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We obtain an expectation formula and give the probabilistic proofs of some summation and transformation formulas of g-series
based on our expectation formula. Although these formulas in themselves are not the probability results, the proofs given are based

on probabilistic concepts.

1. Introduction

The probabilistic method is an important tool to derive
results in combinatorics, theory of numbers, and other fields
(see [1-15]). There have been many applications in the basic
hypergeometric series (or g-series). For example, Fulman [3]
presented a probabilistic proof of Rogers-Ramanujan identity
using Markov chain. Chapman [2] proved the Andrews-
Gordon identity by using extended Fulman’s methods. Kadell
[4] gave a probabilistic proof of Ramanujans |1, summation
based on the order statistics.

Recently, Wang [13, 14] constructed a random variable X
and introduced a new probability distribution W (x; q):

P(X =x"q") = p,x (x:9)

B (_x)nqk(xn—lqurl’ankJrl;q)oo (1)

(a-a/% x:q),

where

pn,k (x; q) >0, an,k (X; q) =1
2)

x<0,0<g<1,n=01 k=0,1,2,....

By applying the above probability distribution, Wang proved
the g-binomial theorem and g-Gauss summation formula

and also obtained some new summation formulas and trans-
formation formulas.

One of the most important concepts in probability theory
is that of the expectation of a random variable. If X is a dis-
crete random variable having a probability mass function
p(x), then the expectation, or the expected value, or the
expectation operator of X, denoted by E[X], is defined by (e.g.,
[9, page 125])

E[X]= ) xp(x). 3)

p(x)>0

In the following section we introduce some notations,
definitions, and formulas of g-series. Throughout this paper
we suppose g € C,|g| < 1.

The g-shifted factorials are defined by

n—1
(@a)y =1 @a,=[](1-ad"),
N k=0 (@)
(a:9), = H(l —aqk), n>1.
k=0
Clearly,

oy (ma),

(a) q)n (aqn; q)oo ’ (5)



The following are compact notations for the multiple g-
shifted factorials:

= (a39),(a239),, -+ (2,59,
= (439) (92 @) oo~ (A3 D

The basic hypergeometric series or g-series ¢, are defined by
(see [16,17])

a;,ay,...,4,
,¢5( b.by....b,  D? )

OZ": (a1, 85, ...,8,39),
(201, b,. .., 039),

(apaz’“-’ m;Q)n
(6)

(al,az,..., m;Q)oo

1+ (7)
[

Heine introduced the ,,,¢, basic hypergeometric series
which is defined by

Ay, Qys s Opyy >_ O (ap“z,---)ar;Q)n n
r+1¢r< b.,b,,....b, D2 r;)(q,bl,bz,...,br;q)n
(8)
Jackson defined the g-integral (see [17, 18]):
d 00
|, f0dg=daa-aY @, ©
n=0

d d c
L Fyd,= L £ dqt—L fwdt (0

The following is the Andrews-Askey integral (see [19]) which
can be derived from Ramanujans |y:

>

r (qt/c.qt/diq)y, . d(1-q)(q.dq/c.c/d,abed; q),
¢ (atbtq), T (ac,ad,be,bd; q)
(11)

provided that there are no zero factors in the denominator of
the integrals. Recently, Liu and Luo [20] further generalized
the above Andrews-Askey integral in the following more
general form.

Lemma 1 (see [21, page 5. (2.5)] [20, Theorem 1]). One has

Jl’ (qt/a,qt/b,ct; q),,
a (e, ft,ht;q)

_ b(1-q)(q.bg/a,a/b,bc,abef;q),,
- (ae, af, be, bf,bh; q) .,

be, bf s q.ah

abef, bc
provided |ah| < 1 and |q| < 1, provided that there are no zero
factors in the denominator of the integrals.

36 (12)
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Lemma 2 (see [21, page 5. (2.7)]). One has

J’b (qt/a,qt/b,ct;q)
a  (et,ht;q),

b(1-q)(g.bq/a,a/b,bc;q),,
(ae, be,bh; q)

°°dqt

be,
2¢< bh q,ah>

(13)

provided |ah| < 1 and |q| < 1, provided that there are no zero
factors in the denominator of the integrals.

The aim of the present paper is to give an expectation
formula and introduce some probabilistic proofs of the
corresponding summation and transformation formulas of g-
series based on an expectation formula. In Section 2 we give
an expectation formula of the random variables (dX;q)_,/
(aX,bX,cX;q),. In Section3 we show the probabilistic
proofs of transformation formulas of ,¢,. In Section 4
we give probabilistic proof of Heine’s transformations and
Jackson’s transformations. In Section 5 we give probabilistic
proof of some formulas of g-series, for example, g-binomial
theorem, g-Chu-Vandermonde sum formulas, g-Gauss sum
formula, g-Kummer sum formula, Bailey sum formula, and
so forth.

2. Main Theorem

In this section we obtain the expectation formulas of some
random variables which are very useful to prove the summa-
tion and transformation formulas of g-series.

Theorem 3. Let X denote a random variable with probability
distribution W (x; q), =1 < x < 0. Then one has

. [ (dX;q),, ]

(aX,bX,cX;q),,

_ (dabxq), ab,?
- e D

(a,ax,b,bx, c; abx, d

(14)

provided that max(|al, |bl, |cl, |d]) < 1, |ex| < 1, and |q| < 1.

Proof. A random variable X has the distribution W (x;q).
From definitions (9) we have

Jl (qt/x.qt.dt;q),,
o (at,bt,ct;q),,

_(1— )Z(qk+l/x, k+1 dq q) q

= (ad“.bd".cq%q),, )
15

J" (qt/x. qt,dt; q)

o (at,bt,ct;q), 1

( k+1’qu+1 dqu‘q) qk
(axq, bxgk, cxqt; q)

=x(1-¢g Z
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From definitions (10) and combining (15) we have

Jl (qt/x.qt.dt;q),,
« (at,bt,ct;q),,

1_ )Z(qk+1/x, k+1 dq q) q

k=0 (aq*, bk, cq "1)00

1 ) ) Z( k+1’qu+l’dqu;q)ooqk
& (axqk,bxgk,cxqt;q)

(16)

By using the probability distribution W (x; q) and noting (16)
and (12) of Lemma 1, we calculate the expectation of the
random variable (dX; q) . /(aX, bX, cX; q),, as follows:

E [ (dX;q),, ]

(aX,bX,cX;q),,
1

%)

n=0 k=0

(_x)n(xnflqurl ank+1 q)ooqk
(g-a/%,%:9),

(dx"qk; q)oo

*lax' g bxr cxqsq),

1
- (1-9)(g.q/xxq9),

k+1 k+1
4" /x4, dd" q q

& (aq"bd" cq5q),,

( & xg, dqu‘q) 4
(axq, bxqt, cxqt; q)

-x(l1-gq Z

- 1 Jl (qt/x,qt,dt; q), ds
(1-9)(g.9/%x:9),, Jx (atbt.ctiq),,
1 (1-4q)(g.q/x x,d,abx;q)
3%

T (0-9(ga/xxa)y

d
x| % b~ c q¢Xx
abx,d

(ax,bx,a,b,c;q),,

17)

Hence, we obtain

e @Xa),
(aX,bX,cX;q),,
(18)
) (d,abx;q)_, o @ b, d e
@xabxbea, "\ and' T
The proof is complete. O

Theorem 4. Let X denote a random variable with probability
distribution W (x; q), =1 < x < 0. Then one has

[E[((dX;q)OO ]:( (d,abx;q)oo) ¢2< ab dx),

aX,bX;q),, a,ax,b,bx;q) . * abx,d’> P
(19)

provided that max(|al, |bl, |d]) < 1, |dx| < 1, and |q| < 1.

Proof. By (7) and (8) we have

a,b, — d
39, cgex
abx, d

2 (a:9),(b:9),(d/c q), (cx)"
= 2 () (abwsa), ), 20
2 @b, (d Y.,
- ;o(q; q),(abx;q),(d;q),, ( c ’q>n '

By (4) we have

() (-0 f) (-8

:(c—d)(c—dq)m(c—dq"_l).

Substituting (20) and (21) into the right-hand side of (14), we
obtain

e [ (dX;q),,

(aX,bX,cX;q),,

_ (dabxq), & (w9),(bq),x" (22)
(a,ax,b,bx,¢;:9) ., = (g:9),,(abx: q),(d: q),

(c - dq”_l).

Next, let us replace ¢ by Ac, respectively, and let A — 0 in
(22); we get

. [ (dX:9) ]
(aX,bX;q),,
_ (d.abx;q) i (a:9),(b;q),x"
~ (aax,b,bx; Q)oon 5 (4 a),(abx; q),(ds q),
x (=d) (~dq) - (~dg"")
__(dabxq), & (a4),(549),%"
(a,ax,b,bx;9),, = (9 9),,(abx; 9),(d: ),
an(_l)nqn(n—l)/Z

x(c—d)(c—dq)---

(dabxq)e, 3 (29),B:q),@0" )
) (-1)"g'2
 (a,ax,b,bx; q)oo;)(q, q),(abx;q),(d:q), q
B (d,abx; q),, b
- m2¢2 < abx, d >q,dx> .
(23)

The proof is complete. O



Theorem 5. Let X denote a random variable with probability
distribution W (x; q), —1 < x < 0. Then one has

it ]

aX,bX,cX;q),,
(24)
(cx,abx; q), a,b, x
- (ax,bx,a,b,¢;q) 3¢2< abx,cx Cx)’

provided that max(|al, |bl, |c]) < 1, [ex| < 1, and |q| < 1.

Proof. Letting d = cx in (14) of Theorem 3, we obtain (24).
O

Corollary 6 (see [13, page 463, Theorem 1]). Let X denote a
random variable with probability distribution W (x;q), -1 <
x < 0. Then one has

(exX59)
E| "%
(aX,bX,cX;q),,

B (acx,bex, x39) ¢ (ab,c,cx. x>
(a,ax,b,bx, c,cx;q) 3%2\ acx,bex P PX )

provided that max(|al, |bl, |c|) < 1.

Proof. Using (24) of Theorem 5, we deduce

. [ (exX;q) ., ]
(aX,bX,cX;q),,
(26)
(cx,abx; q)

= a,b,x
= (ax, bx,a,b,c; q)oo 3% abx, cx ;g cx .
Using (31) of Theorem 8, we have
a,b,x
3(/52 abx, cx 54, CX
a,x,b
= 3(/52 abx, cx 5, CX (27)

= _(x’ bex, acx;q)oo ¢ ( ab,c,cx . x)
(abx, cx,cx;q), >0\ bex, acx X

Substituting (27) into the right-hand sides of (26), we have

. [ (€xX5q) ]

(aX,bX,cX;q),,

(cx,abx;q),,  (x,bex,acx;q),

¢

- (ax,bx,a,b,c;q),, (abx,cx,cx;q) >

« ab,c,cx
bex, acx X
~ (acx,bex, x39) ¢ <ab,c,cx_ x)
(a,ax,b,bx,c,cx;q) > 2\ acx,bex *PX )

(28)

The proof is complete. O
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Corollary 7 (see [14, page 245, Lemma 2.4]). Let X denote a
random variable with probability distribution W(x;q), -1 <
x < 0. Then one has

. 1 ~ (abx; q),,
(aX,bX;q),, | (ax,bx,a,b;q)_,

provided that max(|al, |b]) < 1.

, (29)

Proof. Lettingd = c ord = a = ¢ in (14) of Theorem 3, then
we have

. 1 _ (abxsq),, s < ab1 Cx)
(aX,bX;q),, ~ (ax,bx,a,b; 9., 392\ abx,d P
~ (abx; q),,
~ (ax,bx,a,b;q)
(30)
The proof is complete. O

3. Probabilistic Proofs of Transformation
Formulas of .¢,

Sears’ ,¢, transformation formula is widely applied to the
special functions. In this section we will introduce probabilis-
tic proofs of transformation of ,¢,.

Theorem 8 (see [17, page 359. I1L. 9, I1I. 10]). One has

a,b,c ﬁ
3$2 de HOB abe

dd (31)
_Cndebsg), (05T
(e defabc;q), >\ 4 de 4y
" be
(b, de/ab, de/be; q) d e de
,de/ab, de[bc;q),, 7
- . 3% bdeb ggc 19,0
(d,e,de/abc; q) ac ac
ab’ be
(32)
Proof. Interchanging b and ¢ in (14), then we have
e[ (dXia),
(aX,bX,cX;q),,
d (33)
_ (d,acx;q)., o[ 25 qbx
(ax,a,cx,¢,b;q),, e acx,d e '
Interchanging a and c in (14), then we have
| (@Xa),
(aX,bX,cX;q),,
(34)

_ (d’ bc’x; q)oo ¢ ) b’ c_l yd,ax
(bx,b,cx,c,a:9), ° bcx,% o '
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By (14) and (33), we obtain

d
a,b, —
) c 396
< abx,d )

d
b N 5 —
(xach)oo E2<a,c,b;q,b >)

(cx, abx; ‘1)00 ’ acx,d

(35)

and, replacing (a,b,d/c,d,abx) by (a,b,c,d,e) in (35), we
obtain a ¢, transformation formula

a,b,c ﬁ
2 de P gpe

d d 36
_leadelbia), (B e .
- (e, de/abc; q) e d de a

" be

By (14) and (34) and then replacing (b, a, d/c, d, abx) by (a, b,
¢, d,e), we obtain (31).
By (33) and (34), we have

¢ b, c_l
3¢, a ;qax
bex, d

_ (bx,acx;q)., o[ @ C’g 4, bx
(ax’bcx;q)oo " acx,d

(37)

and, replacing (c,b,d/a,d, bcx) by (a,b,c,d,e) in (37), we
obtain (32). The proof is complete. O

4. Probabilistic Proof of Heine and
Jackson’s Transformations

Heine [22] derived transformation formulas for ,¢,; and also
proved Euler’s transformation formula. A basic hypergeo-
metric representation for a given function is by no means
unique. There are groups of transformation between various
hypergeometric representations of the same function. We
will first prove the classical Heine’s transformation formula
which will be useful in proving many other formulas. In this
section we give the probabilistic proofs of Heine and Jackson’s
transformations.

Theorem 9 (see [17, page 359, IIL. 1, III. 2, III. 3]). Heine’s
transformation formulas for ,¢, are

b (baz;q),, £z
2¢1<ac ;Q)z>_—2¢1 bz 5q,b (38)

- (C’ z; q)oo a

_ (¢/b,bz;q),, a_bz’b. c
- (C’Z;q)oo 2(/)1 (i)z ,q)b

(abz/c;q),, X abz
—szpl absig— |

Proof. Comparing (24) of Theorem 5 and (25) of Corollary 6,
we obtain

(acx,bex, x;q) ¢ < ab,c,cx )
(a,ax,b,bx,c,cx;q) > 2\ acx, bex P
(41)
~ (cx,abx; q) p ( a,b,x cx)
(ax,bx,a,b,c;q) 392\ abx, cx D >
or, equivalently, that
ab,c,cx
3$2 acx,bex > PX
(42)

_ (ex,abx,cx;q) p ( a,b,x
(acx,bex, x;9) 2

Setting b = 0 in (42), we have
C,CcXx (cx, X q)oo a, x
2¢>1< acx ;q,x> = MZ(I)I( ox ;q,cx). (43)
Replacing (c, cx, acx, x) by (a, b, ¢, z) in (43), we get
, b,az; - f,z
2¢1<a5b;q’z>=ﬁz¢l< baz ;q,b) (44)
for |b| <1, |z| < 1,
which is just (38).

Setting d = 0 and a = b and replacing ¢ by b in (14), we
have

El— 1
(aX,aX,bX;q)

5 (45)
~ (a x;q)oo p ( a,a bx)
- (ax,ax,a,a,b;q) 291\ g2y :
Setting d = 0 and a = ¢ in (14) of Theorem 3, we have
E|l— 1
[ (aX,aX,bX;q),,
(46)

_ (abx;q)., p < ab ax)
(ax,bx,a,a,b;q)_, * 1\ abx T ’

Comparing (45) and (46), we obtain

2
b,a (bx’“ X q)oo a,a
(Y)Y

 (abx,ax;q), *

(47)
Replacing (a, b, x) by (b, a, z/b), we get
5 <a,b. z)_ (az/b,bz;q), 5 <b,b' @>
291\ gz D7) T (az,z;9),, ° N\ bz’ P )
(48)



Letting ¢ = az in (48) gives

5 (a,b_ Z) B (C/b,bz;q)00 " abz b c
P )T ez, M\ G e
(49)
We get (39). From (39) we can deduce (40). O

Jackson’s transformations formula is an important for-
mula in basic hypergeometric series, and now we give a prob-
abilistic proof of Jacksons transformation formulas for ,¢,

and ,¢,.

Theorem 10 (see [17, page 359, I11.4]). Jackson’s transforma-
tions of ,¢,, ,¢, series are

. ¢
2@(2%%ﬁ=w%“%%<%bmmﬁ-<w>

(z:4),, c,az
Proof. This includes employing two different forms of
E[(dX;q)./(aX,bX;9) ]
Letting b = 0 in (14) of Theorem 3 and then replacing ¢ by

b, we get
E @X9) |_  (49)y o a,%l -
(aX,bX;q)OO (a,ax,b;q)ooz 1 | 59, )
(51)
Comparing (51) and (19) of Theorem 4 gives
(d:9) L4
Caxbio) b g b
(a, ax, b; q)oo 24 db q,bx
(52)
(d, abx; q)oo a,b
:@;;aaagm4amdgﬁg,
Then we obtain
d (abx;
Do ab
(/5 ( db g bx ) (bx,q) 2¢2 ( abx, d ,q,dx),
(53)

Replacing (a,d/b, d, bx) by (a, b, c, z) gives

. ¢
2%(ﬁ%%4=wz%2@<%bwwﬁ.<m>

(z ‘1)00 ¢, az

This completes the proof. O

5. Probabilistic Proofs of
Some Formulas of g-Series

The g-binomial theorem is an important mathematical result
which has been widely applied in the special functions,
physics, quantum algebra, and quantum statistics. The g-
binomial theorem was derived by Cauchy [23], Heine [22],
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and Jacobi [24] concerning the nonterminating form. There
are many proofs of the g-binomial theorem to show the
corresponding references; for example, a better and simpler
proof, by using the method of the finite difference, was
obtained by Askey (see [25]); a nice proof of the g-binomial
theorem based on combinatorial considerations was given by
Joichi and Stanton (see [26]). In 1847, Heine [22] derived a g-
analogue of Gauss’s summation formula which is important
in g-series. Joichi and Stanton [26] gave a bijective proof
of the g-Gauss summation formula based on combinatorial
considerations. Rahman and Suslov [27] used the method
of the first order linear difference equations to prove the
q-Gauss summation formula. By analytic continuation, the
terminating case, when a = g ", reduces to g-analogues of
Vandermonde’s formula. Bailey and Daum independently
discovered the g-Kummer summation formula.

In this section we will introduce probabilistic proof of
some formulas of g-series, for example, g-binomial theorem,
g-Chu-Vandermonde, g-Gauss summation formula and g-
Kummer summation formula, and so forth.

Theorem 11 (see [16, page 488, Theorem 10.2.1] [17, page 354.
I1. 3]). The g-binomial theorem is

a. _ © (a5 q)n no_ (az; q)OO
‘%( - ’q’z> ,;)(q; q)nz (z:9),, (55)
for |zl <1, |q| <L

Proof. Below we give two proofs of (55).
Setting d = a = 0 and replacing b and ¢ by a and b in (14),
we obtain

1¢o< 9 bx)- (56)

1 1
[E =
[ (aX,bX:q),, ] (ax.a.b:q),,

Comparing (56) and (29) of Corollary 7, we have

1 p ( >_ (abx;q)., 7)
(ax,a,b;9) 'O\ - i bx ) = (ax,bx,a,b;q),
Then we obtain
(abx; q)
3G =—%, 58
1¢0< _ q ) (bx; q)oo ( )
Replacing bx by z, we can get
a (az; Q)
39> 59
1¢0<_qz> (zq) ( )
that is,
a S (@9), ,_(az4)
o) ( ;q,z>= nZ" = X for |z| < 1.
RS ,;)(q; 9, (B,
(60)

Another proof of the g-binomial theorem is as follows.



The Scientific World Journal

Settingd = a = 0 and b = ¢ and replacing b by a in (14),
we obtain

1 B 1 a.
E[WX@;]'wn%m@mﬁ«—ﬂ”Q' o

Lettinga =b =c =dora = bandd = cin (14) of Theorem 3,
we obtain

E 1 _ (a.a’x:q) ¢ <a,a,1_ ax)
(aX;q)>, (ax,ax,a,a,a5q) 0" ax,a’?

2
B (a.a°x; q)oo
(ax,ax,a,a,a;q)

(azx; q)oo
(axaq),

(62)

Comparing (61) and (62) gives

2
1 1¢0< f ;q,ax) - M_ (63)

(ax,a,a;q),, (ax,a;9)7,
Then we obtain
a’x;
1¢0< a ;q’ax> _ ﬂ. (64)
- (ax:)
Replacing ax by z gives
a (az:q),,
1¢0< _s4 Z) (Z;q)oo ( )
that is,
a (@9, . (979),,
o) < ;q,z> = Z" = for |z| < 1.
- ,;)(q; 9, (54
(66)
This proof is complete. O

Theorem 12 (see [17, page 354, II. 7]). The g-Chu-Vander-
monde sums are

aq" o ) (c/asq),
3G — | = —F— 67
2¢1 < c q a (C; q)n ( )
Proof. The below are two proofs of the g-Chu-Vandermonde.

(i) First proof: setting d = a = b and replacing ¢ by b in

(14), we have
2 a
1 (a’x:4) a, -

[E = Q0 ’ b 5 ,b .
[(aX,bX;q)OO] (ax,ax,a,b;q) 2¢1< sz x>

(68)

Replacing (a, b, x) by (a,aq", ¢/a*) in (68), then we have
c\" k
p(r-(z)4)
_ <£. )
- pn,k a2 g (69)

(_C/az)“qk((C/az)“_lqkﬂ, (C/az)"qkﬂ;q)oo
(9.a*q/c,c/a*q),,

where
c c
Puk <—2$61> >0, an,k <—2;61> =1,
a a
(70)
c
p <0,0<g<1,n=01, k=0,1,2,....
Hence,
| )
(aY,aq"Y;q),,
(71)

—n

_ (¢:9), 5 (a,q _ ﬂ)
(C/a,C/a,a,aq”;q)Ooz 1 Cc 59> a .

By using the probability distribution W(c/a%*q) and
employing Andrews-Askey g-integral (11), now we calculate
the expectation of the random variables 1/(aY,aq"Y;q), as
follows:

1
| e
o0 (_C/a2)"qk((c/az)”*lqkﬂ,(C/az)”qku;q)
_ Zﬂ f;(% aq/c.cla’ a(c/a)'q", (aq") (c/a’)'q5 q)
_ 1
(1-9)(g.a*q/c.cla*; q),,
y ( ©0 (qk+1/(c/a2),qk+l;q)ooqk _( c

. _q)go (adt, (aq") 455 9), a_2>(1 ~4)

) i (qk+1)(c/a2)qk+l;q)mqk
& (a(c/a?) g, (aq") (c/a?) 45 q).,

~ 1 Jl (qt/(C/az),qt;q)mdt
- (1-q)(g.a%q/c.cla’q), Jow  (at,aq't;q),

~ 1 (1-q) (g, @’ a/c,c/a’,cq’sq)
(1-9)(g.a*q/c.cla*;q),,  (c/a,cq"/a,a,aq"q),

_ (¢q"s D)oo
(c/a,cq"/a,a,aq";q),,’

(72)



Comparing (71) and (72) gives

(69)q
(c/a,cla,a,aq%q),, >

aq" q"
¢1< ? ;‘1’_>

_ (c9":0) oo
(c/a,cq’[a,a,aq";q),,

(73)

Then we obtain

aq”" '
2‘/51< g §q’_>

a

(c/a,cla,a,aq";q),,
(6 )o

(9" q)
(c/a,cq"/a,a,aq";q),,

\ (74)
(cq"59) o (c/asq)

" (69)y,(cq"asq),,

(c/a;q),

C (sq),

which is just g-Vandermonde sums (67).

(ii) Second proof: replacing (a,b, x) by (a,aq", c¢/a®) in
(29), we have

[E[ ! ] - (ca’sq), . (75)
(aY,aq"Y;q),, (c/a,cq’/a,a,aq";q),
Comparing (71) and (75), we obtain
(69) g é (a,q_”. ﬂ)
(c/a,cla,a,aq:q) " c P,
(76)
_ (cq"s D)o
(c/a,cq"/a,a,aq";q),,
Hence,
5 <a,q‘”, q" > _ (cq"5q) oy (¢/a59) o
S N A ) I CO )
(77)
_(c/asq),
(¢q),
which is just g-Vandermonde sums (67). L]

Theorem 13 (see [16, page 522, Corollary 10.9.2] or [17, page
354, I1. 8]). The gq-Gauss sum is

ab ¢ (c/a,c/b;q)
$gy— | = o, 78
2¢1< ¢ 4 ab> (c;clabq), 78)
Proof. Letting d = a = b and replacing c by b in (14), we
obtain

2 a
1 (a”x;9) @
[E = Q0 b 5 ,b .
[(aX,bX;q)OO] (ax,ax,a,b;q) 2¢1< sz x>
(79)
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Comparing (29) and (79) gives

(azx; q)oo 5 a, g b ) = (abx;q),,
(ax,ax,a,b;q) 2PN 2y T ~ (ax,bx, a,b; 9.
(80)
hence we get
a, - (abx,ax;q)
;q,bx | = o 81
b ( azi q x> (@xbx:q),. (81)

Replacing (a, a/b, a*x) by (a,b,¢) in the above formula, we
obtain

ab  c\_(caclbq)
’ sq> — = £ > 82
b < c 4 ab> (c;c/ab;q), (82)
which is just the g-Gauss sum (78). O

Theorem 14 (see [17, page 354, II. 9]). The q-Kummer sum
formula is

. 212, 2
2$ %‘; q-1) = (4D 904’/ q )°°.
- (-q/b, aq/b; q).,

b b
Proof. Letting b = 0 in (14) and then replacing c by b, we have

dXq), | (&a)y ol
|: (aX,bX; q)oo :| B (a, ax, b; q)oo 24 < db 7B bx) .

(84)

(83)

Replacing (a,b,d, x) by (a,aq/bz,aq/b, —b/a) in (84), we

write
(- ()
a
p— b.
- pn,k <_;’q> (85)

. (b/a)"qk((—b/a)n_lqu, (—b/a)nqu; q)oo
(9 —aq/b,~b/a; q),,

>

where

b b
pn,k (_;’q> >0, an,k (_;’ q> =1,

(86)
—é<0, 0<g<1,n=01,k=0,1,2,....
a
Hence, we obtain
E [ ((aq/b)Z; ), ]
(aZ,(aq/b®)Z;q).,
(87)

(aq/bq),

a,b q
- ad - —=
(a’ _b, aq/bz;q)oo 2¢1 )q) b
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By using the probability distribution W(-b/a;q) and
Lemma 2, we calculate the expectation of the random
variables ((ag/b)Z; q) . /(aZ, (ag/ b’ Z; q) o, as follows:

((aq/b) Z; q),
. [ (az,(aq/V?) Z;q)., ]

E [ ((aq/b) Z; q),,
((aq/t?) Z,aZ; q)

-]
QR (CIRRCIER
)

" (1-9) (g -aq/b,~blasq),

© (¢ (-b/a),q"", (aq/b) 45q) _q"
x| (1-9) Z Nk k.
pard ((aq/b?) 4", aq"; q).,

b
~(-2)a-a
. i( ¢, (-b/a)q""", (aq/b) (-bla) g"sq) g
& (@a/t?) Cbla) ¢ a(-bja) d5q),,

1
~ (1-9)(g--aq/b,~bla;q),,

y Jl (qt/(-bla), qt, (aq/b) t;q) y
ba  ((aq/b?)t,at;q) 1

_ (1-9)(q,-aq/b,~b/a,aq/b;q),,
(1-9q) (9, —aq/b,~b/a,~q/b,aq/b*,a;q),,

% 4
><< biqu ;q,—b>
b

24

a
(aq/b:q),, b—?,%
= 2 . 24 aq” 39-b |
(—q/b, aq/b* a;q),, 5

(88)
Comparing (87) and (88), we have

a,b
2‘/)1( aq ;q’_g>
b

_ (a,-b, aq/b*q),,
 (agq/bq),,

(aq/b;q),
(-q/b,aq/b?* a;9),

2(/51

9
aq q
< bqu 59> —b>
b
aq 9
(-biq) 5
= Q0 5 ,—b .
(_q/b; q)oo 2¢1 < ﬂ q
b

(89)

Using Heine’s transformation and g-binomial theorem, we
have

a,b q
0| M ;%‘E
b

_ (=b; Q)OO (a, -q; q)oo _ﬂ, ﬂ '
 (-q/b;9), (aq/b, ~b; q),, 2¢1< éqb ’q,a>

__-gq), iwz/bz;qz)nan (90)
(-q/b,aq/b;9)o. = (%97,
(aq*/v*;q%)y,
(4597 o

_ (@ -39
(=g/b,aq/b; q),

_ 89, (aq,aq” /b5 7).,
(=q/b,aq/b;q),
Hence, we obtain (83). O

Theorem 15 (see [17, page 354, II. 10]). Bailey’s sum formula

is
q
a, —
2P ( —q,ab HOB _b> =

Proof. By (19), we have

el @%ds |_ (d,abx;q),,
@X,bX;q), | (a,ax,b,bx;q),

(ab,bqla; q*),,

91
0; 9 (4)

a,b
2$2 ( abx,d’ P dx).
(92)

Replacing (a, b, d, x) by (a,q/a,—q,b/q) in (92) gives
b\" «
P(2=(2) )
4 q
(e
nk q’ (93)

((b/q)n 1 _k+1 (b/q)n k+1 )

3 (-b/9)"q
' (9:4%/b:b/g:q).,

>

where

b0 Saa(bo)n

b
-<0,0<g<1,n=01, k=0,1,2,....
q

(94)
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Hence, we have Comparing (95) and (96), we have
a, 1 (blasq), a,—a b
Caka P b ) P e
E (o) - > (o)
[ (aR,(g/a)R;q),,, ] oo n
a (95) _ bla;q), 5> (2, -a39), <Q>
_ (-ab:q) o @aiab Do 5(@-q:9), \a
(a,abjq,qlablasq),, P\ 5,55 T ) .2 s :
_ (blasq)o, > (a5 ),,(9) 97)
b9 Z(q%q%),\a
By using the probability distribution W(b/q;q) and _ (bla;q),,, (ab; )
Lemma 2, we calculate the expectation of the random vari- T gy, blagd),
ables (—qR; q) . /(aR, (g/a)R; q) ., as follows:
_ (ab,bg/a; ey
B;:9)
(=qR; q) o,
E [m] Hence, we get (91). O
1 o b\" N b\" Theorem 16 (see [17, page 354, 11.11]). The Gauss sum formula
_ v k v k+1’ v k+1) is
230 () (5
. ) 2o bra: 2)
b\ @b ._>:(q, F) (o
(-a) (5) 1 ;q>00 2¢2< abq"?,—abg"* T 7) T (g abig ), >
2 n n -1
q b <b> k(q)(b) k ) ) ) Proof. By (14), we have
X T, > al — s\ T - 5
((q b g \q) T\a)\q) )
1 E [ (dX; ‘1)00 ]
~ (1-9)(q.4*/b:blg:q),,, (a%.6X ey (99)
X = (¢ /(b/9). 4" (~9)q"5 9) o q" - _(dabxq),, 2¢2( a,b ” dx).
\0 q)l;J (agk, (q/a)q"; q) (a,ax,b,bx;q),, abx,d
_ (9) (1-9) Replacing (a, b, d, x) by (a®, b, —abql/z,ql/z/ab) in (99) gives
/ n
§ (4, 0/)d"", (-a)b/a)d"sq) _d* b ( . ( q” ) qk>
X
& (a/o)d (a/a)b/9)dq)., ab
) 1/2
= = Pk <_; q)
(1-9) (4.4°/b.blgq), ab
Jl (at/(b/a). at, ~at: )., (-q"/ab)"q((a"*/ab)""q""", (¢ /ab)"d" ) _
blq (at, (g/a)t; q)oo q = (q’ abql/z,ql/z/ab; Q)oo >
- 1 (1-4)(q.9°/b,b/, -4 9oy p (100
(1-a)(q@/b.blga),  (ablgaglag, >
where
()
—q P, 4\ 4"
-0 0> - = 1’
(_ ) ) b pn,k(ab q > zpn,k ab q
- PP ¢1<a,—a;q’_>. (101)
(ab/q, a,q/a;q), * -q a g
(96) T <0,0<q< L =01, k=012....
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Hence,

(_abql/ZS; q)oo (_abql/z)abql/z’q)
(aZS, bZS; q)oo :| - (az, aql/z/b, b2, bql/z/a, q)oo 2¢2
a*, b*
abql/z _ bql/Z 4—9 |-
(102)

By using the probability distribution W(g'/*/ab; q) and
employing Andrews-Askey g-integral (13) of Lemma 2,
we calculate the expectation of the random variables

(—abq'*$; 9).,/(a*S,b%S;q),, as follows:

(—abql/zS; Doo
(a28,0%S;q),

0 n n—-1 n
— i Z _L/Z qk L/Z qk+1 i/z qk+1
=5 ab ab "\ ab ’

~ (1-9q)(gabq'?,q'?/ab;q)

k+1 1/2 k+1 1/2
<1_ )Z(q /(q"*/ab),d**", (~abq'*)q"; @) 4"

(a*q",b*q";q)
1/2
q
N S I
( s >( q)

i(qk+l’ (ql/Z/ab)qk+1’ (_abql/Z)(ql/Z/ab)qk;q)ooqk
X
pard (a*(q'?/ab)gk, b (q'/?[ab)g s q).,

1
(1-q) (g abq'?,q"*/ab;q),

v (qt/(q"/ab),qt, ~abq'*t:q)
X J dgt

g2 /ab (at,b%t;q)

1

__ (1-q)@.abq'”,q'"/ab,—abq'"; 9),,
(1 -q)(q.abqg"?,q"2/ab,aq'[b,a?,b% q)

1/2
X az’_aqb iq bg "
—abql/2 oa

Cabg®sq)ey a2 e
 (aq?/b,a*,b%q) * —abql% P

2

(103)
Comparing (102) and (103), we have

a*, b?

2%, (abq”z _ bql/z ;q’_Q)

_(a%aq"?/b,b,bq"|a;q),,
B (—abg'/?,abq'%; q) .,

y az,_aqbl/z . bq1/2
—abql/2 U oa

L R
—2‘l51 ’ ) 11?2 P .
—abq

= (ab q1 /2, )oo
Using Heine’s transformation formula, we have

1/2

2 aq ba'l?
Bl Ty e 1
—abql/2 a

ag'? _aql/z 2
24 b b b .
-q

(105)

(—abq'’%q).,

(aq'?/b,a%, b q),,

b

(104)

) (A
(~abq'?,bq'?[a; q),,

Substituting (105) into (104) yields

at, b

2¢2 < abql/Z))_abql/Z 5 q> _q>

_(a"/asq),, @ -ga),
(abg'’%; q)., (—abq'?,bq'?[a;q).,

aql/z _aq1/2 i
| "o b b
-q

_ (Pqa),  @(aq"/b-aq"?/bia),
~ (abq'?,-abq'; q)oo,;) -9,

24)1

*(0?)"
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(g4, i(azq/bz;qz)n(bz)n
(abq'?, -abq';q) , = (@54,
 Gga,  (ded),
- (abql/Z’_abql/Z;q)OO (bz;qz)oo :
(106)
Noting that
(654", = (39) o (-40)os
(ag:q*) = G (107)
© (397,
we have
2.2
Caq). = (-400(@ D0 _ (159) _ 1
* (4:9), @9 (@9
(t"9)y 2
CrONRS
(abq'"%s ), (~abq"*q), = (V' q7).
(108)
Substituting (108) into (106) yields
2.0 (azq,bzq;qz)oo
2(/52 1/2 125979 = 755 o - (109)
abq'", —abq (9.0°0°q:q%) o,
Hence, we obtain (98). O

Theorem 17 (see [17, page 354, IL. 5]). A sum formula of ¢,

1S
191 ( “ ;q,5> = % (110)

¢ Tal (64
Proof. Letting d = a = bin (19) of Theorem 4, we obtain

] - (azx;q)o0

1 a
= :q, C ()
[(aX;q)oo ax)ax’a;q)oo 1¢1 ( ax q ax)

Lettingd = a = cand b = 0 in (14) of Theorem 3 or setting
d = cand a = 0 and replacing b by a in (14) of Theorem 3, we

obtain
1 1
E = . (112)
[ (aX;9), ] (ax,a;q),

Comparing (111) and (112) gives

a’x;
% o[ 5 iqax :;; (113)
(ax,ax,a:q), " ax (ax,a;9),
that is,
a (ax;q)oo
N L
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Replacing (a, a*x) by (a, ¢), we get

a ¢\ _(caq),
191 ( c ﬂa&) = m (115)

This proof is complete. 0

Theorem 18 (see [17, page 354, II. 1, IL. 2]). The two g-
exponential functions are

i 1
( ) = _— < 1,
“a'? ,;)(q;q)n (2:9) Jor 1 -
116

o (5)n
q 4
Eq(z):;(q;q) =

Proof. Settinga = b = d = 0 and then replacing ¢ by a in (14),
we obtain

-2;q) -

1 1 0
" [(QX; Q)oo] B (4:9) o, 1%( - ax). (117)

Lettingd = a = cand b = 0in (14) or lettingd = canda =0
and replacing b by a in (14), we obtain

1 1
E = . 118
|: (aX; q)oo :| (ax’ a; q)oo ( )
Comparing (117) and (118) gives
1 0 1
@) 1¢o< C g, ax) = e (119)
From the above formula, we obtain
b0 S iar) - (120)
170 _ >q) (ax; q)oo .
Replacing ax by z gives
0 1
1¢o( _ ;q)2> e (121)
that is,
< Z 1
e, (z)= ) ——=-—— for |z|] < L (122)
! ,;,(q; ), (z49),

Similarly, setting d = a and b = 0 in (19) of Theorem 4,
we obtain

E[l]z;()(po(:;q,ax).

123
(axd) (123)

And obviously lettingd = canda = b = 0in (14) of
Theorem 3, we obtain

E[1]=1. (124)
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Comparing (123) and (124), we obtain

mo%( ~ ;q,ax> =1. (125)
Replacing ax by —z, we get
ofo ( 59 —Z> = (-2 q)os (126)
that is,
E,(2) = mo‘g:;; ~ (-zq),.. (127)
O

Remark 19. In the present paper we obtain the part trans-
formation and sum formulas of the g-series by applying the
probabilistic method. We hope to find and construct another
probability distribution in order to prove the transformation
and sum formulas of the bilateral basic hypergeometric series,
for example, Ramanujan and Bailey sum formulas and so
forth.
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