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We consider stochastic cooperative game and give it the definition of the Owen value, which is obtained by extending the classical
case. Then we provide explicit expression for the Owen value of the stochastic cooperative game and discuss its existence and

uniqueness.

1. Introduction

In classical cooperative game theory, payoffs to coalitions
of agents are known with certainty, but in today’s business
world payoffs to agents are uncertain. Charnes and Granot
[1] considered cooperative games in stochastic characteristic
function form. These are games where the payoft V(S) to
coalition S is allowed to be a random variable. Research on
this subject was continued by Charnes and Granot [2, 3] and
Granot [4]. Suijs and Borm [5] research a different and more
extensive model. They describe allocation of X¢(a) to the
members of coalition S as the sum of two parts. The first part
is a monetary transfer between the agents and the second part
is an allocation of fractions of X¢(a). Dshalalow and Ke [6]
are concerned with an antagonistic stochastic game between
two players A and B which finds applications in economics
and warfare. Levy [7] considered the two-player zero-sum
stochastic games with finite state under the assumption that
one or both players observe the actions of their opponent after
some time-dependent delay.

The Owen value [8] as an important solution concept in
cooperative game theory has been studied by a number of
researchers, which shows a vector whose elements are agents’
share derived from several reasonable bases. However, the
Owen value for stochastic cooperative games has not been
discussed yet. In this paper, we consider the Owen value of
stochastic cooperative games.

We end this section with a short overview of the rest of the
paper. In Section 2 we introduce preliminaries of stochastic

cooperative game. Then, in Section 3 we first introduce the
notion of Owen value of classical cooperative game and
Owen value of the stochastic cooperative games as payoff in
Theorem 5. We conclude in Section 4 also sketch and some
main lines for future research.

2. Notations and Preliminaries

Definition 1 (see [7]). A stochastic cooperative game is
described by a tuple I' = (N, {Xg}scn» 1Zi}ien)> Where N is
the set of agents, Xg : S — L'(R) is the payoff function
of coalition S, where {X¢} € L*(R) with finite expectation,
and x; is the preference relation of agent i over the set L' (R)
of stochastic payofts with finite expectation. The class of all
cooperative games with stochastic payoffs with agent set N
is denoted by SG(N). An allocation of a stochastic payoft X
to the agents in coalition S is represented by a pair (d°,7°) €
RS x RS such that ¥, .¢d; < 0and Y, g7, = landr; > 0
for all agents i € S. The set of all allocations for coalition S is
denoted by Z(S).

Given such a pair (d5,7%) where d° = {d; | i € S} and
r = {r; | i € S},agentsi € S receive the stochastic payoff
d; + r,X and we can also define this payoff as (d°, r%);; that
is, (d%,7%), = d, + r,Xs. The second part, r;X;, describes
the fraction of X that is allocated to agent i. The first part,
d;, describes the deterministic transfer payments between



the agents. When d; > 0, agent i receives money, while
d; < 0 means that this agent pays money. The purpose of
these transfer payments is that the agents compensate among
themselves for transfers of random payoffs. The set of all
individual rational allocations is denoted by IR(S). Then

IR(S) = {(d°.7") € Z(S) | Vies : d; + riXsz Xy} (D

Definition 2. (dN,rN) € Z(N) is called the stochastic payoft
vectors of the game T if it satisfies Y, (d) + 1N Xy) = Xy
and d + riNXNziX{i} for all i € N. Let S be a coalition
and (dV, rN) and (dV, 7) be two stochastic payoff vectors of
the game I'. One says (dN, rN) dominates (dV,7Y) through S,
(@, rNy>g(@, ), if dY + rN X, dY + PN X foralli € S
and ¥, 5@ + 1V Xy) < X

Definition 3. The set of all undominated payofts for a stochas-
tic cooperative game I is called the core of the stochastic
cooperative game I' and denoted by Core(T'). That is, the
payoft x = {x;,x,,...,x,} of stochastic cooperative game I
is said to be a core payoff if it satisfies },.¢x; > X for all
ScNand ), yx; =Xy

If an allocation is not in the core there is incentive for
some agents to leave the coalition. A core solution is desirable
because it is stable, but the core of a cooperative game may be
empty. In addition, even when the core exists, an allocation
in the core may have other undesirable characteristics. In
general, it is hard to determine whether the core of a
coalitional game exists or not. Even when it does, the more
important question is whether the suggested value allocation
scheme is actually in the core. While such issues can be
important, we avoid them as unpromising in this context.
In the sequel we investigate the Owen value of stochastic
cooperative games.

3. Owen Value of Stochastic
Cooperative Games

In this section we consider the Owen value for stochas-
tic cooperative games with coalition structure that can be
regarded as an expansion of the Shapley value for the situation
when a coalition structure is involved. The Owen value was
introduced in Owen [8] via a set of axioms it was determining.

We consider games with coalition structure. A coalition
structure & = {B,,..., B,,} on a player set N is a partition of
the player set N; thatis, B U---B,, = N and B; N B; = 0 for
i# j. Denote by B a set of all coalition structures on N. A
coalition value is an operator that assigns a vector of payoffs
to any pair (V, %) of a game V and a coalition structure % on
N. More precisely, for any set of game & € &) and any set
of coalition structures B < By, a coalitional value on (N, V)
with a coalition structure from 2B is a mapping ¢ : ¥ x B —
R" that associates with each pair (V, &) of agame V € ¥ and
a coalition structure & € B a vector p(V, %) € R", where
the real number ¢,(V, %) represents the payoff to the player i
in the game V with the coalition structure 9.
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We considers the stochastic cooperative game which
induces (d,r)* among coalitions in & = {B,,...,B,}.
This game, which is denoted by (d,7)” and called the game
between coalitions or intermediate game, is defined formally
for every T < M by

B (UkerBy) | (UkerBy)
(d, ) (T) = Z [dek 7B +rjUk 75k X(UkeTBk)] (2)

j€(UrerBy)

where M = {1,2,...,m}.
We will use the following axioms to present characteriza-
tions of Owen value.

Definition 4. ¢(d,r) = {p;(d,7),9,(d,7),...,0,(d, 1)} € R"
is called Owen value on (d, r) if it satisfies the following three
axioms.

Axiom I (efficiency). For all (d,r) e 'and all & € B,

Y (dr), B) = Xy. 3)

ieEN

Axiom 2 (additivity). For all & € B and all (d,7), (d,7) € T,
if there exists (d + d, r + 7) € I such that Yjesl(d + J)? +(r+

PiXs] = Y jesld] + riXs] + ¥ jesld; + 7 Xg] forall S € N,
then

o ((d+dr+7),B) =¢,((d,1),B)+¢,(d,1), B), (4)

foralli € N.

Axiom 3 (null player). For all (d,r) € T and all # ¢ B,
if i is a dummy player in the game (d,r) (i.e., for each S,

Sufi Sufi S S
Y jesuin (@ + rUX il = ¥ iegld; + X)), then

¢; ((d,r),B) = 0. (5)

Axiom 4 (symmetry in the unions). For all (d,r) € T, for any
B, € %, and for any i,j € By, if foreach S ¢ N\ {i, j}

(Ul (Sl _ (Ul
such as Fesupp [y +17 Xisuun ) = Zieomldr 7+
(suljh
T'l X(SU{]})]’ then

9,((d,1), B) = 9, ((d,1), B). (6)

Axiom 5 (symmetry across the unions). For all (d,r) € I and
for any B,, B, € &, ifforall T ¢ M \ {u, s} which satisfies

d, )2 (T U{u}) = (d,r)*(T U {s}), then

Y i), B) = Y ¢ (A1), B). )

i€B, i€B;
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Theorem 5. Let N = {1,2,...,n} be a set of n players; then the
unique Owen value of the stochastic cooperative games I is

Ow; ((d, 1), RB)
q'(m-q-1)s! (bp —s—1)!
- b1

Qe(M\(p}) SCB,\ i} miby!
(UreQBLUSULT))

X > |4

7€(UreqBUSU{i})
(UyeqB USU{i})

+r (uteQBtUSU{iD]

-2

UseoBiUS UseoBiUS
I:d(<t€Qt )+r<tth )

J )
j€(UreqB,US)

(UteQBtUS)] >

(8)

foralli € N, where p is such thati € B, € % and q = |Q|,
b, = 1B,l, s = IS].

Proof. In this proof, we will prove two key issues: (1) the
existence of the Owen value and (2) the uniqueness of the
Owen value.

(1) Proof of Existence

Axiom I (efficiency). Consider

Y ow, ((d,r), B)
ieN
gl (m—q-1)s! (b, —s—1)!
- b
ieN QS(M\{p}) ScB,\{i} m'bP'
% d(.UteQBtUSU{i})
7€(UreqBUSULi})
(UreqB,USULi)
+ rj (UthB,USU{i})jI
- djreat r;('UtEQBtUS) (uteQBtus)]
j€(U;eqB,US)

gl (m-q-1)s! (b, —s—1)!

)

b1
T ' iEN QS(M\{p}) SSB,\{i} m'bp'
x d('UteQBtUSU{i})
7€(UreqBUSUL})
(UreqB USU{i})
+ rj (UtsQBtUSU{i})]

(UiegBUS) | (UieqB,US)
d; +7; (UreB,US)
j€(UseqB,US)

1 Z i 1
T |
m k:“EB”L bﬂ,’f'ﬂ,,;c
k—1 i .
U, Bn;Usn , ulid)
X Z d k
k—1 i /
jeUiy Byus,, Ui
(Ui By us, , utih)
T,
+r, k
J
X - i .
X(Uf:l1 B,US; , ufi)
t TI‘k
k—1 i
d(Ut:l Bn; US;”;()
_ k Z | ;
jeWUi) Byuss, )
t Tl'k
k—1 i
(Ur:l Bn; Usﬂn;c)
T Xussos )|
t ﬂk
Y ow; ((d,r), B)
ieEN
1 i 1
Tl 1
m o k=1 bﬂl’c'nﬂ,,{ iEBﬂ]r(
k—1 i .
Uo Bn:us,, ,U{z})
X . k
k- i dj
U By us;, , ulih
k
(Ui By Us, , utih)
+7, ,
j

X — : .
X(Uf:; B,yUS] , Ufi})
Tk

k-1 i
(Ut:I Bn; US:‘[ ’ )
-3 g

k-1 i !
jelUsy ByrusS, )
t Tl'k

k= i
(Utzll Bﬂ; Usnnl,c)
+r.
J

XX | ket i
(U Byusy, )



_ i'zi [(d, r” (LkJB) - @n” (IUIB)]

t=1

- Lyan (U ) -

1
— Y Xy = Xy
=1 m!

-

)

Axiom 2 (additivity). It is easy to see from (8) that Ow;

((d,r), RB) is a linear function for (d, r); it obviously satisfies
additivity.

Axiom 3 (null player). For (d,r) € I'and % € B, we suppose
that 7 is a dummy player in the game (d, r); then

(UieoBUSUGY)  (UpeoB:USUi})
d, e +1; e (uteQBtUSU{i})]
jE(UteQBtUSU{i})
= qWieaBUS) | LieaBiUS) (U,EQBtUS)] ,
7€(UseqB,US)
(10)
foranyi € B, € B,S < B,,and Q € (M \ {p}); that is,
(UreBrUSU{i}) (UreBUSU{i})
d] T (UteQBtUSU{i}):I
j€(UpeqBUSULi})
(UieoBUS)  (UpeqB,US)
j€(UreqBUS)
(11)
It is easy to see from (8) that
Ow; ((d,r),RB) = 0. (12)

Axiom 4 (symmetry in the unions). For all (d,r) € T, for any

B, € %, and for any i, j € By, if for each S € N \ {i, j} which
(Sufi})  .(Suli}) _ (Su{jh
satisfies Y e uipld;” +1 " X(SU{i})] = ZIG(SU{]'}) [, +
Fsutih
l X(SU{]})]’ then

(U,eqB,USU{i}) (UyeoB,USU{i})
Z [dl e +r, (uteQBtUSU{i})]
16(UyeqB;USULi})
B (UreqBUSULjH)
— dl t t
1€(UseqB,usu{j})
(UyeoB,USU{j})
+rl teQOt (UteQBrUSU{j})] 5
(13)
foranyi, j € Bp € AB,SC Bp, and Q € (M \ {p}).
From (8) we have that
Ow; ((d, 1), RB) = Owj ((d,r),RB). (14)

Axiom 5 (symmetry across the unions). From the assumption

of Axiom 5, we have that

dn?(Tufu) = d,r)” (Tulsh, (15)
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forall T € M \ {u, s}; In particular,

dn? M\ {u}) = (d,1)” (M \ {s}), (16)

when T = M \ {u, s}, then we obtain

Y ow, ((d,r),B)

i€B,

>

i€B, Qc(M\{u}) S<B,\{i}

q'(m—-q-1)s!(b, —s—1)!
m!b,!

(UseqB,USU{i})
X Z [d i +

J€(UreB USULi)

(UreoB,USUL})
T

X (UyeqB,USULD ]

_ Z [d(UtEQBtUS)

J
j€(UpeqBUS)

(UreqBUS)
*7; (UreB,US)

_ Z q! (mm'bq'_ 1)! ZZ

Qc(M\{u}) T, ieB,

(UreqB,US,, Uti})
X Z . d i
j€(UyeqB US;, UL

(UreqB,USE, Uih)
r, P
J (UteQBtUSnuU{l})

B z [d(u,EQB,USj,u)

_ j
j€(UgeqB,US, )

(UreqB,USE,) ‘
: (UieqBUS,, )

-y doatlys

QC[M\(uus)] T, i€B,

(UreqB,US,, Uti})
X Z ’ d i
jG(UtEQBtUS;ruU{i})

(UreaBiUSy, Uti) o
j (UreqBLUS}, Ui}

(UtqufUSf,u )

-y 4

j€(UreqBUS,,)

r(utEQB,us;u) ,-
(UreqBiUSE,)
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+ b
(M\(uUs)]CQE[M\(1)] mib,! -+ icB,
(UreqB:US,,, Uti})
X z . d i
j€(UreB,USE, Ui
(UreqB,USE, UiH _
rj (UreB,USL, UtiD)
(UrsQBtUSiru)
- Y 4
j€(UreqB,USE )
(UteQBtus;'ru) ‘
T (UreqBy usy, )
g (m-q-1)!
= Yy =L [dn*Quiu
Qe(M\{us}) m!
B
~(dn)” (Q]
+ ) [(d n”? (M) - (dr)” (M\w)],
Q=)™
(17)
where 7 is any permutation in Bj and S;k = {j € B |

m(j) < m (i)} is the set of players preceding player i in the
permutation 7, for all k € M.
From (15), (16), and (17), we have that

> ow; ((d,r),B)
i€B,
- q(m-q-1)!
Qe(M\fus}) m!

x [(d:n”* QU {sh - (d.1)” (Q)]

+ Y L@ - @dn® M\ s)]

Q=(M\s)
- q'(m-q-1)
aconusy M

(UgeBiUB,)
j (UreqBiUBy)

3] 3 e,

T jE(UteQBtUBs)

(UteQBt) (UteQBt)
d, +7r, (UtEQBt):I

jE(UtEQBt)

5
N N
XZ Z [dj +7; XN]
s | jEN
(N\Bs) (N\
Z [dj X(N\B)]
JE(N\B;)
- g (m-q-1)s! (b, —s—1)!
i€B; Qc(M\{s}) SB,\{i} m!b,!
(UreqB,USU{i})
SIDIRC
j€(UreqBUSULi})
(UyeqB USU{i})
T (UreqBUSULi})
(UteqB:US) (UseB:US)
- Z [dj ¢ tr; ¢ (UtEQBtus)]
je(UteQBtUS)
= Y ow,((d,1), B).
i€B;
(18)

(2) Proof of Uniqueness. Let ¢ be a coalitional value which
have efficiency, additivity, null player, and symmetry in the
unions and across the unions, and let B € By; then ¢ is
defined on I'xB ;. Any stochastic cooperative game (d,r) € T
can be presented via unanimity basis {wr}g ; rcn:

(d,r) = Z crwr, (19)

0#TCN
where ¢ = ZUET(—I)lTHU| (dY,7Y), and

1, §2T,
S) = 20

wr (5) {0, otherwise. (20)
The Owen value in the unanimity game {w;} with a coalition
structure & is equal to

1

> 1€T,
|B (i) N T|my (1)
0, ie N\T,

Ow; (wr, B) =

where B(i) is the element of the coalition structure 93 that
contains player i and m is equal to the number of coalitions
in 98 that have a nonempty intersection with T; that is, B(i) =
B, € B : B, >iandmy = |{k € M : B, N T #0}|. Because
of its additivity property the Owen value in any stochastic
cooperative game (d, r) with a coalition structure 9 can be
equivalently expressed as
r
Ow:{or. B) 0¢T§\7:T9i|B &) NT|my 22)
Let the index I of a stochastic cooperative game (d,r) € T
be the minimum number of terms under summation in (20);
then
I

d,r) = ZCT,“’TT’ (23)

r=1



where all ¢, #0. We proceed with the remaining part of the
proof by induction on this index I.

If I = 0, then (d,r) is identically zero on all coalitions.
All players in both games (d,r) and (d, r)@ are symmetric.
Therefore, by symmetry across coalitions for all k,/ € M,

1«;:”" ((dyr), B) = ;I% (1), B). o
But
kgﬁék% (d.r), B) = ,»;J”" (). B), (3
and by efficiency
’EZNwi ((dr), %) =0. (26)

Thus, for all k € M,

> vi((dr), B) = 0. 27)

ieBy
By symmetry within coalitions it follows that, for all i € N,
v, ((d, 1), B) =0; (28)
that is
¥ (d.r), B) = Ow; (d,7), B) = 0, (29)
Assume now that y((d, r), B) is the Owen value when-
ever the index of (d,r) € T is at most I, and consider some

(d,r) € T with the index being equal to I + 1. Let T = n1T,
andi € N\ T. Consider the game

dr) = Z Cr,wr, . (30)

riT,5i
Obviously, the index of (d, r)i is at most I and
(d,r) = (d1) + cpwrs (31)
therefore, by induction hypothesis,
v; ((d,r), B) = Ow, ((d. 1), B), (32)

forallie N\T.
Using the additivity of the y and the Owen value, we have

v; (1), B) = v; ((d. 1), B) + v, (crwr, B),

Ow; ((d,r), B) = Ow; ((d.r)', B) + OW; (erwr, B),

(33)
foralli e N\ T.
By the definition of the unanimity game, we have that
v; (erwr, B) = Ow; (crwr, B) = 0, (34)

forallie N\T.
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From (32), (33) and (34), we have that
v; ((d,r), B) = Ow, ((d,r), B), (35)

forallie N\T.

If T + 0 then to complete the proof it is enough to show
that the last equality is true for all i € T as well. Consider T
with relevance to a coalition structure & and denote that

My ={ke M|B.NT+0,B, € B}. (36)

Notice that if T'#@ then M} # 0 and all players k,I € M

are symmetric in the stochastic cooperative game (d,r)®.
By symmetry among coalitions for both values y and Owen
value, for all players k,I € M,

Y v (d 1), B) = Y v (d:1), B)

i€B; i€B,
(37)

> 0w, ((d,r), B) = Y Ow, ((d,r),B).

i€B; i€B,

Therefore, because of efficiency of both values and equality
(37) it follows that

Qi) B) = Y Ow, (1), B),  (3q)

i€By i€B,

for all k € M.
Using the equality (35), we have

Y owdn.®= )

i€[Byn(N\T)] i€[Byn(N\T)]

Ow; ((d,r),AB),
(39)

forallk € ({1,2,...,m} \ Mp); then

Y wil@dn), B = Y Ow((dn),B), (4

i€B,NT i€B,NT

forall k € M.

But all players i € T are symmetric in the game (d,r).
Hence, by symmetry within coalitions, for all i,j € B, N T,
K € My,

u/i ((d’ T') "%j) = 1//] ((d, 1’) ,%) s

(41)
Ow; ((d,r),RB) = Ow; ((d,r),RB).
Thus
v; ((d’ I") > '%) = Owi ((d’ l") > '%) > (42)
foralli e T.
From (35) and (42), we have that
v; ((d,r), B) = Ow; ((d,r), B), (43)

for all i € N. This completes the proof. O
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4, Conclusion

In this paper, we consider stochastic cooperative game and
give it the definition of the Owen value, which is obtained
by extending the classical case. Then we provide explicit
expression for the Owen value of the stochastic cooperative
game and discuss its existence and uniqueness. In future,
we will explore the applications of Owen value of stochastic
cooperative game in economy.
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