x;, x4, X4, X5, X19} such cycles,” Theoretical Computer Science, vol. 411, no. 1, pp. 285-287,
that |A| — |B| > 1. Therefore, it cannot possess a Hamiltonian 2010.
path. Also, note that even if we make the graph nonbipartite [5] M. S. Rahman and M. Kaykobad, “On Hamiltonian cycles and
by adding some edges in the partite set B, still the graph will Hamiltonian paths,” Information Processing Letters, vol. 94, no.
not have a Hamiltonian path. In fact, even if we add all the 1, pp. 37-41, 2005.
edges to make the partite set B a clique, the graph will not ~ [6] L. Mehedy, M. K. Hasan, and M. Kaykobad, “An improved
possess a Hamiltonian path. On the other hand, a single edge degree based condition for Hamiltonian cycles;” Information
within the partite set A can provide us a Hamiltonian path. Processing Letters, vol. 102, no. 2-3, pp. 108-112, 2007.
[7] R. Li, “A new sufficient condition for Hamiltonicity of graphs,”
Information Processing Letters, vol. 98, no. 4, pp. 159-161, 2006.
4. Conclusion [8] S.Li, R.Li, and J. Feng, “An efficient condition for a graph to be
. . Hamiltonian,” Discrete Applied Mathematics, vol. 155, no. 14, pp.
In this paper, we have presented new degree based sufficient 1842-1845, 2007,
conditions. for a graph t.O Con.tain a Hamiltonian p ath: It [9] K. Zhao, Y. Lin, and P. Zhang, “A sufficient condition for pan-
would be interesting to investigate whether our condition cyclic graphs;” Information Processing Letters, vol. 109, no. 17, pp.
could force a graph to contain a Hamiltonian cycle or even 991-996, 2009.
to be pancyclic. [10] R.Liand Y. Li, “On finding hamiltonian cycles or paths in cer-
tain graphs and related NP-complete problems,” in Proceedings
. of the 34th Southeastern International Conference on Combi-
Conflict of Interests nJ:ztorics, Graph Theory and Computing, VO{ 162, Congressus
The authors declare that there is no conflict of interests Numerantium, pp. 173-182, 2003.
regarding the publication of this paper. [11] G. Fan, “New sufficient conditions for cycles in graphs,” Journal
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