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In this paper, we essentially deal with Kothe-Toeplitz duals of fuzzy level sets defined using a partial metric. Since the utilization of
Zadeh’s extension principle is quite difficult in practice, we prefer the idea of level sets in order to construct some classical notions.
In this paper, we present the sets of bounded, convergent, and null series and the set of sequences of bounded variation of fuzzy
level sets, based on the partial metric. We examine the relationships between these sets and their classical forms and give some
properties including definitions, propositions, and various kinds of partial metric spaces of fuzzy level sets. Furthermore, we study
some of their properties like completeness and duality. Finally, we obtain the Kothe-Toeplitz duals of fuzzy level sets with respect

to the partial metric based on a partial ordering.

1. Introduction

By w(F), we denote the set of all sequences of fuzzy numbers.
We define the classical sets bs(H), c¢s(H), and csy(H) con-
sisting of the sets of all bounded, convergent, and null series,
respectively; that is

bs(H) := {u = () € w(F): (i“k) €l (H)} ,

k=0

cs(H) = {u:(uk)ew(F):<Zn:uk)EC(H)}, 1)
k=0

csy (H) = {u = (u) € w(F): <Zuk) € cO(H)]» :
k=0

We can show that bs(H), c¢s(H), and csy(H) are complete
metric spaces with the partial metric H* defined by

neN | k=o

HE (u,v) := sup <[iHS (tger vk)} , (2)

where u = (u;) and v = (v;) are the elements of the sets bs(H),
cs(H), or csy(H).

Secondly, we introduce the sets bv(H), bv,(H), and
bv(H) consisting of sequences of g-bounded variation
by using the partial metric H® with respect to the partial
ordering Cyy, as follows:

bv(H) := <|u = (u) €ew(F): OZ():HS [(Au)k,ﬁ] < oo} ,

k=0

by, (H) = {u = () € w(F): iHs[(Au)k,ﬁ]q < oo} :
k=0
bv, (H) := {u = (u) € w(F) : supH’ [(Au)k,a] < oo} ,
keN
3)

where the distance function H® denotes the partial metric of
fuzzy level sets defined by

H(u,v) = sup p([ul),[v]))
A€[0,1]



= sup {max{u;,v;} - min{u;,v;}}
A€[0,1]

= max {uy, vy} — min {u,,v,},

H® (u,v) = 2H (u,v) — H (u,u) — H (v, v),
(4)

for any u,v € E' with the partial ordering Cp. One
can conclude that the sets bv(H), bvq(H), and bv (H) are
complete metric spaces with the following partial metrics:

H® (u,v) == ) H [(Au), (Av)],
k=0

o 1/q
H (u,v) = {ZHS[(Au)k, (Av)k]q]» , ()
k=0

HS (u,v) = sup H* [(Aw)y, (Av)y ],

respectively, where u = (u;) and v = (v;) are the elements of
the sets bv(H), bvq(H), or bv (H) and (Au), = uy, — uy,, for
allk e N.

Many authors have extensively developed the theory of
the different sets of sequences and its matrix transformations
[1, 2]. Following Basar [3, page 347], we note that Mursaleen
and Basarir [4] have recently introduced some new sets
of sequences of fuzzy numbers generated by a nonnegative
regular matrix A some of which reduced to the Maddox’s
spaces €, (p; F), c(p; F), ¢y(p; F), and €(p; F) of sequences of
fuzzy numbers for the special cases of that matrix A. Quite
recently, Talo and Basar [5] have extended the main results
of Basar and Altay [6] to fuzzy numbers and defined the
alpha-, beta-, and gamma-duals of a set of sequences of fuzzy
numbers and gave the duals of the classical sets of sequences
of fuzzy numbers together with the characterization of the
classes of infinite matrices of fuzzy numbers transforming
one of the classical set into another one. Also, Kadak and
Basar [7-9] have recently studied fourier series of fuzzy
valued functions and gave some properties of the level sets
together with some inclusion relations, in [10]. Finally, Kadak
and Ozluk [11-13] have introduced the sets €, (H), c(H),
¢(H), and EP(H ) of classical sequences of fuzzy level sets
and sufficient conditions for partial completeness of these are
established by means of fuzzy level sets.

The rest of this paper is organized as follows. In Section 2,
some required definitions and consequences related with the
partial metric and fuzzy level sets, sequences, and conver-
gence are given. Section 3 is devoted to the completeness
of the sets of sequences bs(H), c¢s(H), csy(H) and bv(H),
bv (H), bvq(H ) of fuzzy level sets and some related notions.
In the final section of the paper, the Kothe-Toeplitz duals of
some classical sets are determined and given some properties
including solidness.
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2. Preliminaries, Background and Notation

Motivated by experience from computer science, nonzero
self-distance seen to be plausible for the subject of finite and
infinite sequences.

Definition 1 (see [14]). Let X be a nonempty set and p be
a function from X x X to the set R of nonnegative real
numbers. Then the pair (X, p) is called a partial metric space
and p is a partial metric for X, if the following partial metric
axioms are satisfied for all x, y,z € X:

(P1) x = yifand only if p(x, x) = p(x, y) = p(y, ¥),
(P2) 0 < p(x,x) < p(x, y),

(P3) p(x, ) = p(y,x),

(P4) p(x,2) < p(x, y) + p(y,2) = p(y, y).

Proposition 2 (Nonzero self-distance [15]). Let S* be the set
of all infinite sequences x = (X, x,,X,,...) over a set S. For
all such sequences x and y let d (x, y) = 27, where k is the
largest number (possibly co) such that x; = y; for each i < k.
Thus dy(x, y) is defined to be 1 over 2 to the power of the length
of the longest initial sequence common to both x and y. It can
be shown that (S, d,) is a metric space.

Each partial metric space thus gives rise to a metric
space with the additional notion of nonzero self-distance
introduced. Also, a partial metric space is a generalization of a
metric space; indeed, if an axiom p(x, x) = 0is imposed, then
the above axioms reduce to their metric counterparts. Thus,
a metric space can be defined to be a partial metric space in
which each self-distance is zero.

It is clear that p(x, y) = 0 implies x = y from (P1) and
(P2). But, x = y does not imply p(x, y) = 0, in general. A
basic example of a partial metric space is the pair (R”, p)
where p(x, y) = max{x, y} forall x, y € R*.

Remark 3 (see [16]). Clearly, a limit of a sequence in a partial
metric space need not be unique. Moreover, the function
p(-,-) need not be continuous in the sense that x, — x
and y, — yimply p(x,,,) — p(x,y). For example, if
X = [0,+00) and p(x, y) = max{x, y} for x, y € X, then for
{x,} = {1}, p(x,,x) = x = p(x, x) for each x > 1 and so, for
example, x, — 2and x, — 3 whenn — oo.

Proposition 4 (see [17]). Let x, y € X and define the partial
distance function p by

p:XxX—R"

(%, 7) = p (% y) = max{x, y},
p:XxX —R"

(6)

(%, 7) = p(x,y) = —min{x, y},

For X = R" and X = R7, respectively. Then, (R, p) is com-
plete partial metric space where the self-distance for any point
x € R" is its value itself. The pair (R, p) is complete partial
metric space for which p is called the usual partial metric on
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R™, and where the self-distance for any point x € R is its
absolute value.

Proposition 5 (see [18]). If p is a partial metric on X, then the
function p* defined by

P XxX —R'

(., y) — p’ (x,y) =2p(x,y) - p(x, %) — p(», y)(, |
7

is a usual metric on X. For example, in (R, p), where p is
the usual partial metric on R™, we obtain the usual distance
in R™ since for any x, y € R™, p*(x, y) = 2p(x, y) — p(x, x) —
p(y,y) =x+y-2min{x, y} =[x - yl.

Definition 6 (see [15]). A partial order on X is a binary
relation C on X such that

(i) x C x (reflexivity),
(ii) if x © y and y C x then x = y (antisymmetry),

(iii) if x C y and y C z then x C z (transitivity).

A partially ordered set (or poset) is a pair (X, E) such that C is
a partial order on X. For each partial metric space (X, p) let
C, be the binary relation over X such that xC, y (to be read,
x is part of y) if and only if p(x, x) = p(x, y). Then it can be
shown that (X, Ep) is a poset.

For the partial metric max{a, b} over the nonnegative
reals, C ., is the usual > ordering. For intervals, [a, b]C ,[c, d]

if and only if [c, d] is a subset of [a, b].

Definition 7 (cf. [17-20]). Let (X, p) be a partial metric space
and (x,,) a sequence in (X, p). Then, we say the following:

(a) A sequence (x,,) converges to a point x € X if and
only if p(x, x) = lim,,_, o, p(x,,, x).

(b) A sequence (x,,) is a Cauchy sequence if there exists
(and is finite) lim,, ,, _, o, p(x,, X,,,).

(c) A partial metric space (X, p) is said to be complete
if every Cauchy sequence (x,,) in X converges, with
respect to the topology 7, to a point x € X such that
plx,x) = lim,, , . p(x,,x,). It is easy to see that
every closed subset of a complete partial metric space
is complete.

(d) A mapping f: X — X is called to be continuous at
xo € X if for every € > 0, there exists § > 0 such that

F(By(x0:8)) € B,(f(x0), ).

(e) A sequence (x,) in a partial metric space (X, p)
converges to a point x € X, for any € > 0 such that
x € B,(x, ), there exists 1y > 1 so that for any n > n,,
x, € Bp(x, €).

Lemma 8 (see [18]). Let (X, p) be a partial metric space. Then,

(i) (x,) is a Cauchy sequence in (X, p) if and only if it is a
Cauchy sequence in the metric space (X, p*),

(ii) a partial metric space (X, p) is complete if and only
if the metric space (X, p°) is complete. Furthermore,
lim,_, ., p'(x,,x) = 0 if and only if p(x,x) =
lim, , o, p(x,, x) = lim,, , , o, p(x,, x,,).

In the partial metric space (R7, p), the limit of the sequence
(=1/n) is 0 since one has lim,,_, ., p*(~1/n,0), where p* is the
usual metric induced by pon R™.

2.1. 'The Level Sets of Fuzzy Numbers. A fuzzy number is a
fuzzy set on the real axis, that is, a mapping u : R — [0, 1]
which satisfies the following four conditions.

(i) u is normal; that is, there exists an x, € R such that
u(x,) = 1.
(ii) u is fuzzy convex; that is, u[Ax + (1 — A)y] =
minf{u(x), u(y)} forall x, y € R and for all A € [0, 1].
(iii) u is upper semicontinuous.

(iv) The set [u], = {x € R:u(x)> 0} is compact (cf.
Zadeh [21]), where {x € R : u(x) > 0} denotes the
closure of the set {x € R : u(x) > 0} in the usual
topology of R.

We denote the set of all fuzzy numbers on R by E' and call

it as the space of fuzzy numbers. A-level set [u], of u € E' is
defined by

(8)

{xeR:u(x)>A}, 0<A<I,
[u]) =

{xeR:u(lx)>A}, A=0.

The set [u], is closed, bounded, and nonempty interval for
each A € [0,1] which is defined by [u], = [u”(A),u"(1)]. R
can be embedded in E', since each r € R can be regarded as
a fuzzy number 7 defined by

p— 1)
rx) = {0, X#T.

X=rt,

)

Representation Theorem 1 (see [22]). Let [u], = [u (1),
u"(A)] foru € E! and for each A € [0, 1]. Then the following
statements hold.

(i) u™ is a bounded and nondecreasing left continuous
function on ]0, 1].
(ii) u* is a bounded and nonincreasing left continuous
function on ]0, 1].
(iii) The functions u~ and u® are right continuous at the
point A = 0.
(iv) u (1) <u*(1).

Conversely, if the pair of functionsu™ and u” satisfies conditions
(i)-(iv), then there exists a unique u € E! such that [ul, =
[u"(A),u"(A)] for each A € [0,1]. The fuzzy number u
corresponding to the pair of functions u~ and u"* is defined by
u:R — [0,1], u(x) =sup{A: u (1) < x <u" (W)}

Now we give the definitions of triangular fuzzy numbers
with the A-level set.



Definition 9 (triangular fuzzy number, [23, Definition, page
137]). The membership function g, of a triangular fuzzy
number u represented by (u;, u,, u3) is interpreted, as follows:

xX—u
, U S X S Uy,
U~y
=4 u;—x
By (x) 37X <x<us, (10)
Uz — Uy
0, X < Uy X > Us.

Then, the result [u], = [u”(A), u"(A)] = [(uy —u)A+uy, (uy—
u3)A + u3] holds for each A € [0, 1].

Letu, v,w € E' and & € R. Then the operations addition,
scalar multiplication, and product defined on E' by u + v =
w e [w]y = [u]y+[v]) forall A € [0,1]thenw™ (L) = u” (A)+
v~ (L) and wr()) = u" (L) + v" () forall A € [0,1].

Let W be the set of all closed bounded intervals A of real
numbers with endpoints A and A;thatis, A := [A, A]. Define
the relation d on W by d(A, B) := max{|A - B|, |A - B|}. Then
it can easily be observed that d is a metric on W (cf. Diamond
and Kloeden [24]) and (W, d) is a complete metric space, (cf.
Nanda [25]). Now, we can define the metric D on E! by means
of the Hausdorft metric d as

D (u,v) := sup d([uly, [v]))
A€l0,1]

= sup max{lu” (A) —-v V)|, [u" V) -v" )|}

A€(0,1]
(11)

Proposition 10 (see [26]). Let u,v,w,z € E' and « € R.
Then, the following statements hold.

(i) (E',D)isa complete metric space (cf. Puri and Ralescu
[27]).
(ii) D(ou, av) = || D(u, v).
(iii) D(u + v,w + v) = D(u, w).
(iv) D(u+v,w + z) < D(u, w) + D(v, z).
(v) |D(u,0) — D(v,0)| < D(u, v) < D(u,0) + D(v,0).

Definition 11 (see [28]). The following statements hold.

(a) A sequence u = (1) of fuzzy numbers is a function
u from the set N into the set E'. The fuzzy number u;
denotes the value of the function at k € N and is called
as the general term of the sequence.

(b) A sequence (u,) € w(F) is called convergent to u €
E', if and only if for every & > 0 there exists an n, =
ny(€) € N such that D(u,,, u) < € for all n > n,,.

(c) A sequence (u,) € w(F) is called bounded if and only
if the set of its terms is a bounded set. That is to say
that a sequence (u,,) € w(F) is said to be bounded if
and only if there exist two fuzzy numbers m and M
such that m < u, < M for all n € N. This means
thatm™ (1) < u, (A) < M~ (L) and m™(A) < u’(A) <
M*(A) forall A € [0, 1].
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The boundedness of the sequence (u,) € w(F) is equivalent
to the fact that

supD (un,ﬁ) = sup sup max {|u, ()|, |u; (V)|} < co.
neN neN A€[0,1]
(12)

If the sequence (1) € w(F) is bounded then the sequences
of functions {u; (1)} and {u; (1)} are uniformly bounded in
[0,1].

3. Completeness of the Sets of Sequences with
Respect to the Partial Metric

Following Kadak and Ozluk [11], we give the classical sets
o (H), c(H), ¢y(H), and £,(H) consisting of the bounded,
convergent, null, and p-summable sequences of fuzzy level
sets with the partial metric H, as follows:

¢, (H) = {u = (u) € w(F) : supH’ (uk,ﬁ) < 0o,
keN

EEEI},
c(H) := {u: () € w(F) : klim H* (uy,u) =0

for someu € El} R (13)

¢ (H) = {u = () € w(F): leHéOHS (uk,ﬁ) = 0},

¢, (H) = <|u = (u) € w(F): iHs(uk,ﬁ)P < oo} ,

k=0
(1<p<oo).
One can show that ¢ (H), c(H), and ¢,(H) are complete

metric spaces with the partial metric H,, defined by

H (u,v) = iulND {H (u i)} (14)

where u = (1) and v = (v;) are the elements of the sets c(H),
¢(H), or £,,(H). Also, the space ¢,(H) is complete metric
space with the partial metric H,, defined by

w 1/p
H, (u,v) := {ZHS(uk,vk)p]» , (1<p<oo), (15

k=0
where u = (1) and v = (v;) are the points of EP(H).
Theorem 12. Let u(H) denote any of the spaces bs(H), cs(H),

and csy(H), and u = (uy.), v = (v) € u(H). Define the partial
distance function HY, on u(H) by

HE :u(H)xu(H) — R”

(u,v) — HE (u,v) := sup {iHS (uk,vk)} .

neN | k=o
(16)

Then, (u(H), HZ.) is a complete metric space.
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Proof. Since the proof is similar for the spaces cs(H) and
cso(H), we prove the theorem only for the space bs(H). Let
u=(u),v= ), and w = (wy,) € bs(H). Then,

(i) by using the axiom (P1) in Definition 1, it is trivial that

u=ve HE (u,v) = sup {ZH (Uk"’k)]’

neN k=0

= SuPZ {2H (ue, vie) — H (o )
nENk -0

~H (vjo vi)} =

‘:’SUHPZ * (ugo )} —Slipz {H* (v vi)} = 0

& H? (u,v) = H?, (u,u) = HE (v,v).
(17)

(ii) By using the axiom (P2) in Definition 1, it follows that

H? (u,u) = sup {ZH Uy, uk)]»

neN | k=o (18)

< sup {ZH Uy, vk)} =H? (u,v).

neN | k=o

(iii) By using the axiom (P3) in Definition 1, it is clear that

H? (u,v) = sup {iHs (uk,vk)]»
" k=0

(19)
= sup { iHS (vk,uk)} =H (v,u).
n k=0

(iv) By using the axiom (P4) in Definition1 with the
inequalities H(uy, wy) < H(u,v,) + H(vp, wy) —
H(vg, v;) and H®(uy, 1) = 0, we have

Hgo (u, w)

n

=sup ) {H' (u,wy) : k € N}
" k=0

n

= sup Y. {2H (i)~ H (1, 16) ~ H (s )

n

: sgpkz {2 [H (e vie) + H (vio wye) — H (vieo vi0)]
—H (u ) — H (wy, wy.)}

n

= supz {2H (i vie) = H (o 1) = H (v i)
" k=0

+2H (vio wy) — H (vio v) — H (wy wy )}

5
<sup ) {2H (o vie) = H (v i) = H (vio vi)}
" k=0
+ Supz {2H (vio w) = H (vie, vie) — H (wy, )}
" k=0
= sup )" {H* (u, vi0)} + sup ) {H (v, wy)}
" k=0 " k=0
- stipz * (Vi i)}
=H? (u,v) + HY (v,w) - H, (v,v).
(20)

Therefore, one can conclude that (bs(H )>H£o) is a partial
metric space on bs(H). It remains to prove the completeness
of the space bs(H). Let (u,,) be any Cauchy sequence on

bs(H), where u,, = {ugm), ug’"), ...}. Then, for any € > 0, there
exists N € N for all m,r > N such that

HE (um,u,)—sup{ZH (uk ,ug))} <e. (21)

neN | k=o

A fortiori, for every fixed k € N and for m,r > N

n n
H* <Zu,(cm), Zu?) <e. (22)
k=0 k=0

Hence for every fixed k € N, by using the completeness of
(E, Hs) in Theorem 3.1 [11], we say the sequence (u my =

{uk ,uk ,...} is a Cauchy sequence and is uniformly con-

(m)

vergent. Now, we suppose that lim,, _, ., 1" = v and u =
(u;, Uy, . ..). We must show that
Mim HE (u,,,u) =0, uebs(H). (23)

The constant N € N for all m > N, taking the limit for » —
00 in (22), we obtain

(Zuk , Zuk> <€ (24)
k=0

forall k € N. Since (u ) € bs(H), there exists a number M >

0 such that H*(Y}_, ug”),O) < M for all k € N. Thus, (24)
gives together with the triangle inequality of partial metric
for m > N that

H5<kz:)uk,5>
<H' (kzouk’zuk >+H (lczou Zo) (25)
iy (;u zuw)SHM.



It is clear that (25) holds for every k € N whose right-hand
side does not involve k. This leads us to the consequence that
u = (U, U,,...)is bounded sequence of fuzzy numbers hence
u € bs(H). Also, from (24) we obtain for m > N that

H? (u,,,u) = sup {iHs (u,((m),uk)} <e.  (26)

keN (k=0

This shows that (23) holds and lim,, Hgo(um, u) = 0. Since
(u,,,) is an arbitrary Cauchy sequence, bs(H) is complete. [

Theorem 13. Define the distance functions H,(u, v), HqA(u, V),
and Hﬁo(u, v) by

(o]

H® (u,v) = Z {H’ [(Au)y, (Av), ]},
k=0

o 1/q
H2 (1,v) 1= {ZHS[(Au)k,(Av)k]q]» . @

k=0

HS (u,v) = iug {H* [(Au)g, (Av), ]},

where u = (u), v = (v;) are the element of the spaces
bv(H), bv,(H), or bv, (H), respectively. Then, (bv(H), HY),
(bvq(H), HqA), and (bv,,(H), Hgo) are complete metric spaces.

Proof. Since the proof is similar for the spaces bv(H) and
bv,, (H), we prove the theorem only for the space bv, (H). One
can easily establish that HqA defines a metric on bvq(H ). Let
X = {x(()i), x(li), ...} be any Cauchy sequence on bvq(H). Then
for every € > 0, there exists a positive integer #1,(e) € N for all
i, j > ny, such that

HE () = Y ([, e} <6 8)
n=0

where (Ax), = x, — x,_, and x_, = 0. We obtain for each
fixed n € N from (28) that

H' [(Ax);, (Ax)]] <&, (29)

foralli, j > ny(e), which leads us to the fact that the sequence
{(Ax),} is a Cauchy sequence and is convergent. Now, we

suppose that (Ax)il — (Ax), asn — o00. We have from
(29) for each m € Nand 4, j > n,(e), that

iHS[(Ax);C, axf]" s HY (' x7) <€l (30)
k=0

Take any i > ny(€). Let firstly j — oo and nextlym — oo
in (30) to obtain HqA(x’, x) < e. Finally, by using Minkowski’s
inequality for each m € N

. 1/
{ S (Ax)k,ﬁ)q]» < H (%) + H (+40)
=0

< e+HqA (xi,ﬁ) < 00,

31)
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which implies that x € bvq(H ). Since HqA(x",x) < € for all

i > ny(e), it follows that x> xasi — oo. Since (x') is
an arbitrary Cauchy sequence, the space bv,(H) is complete.
This step concludes the proof. O

4. The Duals of the Sets of Sequence with
the Partial Metric

The idea of dual sequence space, which plays an important
role in the representation of linear functionals and the
characterization of matrix transformations between sequence
spaces, was introduced by Kéthe and Toeplitz [29], whose
main results concerned a-duals. An account of the duals of
sequence spaces can be found in Kothe [30]. One can also find
about different types of duals of sequence spaces in Maddox
[31].

In this section, we focus on the alpha-, beta- and gamma-
duals of the classical sets of sequences of fuzzy numbers with
partial metric. For the sets A(H), u(H), and S(A(H), u(H)) of
sequences defined by

S(AH),u(H)) :={w = (wy) € 0 (F) : (wrz) € pu(H)
Vz = (z) € A(H)},
(32)

is called the multiplier sets of A(H) and u(H) for all k € N.
One can easily observe for a sequence set v(H) of fuzzy level
sets that the inclusions

S(A(H),u(H)) c S(v(H),u(H))
S(A(H),u(H)) c S(A(H),v(H))

it v(H) cA(H),

if u(H) cv(H),
(33)

hold. The alpha-, beta- and gamma-duals {A(H)}", {A\(H )}'B ,
and {A(H)}" of aset A(H) C w(F) are, respectively, defined by

AHE)F = {w = (wy) € w (F) : (wezy) € €, (H)
Vz = (z;) € A(H)},

AH) = {w = (wy) € 0 (F) : (wpz) € cs (H) G
Vz = (z;) € A(H)},

AEY = {w = (w;) € w (F) : (wezi) € bs (H)
Vz = (z) € A(HD)},

where (w, z;) the coordinatewise product of the sequences w

and z of level sets for all k € N. Then {A(H )}ﬁ is called 3-dual
of A(H) or the set of all factor sequences of A(H) are in cs(H).
Firstly, we give a remark concerning with the convergence
factor sequences of fuzzy level sets with partial metric.

Remark 14. Let 0 +# AMH) < w(F). Then the following
statements are valid.

(a) {/\(H)}ﬁ is a set of sequence and ¢(F) < {)L(H)}ﬁ <
w(F) (“<” stands for “is a linear subset of ”) where

@(F)={u=():IN €N, Yk 2 N, 1, =0}.  (35)
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(b) If M(H) ¢ u(H) € w(F) then {u(H)}* < (A\(H)}P.
(0) AM(H) c {MHEP = (AH)P)P.
(d) {p(F)}* = w(F) and {w(F)}f = ¢(F).

Proof. Since the proof is trivial for conditions (b) and (c), we
prove only (a) and (d). Letm = (m;) and n = (1) € {/\(H)}ﬁ.

(a) Let I € A(H). Then we get (myl,) € cs(H); (nly) €
cs(H) and (my + m)l, = (mly) + (mly) € cs(H).
Since [ is arbitrary, m + n € {/\(H)}ﬁ. For any ¢ € R

andw = (wy,) € {/\(H)}ﬁ we have

(awg) = a (wily) € es(H), (36)

and we get aw € {)\(H)}ﬁ. Therefore, {)\(H)}ﬁ is a
linear subset of w(F).

(d) Using (a) we need only show {cu(F)}‘6 C @(F). Suppose
that w = (w,) € {w(F)}'B and z = (z,) be given with
geometric division by z,, := (1/w,) ifw, # 0and z, :=
0 otherwise. By taking into account the set ¢(F) from
the case (a), then there exists an integer N € N for all
n > N such that w, = 0. Thus, we have

iwnzn = ZI (u)n # 6). (37)
n=0 n

Further, (w,z,) € cs(H) implies that w € ¢(F). The
rest is an immediate consequence of this part; we omit
the detail. -

Theorem 15. The following statements hold.
(@) {(H)}F = {c(H)Y = (e, (H)}YF = €,(H).
(b) {&,(H)}Y = €, (H).

Proof. (a) Obviously {€.,(H)}¥ c {c(H)}f c {q(H)} by
Remark 14(b). Then we must show that ¢,(H) ¢ {EOO(H)}ﬁ

and {CO(H)}ﬁ C ¢,(H). Now, consider w = (w) € ¢,(H) and
z = (z;) € £,,(H) are given. Then
Y H* (wyz,0) < supH (2:0) Y H* (wy,0) < 00, (38)
k=0 k=0

which implies that wz € c¢s(H). So the condition ¢,(H) ¢
{e.,(H)}* holds.

Conversely, for a given y = (y;) € w(F) \ ¢,(H) we prove
the existence of an x € ¢y(H) with yx ¢ cs(H). According
to y ¢ ¢,(H) we may take an index sequence (np) which is
a strictly increasing real valued sequence with n, = 0 and

Y H(3,0) > p (p € N). If we define x = (x;) € ¢(H)
p-1

by x; := ((sgn y,)/ p), where the real signum function defined

by

i, u#0,
sgn (u) == 1 |ul 5 (39)

0, u=

>

7
forall u = (1) € E', thus, we get
n},—l 1 np—l
Z (nex) = = Z Vi (sgny) = = Z H’ (yk’o) =1,
.l pk:np,l k=n,_,
(40)

foralln, ; < k < n,. Therefore yx ¢ cs(H) and thus y ¢

{o(FN)}Y¥. Hence {c,(F)}¥ < €, (H).

(b) From the condition (c) of Remark 14 we have £,,(H) C
({o FDYP)P = {&,(HD)} since {€,,(H)} = €,(H). Now we
assume the existence of a w = (w,) € {¢; (H)}'g \ € (H).
Since w is an unbounded sequence there exists a subsequence
(w,,,) of (w,) such that Hs(wnk,(_)) > (k+1)* forallk € N,.
x,,) is defined by x,, := (sgn(w,, )/(k + 1)%) if
n = ny and 0 otherwise. Then x € ¢,(H). However

The sequence (

H* (w,,0)
(k+1)* Zk:1 “y

Q= )~

n k

Hence w ¢ {¢,(H )}ﬁ , which contradicts our assumption and
{e,(H )}ﬁ C €., (H). This step completes the proof. O

Further to the statements in Remark14 we make the
following remarks which are immediate consequences of the
definition of the {-duals (¢ € {e, 3, y}).

Remark 16. Let @ # A(H) < w(F). Then the following
statements are valid.

(@) p(F) < (AH)* < (AE)F < (MH)Y < w(F); in
particular, {A(H )¥ is a set of sequence.
(b) If A(H) < u(H) < w(F) then {u(H)}* < {(A\(H)}*.

(c) If I is an index set, if A(H); are sets of sequences and

if M(H) = J;¢; M(H);, then
AE) = NiaE,), (42)
iel

where the notation “()” stands for the span of linear
subset in R.

(d) IFACH) < (ACH)YE = (AEDI)C. (€ € {o, By y))

Proof. Condition (b) is obviously true, and (a) follows from
¢, (H) < cs(H) < bs(H). We only show conditions (c) and
(d) taking ¢ = «. Other parts can be obtained in a similar way.

(c) Now, as an immediate consequence A(H); ¢ (A(H))
that the following conditions

AE) < AED,  AE) < YA (43

i€l

hold by (b). On the other hand, if y € (;.,{A(H);}%,
thatis y € {A(H),;}", then xy € ¢,(H) forall x € A(H)
and therefore y € {A(H)}* ¢ (A(H))".



(d) We prove A(H) < {AM(H)}**. Letw € A(H); then,wz €
¢,(H) for all z € {A(H)}; thus, w € {A(H)}* and
AMH) < {A(H)}** by (a). 0

In general A(H) + {A(H )}“ as we get from Theorem 15(a) in
the case of { = fand A(H) := ¢, (H). We have {cO(H)}ﬁ'B =
o (H) # ¢y(H). This remark gives rise to the following
definition.

Definition 17 ({-space, Kothe space). Let( € {a, 3, y}, and let
A(H) be a set of sequence. A(H) is called {-space if A(H) =

{AMH )}“. Further, an a-space is also called a Kéthe space or
perfect sequence space.

From Remarks 4.3(d) and (b) we obtain immediately the
following remark.

Remark 18. If A(H) is a set of sequence over real field and
(¢ € {a B y}), then {A(H)}® is a {-space; that is, {A(H)}* =
A,

Now we look for sufficient conditions for {A(H)}* =
{AMH )}‘6 = {A(H)}". This gives rise to the notion of solidity.

Definition 19 (Solidness). Let A(H) be a set of sequence over
the field R. Then A(H) is called solid if

{u = (u) € w(F):3(x;) € A(H) VkeN: H (uk,ﬁ)

< H' (x:,0)} < A(H).
(44)

Theorem 20. Consider A(H) < w(F) is any set of sequence
over the field R; then, the following statements hold.
(a) If A(H) is a Kdthe space, then A(H) is solid.
(b) If M(H) is solid, then {A\(H)}* = AH)YP = (AE)Y.
(c) If \(H) is a Kothe space, then A(H) is a {-space.

Proof. Let A(H) < w(H) be a set of sequence over the field R.

(a) If A(H) is a Kothe space and u € w(F), then u €
{A(H)}* ifand only if the condition uz € ¢, (H) holds
forall z € {A(H)}". Besides this we obtain H*(v;, 0) <
Hs(uk,a) foru = () € MH) and v = (v) € w(F)
and the statement

;Hs (V21 0) < ;HS (421 0) < 00, (45)

holds for each z € {A(H)}". Therefore vz € £,(H).
Hence v € A(H) and A(H) is solid over the real field.
(b) Consider A(H) is solid. To show {A\(H)}* = {A(H)}ﬁ =
{A(H)}, it suffices to verify {A(H)}" < {A(H)}" as we
have Remark 16 (a). So, let v = (v;) € {A(H)}"; that is,

sup {ZHS (ukvk,ﬁ)]» <oo forevery u= ()€ A(H).
neN k=0

(46)
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By taking into account solidness of A(H), for z =
(z,) € A(H), where z;, = uysgn(u,v,) and the
condition Hs(zk,a) < Hs(uk,a) holds; there exists a
sequence u = (u;) € AMH) for all k € N. Therefore
by combining this with the inclusion (46) we deduce
that the condition

N N N
ZHS (ukvk,(_)) = kauk sgn (uvy) = H' <kazk,6>
k=0 k=0 k=0

n
<sup {H' [ Y 2,0 |t < 0o,
neN k=0

holds and uv € ¢;(H). Hence v € {A(H)}" and
{AHE)Y < {(A(H)}™.

(c) This is an obvious consequence of Remark 18 and
conditions (a), (b) in Theorem 20. 0

(47)

Theorem 21. The following statements hold.

(a) The sets o(F), w(F), EP(H), ¢(H), and €. (H) of se-
quences are solid.

(b) The sets c(H) and bv(H) of sequences are not solid;
therefore, none of them is a Kothe space.

(c) For each { € {«, 3,7}, then

(i) {€&,(H)Y* = €, (H) and {€,,(H)}* = €,(H),
(ii) {w(F)}* = o(F) and {p(F)}* = w(F).

(A IfC € {a, By} and y(H) < u(H) < €. (H), then
{w(H)Y = €,(H) and p(H) ¢ {u(H)} = €,,(H). In
particular {CO(H)}C = {C(H)}( = ¢,(H), and each of
c(H), ¢,(H) is not a {-space.

Proof. Given specified sets are solid in (a) and (b) is an
immediate consequence of their definition. Additionally, the
parts (i) and (ii) of (c) can be obtained Theorem 15 and
Remark 14(d). Since ¢y(H) and €, (H) are solid, we know that

{cO(H)}( = {KOO(H)}( = ¢,(H). So the statements in (d) obtain
from Remark 16(b). ]

Next, we determine the {-duals of the spaces cs(H),
bs(H), bv(H), and bv(H). We will find that none of these sets
is solid; in particular, none of them is a Kéthe space.

Theorem 22. The following statements hold.

(a) {es(H)I* = {bv(H)}* = {byo(H)}® = {bs(H)}* =
¢,(H).

(b) {es(H)Y = by(H), {bv(H)}F = cs(H), {bvy(H)Y =
bs(H), {bs(H)}¥ = bv,(H).

(©) {es(EDY = bv(H), {bv(H)} = bs(H), {bvo(H)}' =
bs(H), {bs(H)}Y = bv(H).
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In particular the sets cs(H), bs(H), bv(H), and bvy(H) of
sequences are f-spaces, but they are not Kothe spaces.
Moreover, the sets bs(H) and bv(H) of sequences are y-
spaces, whereas both cs(H) and bv,(H) are not y-spaces.
None of the spaces cs(H), bs(H), bv(H), and bv,(H) is solid.

Proof. We prove the cases for the spaces {cs(H )}C’ Cefa, By}
and the proofs of all other cases are quite similar.

(a) Let x = (x) € cs(H) and y = (y,) € ¢,(H). Then,

ZH (ykxk, ) < supH (xk, )ZH (yk, ) < 00
(48)
Vk € N.

Therefore, y € {cs(H)}* which gives that £,(H) ¢
{es(FD)}*.

Conversely, suppose that y = (y;.) € {cs(H)}*\ ¢,(H).
Then we can construct an index sequence (11,) with

n, < n,, and Z:‘:nlpﬂ H'(y,,0) > 4P. Define x =
(x1) by
ko=p
X = (-1)*27%, n, < k S Npit> (49)
0, otherwise.

Then x = (x;) € cs(H). According to the choice of n,
the inequalities

p+1

2H (96 0) 2 ZZ Py H(n0)2 )2 (50

k k=n,+1 P

hold. Thus xy ¢ ¢,(H), which implies y ¢ {cs(H)}".

This contradicts that y € {cs(H)}*. Therefore
es(HDY* © &,(H).
As well if we take the sequence (x;) by
2P n <k<n
= R A 51
Xk {0, otherwise, S

the condition {bv,(H)}* c ¢,(H) holds.
(b) Let u = (u) € {cs(H)}ﬁ and w = (wy) € ¢(H).

Define the sequence v = () € cs(H) by v, = (wy, —
Wy,,) for all k € N. Therefore, Y, 1, v) converges, but

n n—-1
Z (Wi ~ W) i = [Zwk (u — “k—1)] — Wyl (52)
k=0 k=1

and the inclusion ¢,(H) < cs(H) yields that (1) €
{es(H)Y < {€,(H)}} = €, (H). Then we derive by
passing to the limit in (52) as # — oo which implies
that

(o)
(Wi = Wyeyy) g = Zwk (v = 1) (53)
k=0

18

=
1l
o

for every k € N. Hence (u;, — uy_,) € {cO(H)}ﬂ =
{H)}* = £,(H); that is, u € bv(H). Therefore,
{es(H)YF < bv(H).

Conversely, suppose that u = (1) € bv(H). Then,
(uy — ug_q) € €(H). Further, if v = (v;) € cs(H),
the sequence (w,) defined by w, = Y _ v forall k €
N, is an element of the space c(H). Since {c(H)}" =
¢,(H), the series Y wy (u;, — uy,1) is convergent. Also,
we have

Z (Wi = wyey) 1y < [Zwk ~ U :|

W, Uy, — Wy Uy,

(54)

Since (w,) € c(H) and (1) € bv(H) c c(H), the
right-hand side of inequality (54) converges to zero
asm,n — 0. Hence, the series Y 0 (wy — wy_; )uy
or Y o, trVy converges and bv(H) € {CS(H)}‘B.

(c) By using (a), it is known that bv(H) < {cs(H )}/3 and
since {cs(H)}¥ ¢ {cs(H)Y, so bv(H) < {cs(H)}.
We need to show that {cs(H)}Y < bv(H). Let u =
(u,) € {cs(H)} and v = (v,) € ¢(H). Then, for the
sequence (w,,) € cs(H) defined by w,, = (v,,—v,,,) for
all n € N, we can find a number K > 0 such that
H' (Y} o 4wy, 0) < K forall n € N. Since (v,) €
¢(H) and (u,) € {cs(H)}Y c € (H), there exists a
real number M > 0 such that H*(u,,v,,0) < M for all
n € N. Therefore,

H’ (i (e — 1) Vk’6>

k=0

n+l _ 55
SHS(Z”k(Vk_VkH)’O) &)

k=1

+ HS (Vn+2un+1’6) < K + M'

Hence (u;, — u;_)) € {q(H)} = {¢(H)}* = ¢,(H);
that is, (u,) € bv(H). Therefore, since the inclusion
{cs(H)}Y ¢ bv(H) holds, we conclude that {cs(H)}" =
bv(H), as desired. O

5. Conclusion

Partial metrics are more flexible than metrics; they generate
partial orders and their topological properties are more
general than the one for metrics, argued by the fact that the
self-distance of each point need not be zero. They are useful
in partially defined information for the study of domains and
semantics in computer science.

The concept of level sets associated with a fuzzy set was
originally introduced by Zadeh. With the aid of level sets we
are able to provide a formulation for a fuzzy set in terms of
crisp subsets via the representation theorem. The importance
of having such a representation is that it can allow us to extend
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operations defined on crisp sets to the case of fuzzy sets. Our
focus here is on using the idea of level sets to construct the sets
of sequences of fuzzy numbers within partial metric spaces.

This work presents the alpha-, beta-, and gamma-duals of
the sets of bounded, convergent, and null series and the set of
sequences of bounded variation of fuzzy level sets, based on
the partial metric. The potential applications of the obtained
results include the characterization of matrix transformations
between these sets of sequences.
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