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We apply the classical theory of hyperrings to vague soft sets to derive the concepts of vague soft hyperrings, vague soft hyperideals,
and vague soft hyperring homomorphism. The properties and structural characteristics of these concepts are also studied and
discussed. Furthermore, the relationship between the concepts introduced here and the corresponding concepts in classical

hyperring theory and soft hyperring theory is studied and investigated.

1. Introduction

Hyperstructure theory which is a generalization of the notion
of classical algebraic structures was introduced by Marty in
1934 (see [1]). Since its inception, hyperstructure theory has
seen tremendous development. Corsini (see [2]) introduced
the concept of a hyperring and gave the definition of the
most general form of hyperring, besides being responsible
for introducing the notion of hyperring homomorphism.
In 1994, Vougiouklis (see [3]) introduced another type of
hyperrings called the H,-ring which is a generalization of the
notion of hyperring introduced by [2]. Vougiouklis (see [3])
also introduced the notion of H,-subring and left and right
H,-ideal of a H,-ring.

The theory of hyperstructures has also been actively
applied to various mathematical theories such as the theory of
fuzzy sets introduced by Zadeh in 1965 (see [4]), intuitionistic
fuzzy theory introduced by Atanassov in 1986 (see [5]), and
soft set theory introduced by Molodtsov in 1999 (see [6]),
to produce several important concepts and theories. The
study of fuzzy algebra began with the introduction of the
notion of a fuzzy subgroup of a group by Rosenfeld (see
[7]). Consequently, this led to the study of fuzzy hyperalgebra
beginning with the introduction of the notion of a fuzzy

subhyperring of a hyperring (resp., fuzzy H,-subrings) of a
hyperring (resp., H,-ring) and fuzzy hyperideals (resp., fuzzy
H,-ideals) of hyperrings (resp., H,-rings). The notion of fuzzy
hyperideals introduced by Davvaz (see [8]) is a generalization
of the concept of Liu’s (see [9]) definition of a fuzzy ideal of a
ring.

Soft set theory is a general mathematical tool which
was designed to deal with uncertainties and is widely ac-
knowledged as an effective alternative to the classical mathe-
matical tools that were used to deal with uncertainties and
imprecision. Prior to the introduction of soft set theory,
mathematical theories such as the theory of fuzzy sets,
rough sets, and probability theory were used as tools to deal
with uncertainties, imprecision, and vagueness. However,
soft set theory has been proven to be a superior alternative
to these classical theories as it is free from the inherent
difficulties that affect these classical mathematical tools. Soft
set theory has been successfully applied in various areas of
mathematics such as in classical algebra and hyperalgebra,
fuzzy algebra, and fuzzy hyperalgebra to develop various
algebraic structures. However, an inherent weakness of soft
set theory is that it is difficult to be used to represent the
vagueness of problem parameters, particularly in problem-
solving and decision making contexts. To overcome this



disadvantage, various generalizations of soft sets such as fuzzy
soft sets, vague soft sets, and intuitionistic fuzzy soft sets were
introduced as better alternatives to the concept of soft sets.
In the context of this paper, the notion of vague soft sets
is used as a base to develop the initial theory of vague soft
hyperrings.

In this paper, we develop the initial theory of vague
soft hyperrings in Rosenfeld’s sense as a continuation to the
theory of vague soft hypergroups introduced in [10]. Subse-
quently some of the fundamental properties and structural
characteristics of these concepts are studied and discussed.
Lastly, we prove that there exists a one-to-one correspon-
dence between some of these concepts and their correspond-
ing concepts in soft hyperring theory as well as classical
hyperring theory.

2. Preliminaries

In this section, some well-known and useful definitions
pertaining to the development of the theory of vague
soft hyperrings introduced here will be presented. These
definitions and concepts will be used throughout this
chapter.

Definition 1 (see [6]). A pair (F, A) is called a soft set over U,
where F is a mapping given by F : A — P(U). In other
words, a soft set over U is a parameterized family of subsets
of the universe U. For ¢ € A, F(e) may be considered as the
set of e-elements of the soft set (F, A) or as the e-approximate
elements of the soft set.

Definition 2 (see [6]). For a soft set (F,A), the set
Supp(F,A) = {x € A : F(x) # 0} is called the support
of the soft set (F, A). Thus a null soft set is a soft set with an
empty support and a soft set (F, A) is said to be nonnull if
Supp(F, A) # 0.

Definition 3 (see [11]). Let X be a space of points (objects)
with a generic element of X denoted by x. A vague set V in X
is characterized by a truth membership function ¢y, : X —
[0, 1] and a false membership function f;, : X — [0,1]. The
value t,,(x) is a lower bound on the grade of membership of
x derived from the evidence for x and fy,(x) is a lower bound
on the negation of x derived from the evidence against x. The
values ty,(x) and fy (x) both associate a real number in the
interval [0, 1] with each point in X, where ty,(x) + fi,(x) < 1.
This approach bounds the grade of membership of x to a
subinterval [t (x),1 — f,,(x)] of [0,1]. Hence a vague set
is a form of fuzzy set, albeit a more accurate form of fuzzy
set.

Definition 4 (see [12]). A pair (F, A) is called a vague soft set
over U where F is a mapping given by F : A — V(U) and
V(U) is the power set of vague sets over U. In other words, a

vague soft set over U is a parameterized family of vague sets of

the universe U. Every set F(e), for all e € A, from this family
may be considered as the set of e-approximate elements of

the vague soft set (F, A). Hence the vague soft set (F, A) can
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be viewed as consisting of a collection of approximations of
the following form:

(7.4)
={F,(x):i=1,23,...}
B { [ty (%) 51 = faey (%)] i=1.2.3,.. } ,

Xi

@

where fa(x,-) is a subset of (F, A) for alle € A and for all
xeU.

Example 5 (see [12]). Consider a vague soft set (F,E),
where U is a set of six houses under consideration of a
decision maker to purchase which is denoted by U =
{hy,hy, hs, hy, hs, bl and E is a parameter set, where
E = {e; e, 6564651 = {expensive, beautiful, wooden,
cheap, in the green surroundings}. The vague soft set (F, E)
describes the “attractiveness of the houses” to this decision
maker.

Suppose that

ﬁ@)_<mL0ﬂ [0.9,1] [0.3,0.5] [0.8,0.9]
R N
[0.2,0.4] m&aa)

hs ~ hg ’

Fle,) = < 091][0207][0609][0104
& h, hy ~ hy T hy
[0.3,0.4] [0.1,0.6] >

hy 7~ hg ’

o _ [0’0] [0’0] [1) 1] [1>1] [1’1] [0:0]

F (63) - < hl > h2 > h3 > h4 > hS > h6 )) (2)
~ . ([08,09] [0,0.1] [05,0.7] [0.1,0.2]

F(e4) - < hl > h2 > h3 > h4 >

m&aa)
he )’

0.9,1] (0.2,03] [0.1,04] [0.1,02]
F(5)<1 A A

[0.2,0.4] mzo%)
hy ~ hy )

[0.6,0.8]
hs

>

The vague soft set (F,E)isa parameterized family {F (e;), i=
1,2,3,4, 5} of vague sets on U, and

[0.1,0.2] [0.9,1]
h,  h,
[0.3,0.5] [0.8,0.9] [0.2,0.4] m&am)
hy ° h, ° hy hy )’

(ﬁ,E) = {Expensive Houses:<
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[0.9,1] [0.2,0.7]
h, ° h,

[0.6,0.9] [0.2,0.4] [0.3,0.4] [0.1,0.6]> }
hy ~ h, ~ hy ~ hy )1

Beautiful Houses = (

(3)

Definition 6 (see [10]). Let (F,A) bea vague soft set over X.
The support of (F, A) denoted by Supp(ﬁ ,A) is defined as

Supp (ﬁ, A) = {a €A: ﬁa (x)#0, ie., tp, (x)
(4)
#0, 1- fz (x)#0},

forall x € X.

It is to be noted that a null vague soft set is a vague soft
set where both the truth and false membership functions are
equal to zero. Therefore, a vague soft set (F, A) is said to be
nonnull if Supp(F, A) # 0.

Definition 7 (see [12]). Let (F, A) and (G, B) be vague soft sets
over U. The set (F, A) is called a vague soft subset of (G, B) if
A C Band, for everya € A, F(a) and G(a) are the same
approximation. In this case, (G, B) is called the vague soft
superset of (F, A) and this relationship is denoted by (F,A)
(G, B).

Definition 8 (see [12]). If (F, A) and (G, B) are two vague soft
sets over U, the intersection of (F, A) and (G, B) denoted as
“(F, A)1 (G, B)” is defined by (F, A)(G, B) = (H,A x B),
where

tﬁc(x), ce A-B,
th (x) = te. (%), ceB-A,
min (tﬁc (x)’t@ (x)), c€EBNA,
1- fp (%) ®)
l—fﬁc(x), ce€A-B,
= l_f@c(x)’ ceEB-A,

min(l—fﬁt(x),l—f@[(x)), ceEBNA,

for all ¢ € Supp(H, C) and for all x € U.

Definition 9 (see [12]). Let (F, A) and (G, B) be vague soft sets
over U. Then “(F, A) AND (G, B)” denoted by (F, A) A (G, B)
is defined as (F, A) A (G, B) = (H, A x B), where

tg,., () = min {tﬁa (%), t5, (x)} ,
(6)
1 _fﬁ(u,ﬁ) () = min {1 _fﬁ(a) (x),1 _f6<ﬁ> (x)} >

for every («, f) € A x Band x € U, where ey and fﬁ(a,ﬁ)
are the truth membership function and false membership
function of Ifl(a,ﬁ), respectively. This relationship can be
written as I’-T(mﬁ)(x) = le(x) n @l;(x), where N represents the
intersection operation between two vague soft sets as defined
in the case of ¢ € BN A in Definition 8.

Definition 10 (see [10]). Let (F,A) bea vague soft set over U.
Then, for all &, f € [0,1], where a < J5, the («, 8)-cut or
the vague soft («, 3)-cut of (F, A) is a subset of U which is
as defined below:

(ﬁ,A)(mﬁ) = {x eU:tp x)za, 1- fﬁa (x) )
>p, ie., F, (x)>[a, [3]} ,

forall a € A.

If & = f3, then it is called the vague soft («, «)-cut of (F, A)
or the a-level set of (F, A), denoted by (F, A) (a0 18 @ subset
of U which is as defined below:

(IE,A)(““) = {xEU tiE x)za, 1 —fﬁa (x)
: (8)

>a, ie, 13“ (%)= [a, oc]} ,
foralla € A.

Definition 11 (see [10]). Let (F,A) bea vague soft set over X
and let G be a nonnull subset of X. Then (F, A)g is called
a vague soft characteristic set over G in [0, 1] and the lower
bound and upper bound of (F,) are as defined below:

s, if xeG,

tEye (%) =1 fig), (%) = { ©)

w, otherwise,

where (ﬁa)G is a subset of (F, A)g x € X,s,w € [0,1], and
s> w.

This paper pertains to the application of classical hyper-
ring theory to the concept of vague soft sets. Furthermore, the
relationships that exist between the concepts introduced in
this paper and the corresponding concepts in classical hyper-
ring theory are also studied and discussed. The definitions
of several important concepts pertaining to the theory of
hyperstructures are presented below.

Definition 12 (see [1]). A hypergroup (H,o) is a set H
equipped with an associative hyperoperation (o) : H x H —
P(H) which satisfies the reproduction axiom given by xo H =
Hox =H forall xin H.

Definition 13 (see [13]). A hyperstructure (H, o) is called an
H,-group if the following axioms hold:

(i) xo(yez)N(xoy)oz#Pforallx,yzeH,
(ii) xc H=Hox = H forall x in H.

If (H, o) only satisfies the first axiom, then it is called a H-
semigroup.



Definition 14 (see [1]). A subset K of H is called a subhyper-
group if (K, o) is a hypergroup.

Definition 15 (see [3]). A H,-ring is a multivalued system
(R, +, o) which satisfies the following axioms:

(i) (R, +) is a H,-group,
(ii) (R, °) is a H,-semigroup,

« »

(iil) the hyperoperation “o” is weak distributive over the

« »,

hyperoperation “+7; that is, for each x, y,z € R the
following holds true:

xo(y+z)N((xey)+(xo2) # ¢,
(x+y)ozn((xo2)+(yoz)) # ¢.

(10)

Definition 16 (see [3]). A nonempty subset R’ of R is called a
subhyperring of (R, +, o) if (R, +)isa subhypergroup of (R, +)
and forall x, y,z € R, xo y € P*(R"), where P*(R’) is the set
of all nonempty subsets of R’

Definition 17 (see [3]). Let Rbe a H, -ring. A nonempty subset
I of R is called a left (resp., right) H,-ideal if the following
axioms hold:

(i) (I, +) is a H,-subgroup of (R, +),
(ii) RoeI € I (resp., IeR CI).

If I is both left and right H, -ideals of R, then I is said to be a
H,-ideal of R.

3. Vague Soft Hyperrings

In this section, the concept of vague soft hyperrings in
Rosenfeld’s sense is introduced as a continuation to the theory
of vague soft hypergroups introduced by [10]. We derive the
definition of vague soft hyperrings by applying the theory of
hyperrings to vague soft sets. The properties of this concept
are studied and discussed.

From now on, let (R, +,°) be a hyperring (or H,-ring),
let E be a set of parameters, and let A € E. For the sake of
simplicity, we will denote (R, +, ) by R.

Definition 18 (see [14]). Let (F, A) be a nonnull soft set over
R. Then (F, A) is called a soft hyperring over R if F(x) is a

subhyperring of R for all x € Supp(F, A).

Definition 19 (see [10]). Let (F, A) be a nonnull vague soft
set over a hypergroup (H, ). Then (F, A) is called a vague
soft semihypergroup over (H, o) if the following conditions are
satisfied for all a € Supp(F, A):

Forallx, y € (H,?), min{tﬁa(x),tﬁu(y)} < inf{tﬁ“(z) 1z €
x o y} and min{1 —fﬁa(x),l —fﬁa(y)} < inf{l —fﬁa(z) 1z €
x o y}; that is, min{F,(x), F,(y)} < inf{F,(z) : z € x o y}.

Definition 20 (see [10]). Let (F, A) be a nonnull vague soft
set over H. Then (F, A) is called a vague soft hypergroup
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over H if the following conditions are satisfied for all
a € Supp(F, A):

(i) For all x,y € H, min{tﬁa(x), tﬁa()’)} < inf{tﬁa(z) :
z € xoy}and min{l —fﬁa(x),l —fgﬂ(y)} < inf{l-
fﬁa(z) : z € x o y}; thatis, min{fa(x),fa(y)} <
inf{F,(z) : z € x o y}.

(ii) For all w,x € H, there exists y € H such that
X € we yand min{tﬁa(w),tﬁa(x)} < tﬁa(y) and
min{l - fﬁa(w),l - fﬁa(x)} <1- fﬁa(y); that is,
min{F,(w), F,(x)} < F,(y).

(iii) For all w,x € H, there exists z € H such that
x € zow and min{tﬁa(w),tﬁa(x)} < tﬁa(z) and
min{l —fﬁa(w),l - fﬁa(x)} < 1- fﬁu(z); that is,
min{E, (w), F,(x)} < E,(z).

Conditions (ii) and (iii) represent the left and right repro-
duction axioms, respectively. Then F, is a nonnull vague
subhypergroup of (H,°) (in Rosenfeld’s sense) for all a €
Supp(F, A).

Definition 21. Let (F, A) be a nonnull vague soft set over R.
Then (F, A) is called a vague soft hyperring over R if, for all
a € Supp(F, A), the following conditions are satisfied:

(i) For all x,y € R, min{tﬁa(x), tﬁa()/)} < inf{tﬁu(z) :
z € x + y} and min{l—fﬁa(x),l—fﬁa(y)} <
inf{l—fﬁa(z) : z € x + y}, which means
min{ﬁa(x),ﬁa(y)} < inf{ﬁa(z) 1z €x+ yh

(ii) For all w,x € R, there exists y € R such that
x € w+ yand min{tﬁa(w),tﬁa(x)} < tﬁa(}’) and
min{l — fﬁa(w),l —fﬁa(x)} <1- fﬁa()’); that is,
min{F, (w), F,(x)} < F,(y).

(iii) For all w,x € R, there exists z € R such that
X € z + w and min{tﬁu(w),tﬁa(x)} < tﬁa(z) and
min{l —fﬁa(w), 1 —fﬁa(x)} < 1—fﬁu(z); that is,
min{ﬁa(w), ﬁa(x)} < 13“(2).

(iv) For all x,y € R, min{tﬁa(x), tﬁa()’)} < inf{tﬁa(z) :
z € x o y} and min{l—fﬁa(x),l—fﬁa(y)}
inf{l - fﬁa(z) : z € xoy};thatis, min{ﬁa(x),ﬁa(y)}
inf{ﬁa(z) 1z €xoy)

<
<

That is, E, is a nonnull vague subhyperring (in Rosenfeld’s
sense) of R for each a € Supp(ﬁ, A).

Conditions (i), (ii), and (iii) indicate that ﬁa is a vague
subhypergroup of (R, +) while condition (iv) indicates that
E, is a vague subsemihypergroup of (R, ). Therefore it can
be concluded that (F, A) is a vague soft hyperring over R if
(F, A) is a vague soft hypergroup over (R, +) and a vague soft
semihypergroup over (R, o).

Theorem 22. Let (F, A) be a nonnull vague soft set over R.
Then the necessary and sufficient condition for (F, A) to be
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a vague soft hyperring over R is for (F, A) to be a vague soft
semihypergroup over (R, ) and also a vague soft hypergroup
over (R, +).

Proof. The proof is straightforward by Definition 21. O

Example 23. A vague soft hyperring (F, A) for which A is a
singleton is a vague subhyperring. Hence vague subhyper-
rings and classical hyperrings are a particular type of vague
soft hyperrings.

Example 24. Let (F, A) be a nonnull vague soft set over a
hyperring R which is as defined below:

(F.A)" = {(ﬁa)+ - {xeR ey () =tp (1) +]1
~tg, (@), 1= fgy (=1~ fp (x) (1
+fz (@), e (F) (0)=F,(x)+1-F, (e)}}.

Then (F, A)* is a vague soft hyperring over R.

Example 25. Let F, be a vague subhyperring of a hyperring R.
This means that F, satisfies the axioms stated in Definition 21.
Now consider the family of a-level sets for F, given
by

(F.A) ={xeH:F,(x)>a}, (12)

foralla € A and « € [0, 1]. Then, for all « € [0, 1], Fa is a
subhyperring of R. Hence (F, [0, 1]) is a soft hyperring over
R.

Example 26. Any soft hyperring is a vague subhyperring
since any characteristic function of a subhyperring is a vague
subhyperring.

Proposition 27. Let (F, A) and (G, B) be vague soft hyperrings
over R. Then (F, A) A (G, B) is a vague soft hyperring over R if
it is nonnull.

Proof. Suppose that (F, A) and (G, B) are vague soft hyper-
rings over R. Now let (F,A)A(G, B) = (H, A x B). Then for
all (o, B) € Supp(ﬁ, A x B) and for all x € R we have

th,, () = min {tz (0,15 W},
(13)
1= f,, @) =min{1- fz (),1- fz (0}

that is,
Hippy (%) = F, (x) NG (x). (14)
Since (F, A) and (G, B) are both nonnull and (H, A x B)

represents the basic intersection between (F, A) and (G, B)
it follows that (H, A x B) must be nonnull. For the sake of

similarity, we only show the proof for the truth membership
function of I’-f(%,;) given by g The proof for 1 - fﬁ(q , can

be derived in the same manner. _
Hence for all x, y € R and («, ) € Supp(H, A x B) we
obtain
min {tﬁmm (x) tﬁm,/s) (y )}
= min {tﬁa (x)N s, (x5, (y)n g, (y)}
< min{tz, (¥) Ntz (y).t5, (¥ Ntg, ()]
< min {tﬁa (x).tg (y)} N min {t@ (x) 15, (y)}
(15)
< inf{tﬁ‘x (2): zex+y}
ﬂinf{taﬂ (2) : zex+y}

< inf {tﬁa (2) ﬂt@ﬁ (2):z ex+y}

= inf {tﬁm,ﬁ) 1z € x+y} .
Furthermore for all w, x € R we have

min{tg  (W).tg, (9}
= min {t7, (W) Ntg, (W), t5, ()N, ()]
< min {tﬁa () Ntg, (3),tg, (W) Ntg, (x)} (16)
< min {t; W),z (x)} Nmin {t@ﬁ (w).t5, (x)}
< {tz, 0)nts, W} =ta,, ),

where y € R such that x € w + y. Similarly, it can also be
proved that min{tg(a’ﬁ) (w), tﬁ(a,p) (x)} < tﬁ(a,ﬁ) (z), where z € R

such that x € z+w. Therefore it has been proved that H\(“,ﬁ) is

a vague subhypergroup of (R, +), which means that (H, Ax B)
is a vague soft hypergroup over (R, +).
Lastly for all x, y € R we have

min {tﬁ(a,ﬁ) (x)>tg,, ()’)}
= min {tﬁa (x)Ntg, (x).t5, (¥) Nig, (y)}
< min {tﬁ (x)N iz, () t@ (x)n téﬁ (;V)}

o

< min {tﬁa (x),tg (}’)} N min {taﬁ (%), ts, (J’)}



<inf{t; (2):zexoy}
ﬂinf{t@ (z):zexoy}
< inf{tﬁa (2)ntg, (2) :ZExoy}

= inf {tﬁ(zx,ﬁ) 1z € xoy} .
7)

This proves that ﬁ(%ﬁ) is a vague subhyperring of R for all
(a, B) € Supp(H, A x B). Hence (H, A x B) = (F, A)A(G, B)
is a vague soft hyperring over R. O

Theorem 28. Let (F, A) be a vague soft set over R. Then (F, A)
is a vague soft hyperring over R if and only if, for every t €
[0,1], (F, A) (1) is a soft hyperring over R.

Proof. (=) Since R is a hyperring, (R,+) is a commutative
hypergroup and (R, ») is a semihypergroup. Let (F, A) be a
vague soft hyperring over (R, +,°) and t € [0, 1]. Then, for all
a € Supp(F, A), the corresponding F, is a vague subhyperring
of R. Now let x,y € (ﬁu)(m. Then 5 (x),tz (y) > ¢ and
1— f (x), 1= f£ () = t, which means that F,(x) > t and
E,(y) > t. Furthermore since F, is a vague subhypergroup of
(R, +), wehave inf{F,(z) : z € x+y} > min{F,(x), E,(y)} > t.
This implies that z € (Fa)(m and therefore, for every z € x+y,
we obtain x + y C (ﬁa)(t’t). As such, for every z € (ﬁa)(t,t),
we obtain z + (Fa)w) c (ﬁu)(t’t . Now let x,z € (ﬁa)w).
Then tgﬁ(x),tﬁa(z) >tand 1 - fﬁa(x),l - fﬁa(z) > t, which
means that ﬁa(x) > tand ﬁa(z) > t. Due to the fact that
E, is a vague subhypergroup of (R, +), there exists y € R
such that x € z + y and min{ﬁa(z),ﬁa(x)} < ﬁa(y). Since
X,z € (ﬁa)(m, we obtain min{ﬁu(z),ﬁa(x)} > min{t, t} = ¢
and this implies that F,(y) > t and as a result, y € (Fa)(t’t).
Therefore, we obtain (fu)(m Cz+ (ﬁu)(t,t)‘ As such, we obtain
z+ (ﬁa)(t’t) = (ﬁa)(t,t). As a result, (ﬁa)(t,t) is a subhypergroup
of (R, +). Hence (F, A) (e 1s a soft hypergroup over (R, +).
Furthermore, since (R, o) is a semihypergroup, F, is a nonnull
vague subsemihypergroup of (R, ¢) for all a € Supp(F, A) and
min{ﬁa(x), ?a(y)} < inf{ﬁa(z) 1z € xoyl. Nowletx,y €
(13“)(“). Then tﬁa(x),tﬁa(y) >tand 1 - fﬁa(x), 1- fﬁa(y) >
t, which means that F,(x) > t and F,(y) > t. Therefore
it follows that min{ﬁa(x),ﬁa(y)} > min{t,t} = t and this
implies that inf{ﬁa(z) : z € xoy} > t. Thisin turn implies that
z € (ﬁa)w) and consequently x o y C (13”)(”). Therefore, for
every x, y € (ﬁg)(m, we obtain xo y € P*(R). As such, (ﬁa)(m
is a subhyperring of R. Hence (F, A) ) is a soft hyperring
over R. R

(&) Assume that (F, A), , is a soft hyperring over R. Thus

for every t € [0,1], (ﬁa)(m is a nonnull subhyperring of R.
Now for every x, y € R, we have min{ﬁa(x),ﬁa(y)} < Fa(x)
or min{lsa(x),lsa(y)} < Fa(y). Soifwelet min{ﬁa(x),ﬁa(y)} =
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ty> then x,y € (ﬁa)(to’to) and therefore x + y ¢ (ﬁa)(to’to).
Therefore, for every z € x + y, we have F,(z) > t, which
implies that min{ﬁa(x), ﬁu(y)} < inf{ﬁu(z) 1z € x+
y}. As such, condition (i) of Definition 21 is verified. Next,
let w,x € R and min{ﬁa(w),ﬁa(x)} = t,. This implies
that w,x € (ﬁa)(tl)tl) which means that there exists y €
(ﬁa)(tl,tl) such that x € w o y. Since y € (ﬁu)(tl’tl), we
have tz (y) > t; and 1 — tz(y) = t; which means that
E,(y) = t, and thus min{E,(w),F,(x)} = t, < F,(y)
which means that min{F,(w), E,(x)} < Fa(y). Therefore
condition (ii) of Definition 21 has been verified. Condition
(iii) of Definition 21 can be verified in a similar manner. Thus
it has been proven that F, is a vague subhypergroup of (R, +).
Now (E,) (t1) is a subsemihypergroup of the semihypergroup
(R,0). Let min{ﬁa(x),ﬁa(y)} = t, for every x, y € R. Thus
X,y € (Fa)(tz)tz) and therefore we have x o y ¢C (Fu)(tz)tz).
Thus, for every z € x o y, we obtain F,(z) > t,. As a result,
we obtain min{ﬁa(x), Fa(y)} < inf{ﬁa(z) : z € x o y} which
proves that condition (iv) of Definition 21 has been verified.
As such, F, is a vague subhyperring of R and therefore (F, A)
is a vague soft hyperring over R. O

Theorem 28 proves that there exists a one-to-one corre-
spondence between vague soft hyperrings and soft hyperrings
over a hyperring.

Theorem 29. Let (F, A) be a vague soft hyperring over R.
Then, for each , 3 € [0, 1], (F, A)(a,p) is a subhyperring of R.

Proof. Let (F, A) be a vague soft hyperring over (R, +, ). Then
for each a € Supp(F, A), the corresponding F, is a vague
subhyperring of R. Nowlet x, y € (F, A)(a)/;). Then tg (x) =«
1- fp(x) > Band iz (y) = &, 1 = fz (y) > B. Thus the

following is obtained:

min {tﬁu (x),tp (y)} > min{a,a} = a,

min {1 - f7 (x),1- fz, (y)} = min {, g} = p.

(18)

However, since F, is a vague subhypergroup of (R, +), we have
inf{tﬁa(z) :z € x+y} > aandinf{l - fﬁa(z) 1z ex+yl =P

Therefore, for every z € x + y, we obtain z € (F,A)(a)ﬁ) and
thus x + y ¢ (F, A) q,p)- AS such, it can be concluded that
z + (F, A)(“,ﬁ) c (F, A)(“,ﬁ). Furthermore, since ﬁa is a vague
subhypergroup of (R, +), there exists y € Rsuchthatx € z+y
and min{F,(x), F,(2)} < F,(y). Now let x,z € (F, A)p)-
Then the following is obtained:

min {t (x),tz (2)} > min {a,a} = a,
min {1~ f7 (),1- fz (y)} = min {B, B} = B.

This means that 7 (y) > «and 1 — f£ (y) >  which implies
that y € (F, A)(a)ﬁ). Therefore forall x, z € (F, A)(a)ﬁ), we have

(19)
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x€z+yandy € (F, A)(q,p)- As such, it can be concluded
that (F, A)p S z + (F,A)p and this implies that, for
any z € (F, A)(vc,ﬁ)’ z + (F’A)((x,ﬁ) = (F, A)(“,ﬁ). Hence it
has been proven that (F, A), g is a subhypergroup of (R, +).
Furthermore (R, °) is a semihypergroup and F,, is also a vague
subsemihypergroup of (R, °) for all a € Supp(F, A). Now let
x,y € (F, A)(ml?)' Then min{tﬁu(x),tﬁa(y)} > min{a, o} = «
and min{l — fﬁu(x),l - fﬁa(y)} > min{f, f} = B and this
results in

inf {tfa (2):z¢€ xoy} > min {tﬁa (x),tp (y)} > q,
inf{1- fz (2): z€xoy} (20)

>min {1 - fz (x),1-fz (»)} = B.

This implies that, for all z € xo y, we obtain z € (F, A)(a,p)and
therefore x o y C (F, A) (o p)- Thus, for every x, y € (F, A)(y p)>
we obtain x o y € P*((F,A)(a)ﬁ)). As such, (F,A)(a)ﬁ) is
a subsemihypergroup of the semihypergroup (R, ). Hence
(F, A) 4,p) is a subhyperring of R. O

As a result of Theorem 29, we obtain Corollary 30.

Corollary 30. Let (F, A) be a vague soft hyperring over R.
Then, for each « € [0,1], (F, A)(aq) IS a subhyperring of R.

Theorem 31. Let T be a nonempty subset of R, let (F, A) be a
nonnull vague soft set over R, and let (F, A)y be a vague soft

characteristic set over T. If (F, A) is a vague soft hyperring over
R, then T is a subhyperring of R.

Proof. Let (F, A) be a vague soft hyperring over R. Then,
by Definition 21, (F, A) is a vague soft hypergroup over
(R,+) and a vague soft semihypergroup over (R, ) and for
each a € Supp(F, A), the corresponding vague subset F,
is a vague subhyperring of R. Furthermore, since (R, +,°)
is a hyperring, (R,+) is a commutative hypergroup and
(R,°) is a semihypergroup. Now let x,y € T. Then
tey, () = 1), (0) = sand fig) (x) = fg), () = w,
which means that (F,);(x) = (E,)p(y) = s. Therefore,
min{(F,)1(x), (F,)7(y)} = min{s, s} = s and so inf{(F,)1(2) :
z € x+ y} = s (" F, is a vague subhyperring of R and a vague
subhypergroup of (R, +)). Thus, for every z € x + y, we have
z € T and so it follows that x + y < T. As such, for every
zeT,wehavez+T CT.

Now let x, z € T. Then t(ﬁa)T(x) = t(ﬁa)T(z) = s and
fe),®) = fiz),(2) = wand so (F)r(x) = (F)r(2) =
s. Since F, is a vague subhypergroup of (R,+) for all a ¢
Supp(F, A), there exists y € R such that x € z + y
and min{(E,);(x), (F)(z)} < (F,)r(y). Thus we obtain
min{(ﬁa)T(x),(Fu)T(z)} = min{s,s} = s and therefore
(Fa)T( y) = s which implies that y € T. Since x, y € T, this
impliesthat T' € z+ T andsowe havez+T =T forallz € T.

Therefore it has been proven that (T, +) is a subhypergroup
of (R,+). Let x,y € T. Then t(ﬁu)T(x) = t(ﬁa)T(y)

s and f(ﬁa)T(x) = f(ﬁa)T(y) = w and thus (Fa)T(x) =
(F)r(y) = s. Now since (R, ) is a semihypergroup, F, is a
vague subhypergroup of (R, ) for all @ € Supp(F, A). Thus
it follows that min{(E,);(x), (F,)7(»)} = min{s,s} = s and
therefore inf{(fu)T(z) 12 € xoy} > stoo. As a result, for
every z € x o ¥, we have z € T and therefore x o y € T. As

such, for every x, y € T, we have x o y € P*(T). Hence T is a
subhyperring of R. O

Theorem 32. Let T be a nonempty subset of R, let (F, A) be a
nonnull vague soft set over R, and let (F, A)y be a vague soft

characteristic set over T. Then (F, A) is a vague soft hyperring
over R if and only if T is a subhyperring of R.

Proof. The proof is similar to that of Theorem 31. O

Theorem 32 implies that there exists a one-to-one cor-
respondence between vague soft hyperrings and classical
subhyperrings of a hyperring.

4. Vague Soft Hyperideals

The ideal of a ring is an important concept in the study of
rings. The concept of a fuzzy ideal of a ring was introduced
by Liu (see [9]). Davvaz (see [8]) introduced the notion
of a fuzzy hyperideal (resp., fuzzy H,-ideal) of a hyperring
(resp., H,-ring). In this section the notion of vague soft
hyperideals of a hyperring is defined using Rosenfeld’s
approach.

Definition 33. Let (F, A) be a nonnull soft set over R. Then
(F, A) is called a soft left (resp., right) hyperideal of R if F(x)
is a left (resp., right) hyperideal of R for all x € Supp(F, A).

Definition 34. Let (F, A) be a nonnull soft set over R. Then
(F, A) is called a soft hyperideal of R if F(x) is a hyperideal of
R; that is, F(x) is both right and left hyperideals of R for all
x € Supp(F, A).

Definition 35. Let (F, A) be a nonnull vague soft set over R.
Then (F, A) is called a vague soft left (resp., right) hyperideal
of R if the following axioms hold for all a ¢ Supp(F, A):

(i) for all x,y € R, min{ts (x),tz (»)} < inf{tz (2) :
z € x + y} and min{l - f5 (x),1- fz ()} <
inf{1 —fﬁa(z) 1z € x+ y}j which means that
min{ﬁa(x),ﬁa(y)} < inf{ﬁa(z) tzE€x+yl,

(ii) for all w,x € R, there exists y € R such that
x € w+ y and min{ts (w),t5 (x)} < tp(y) and
min{1 —fﬁa(w), 1 —fﬁa(;c)} <"1 —fﬁa(y)? that is,
min{F,(w), E,(x)} < F,(y),

(iii) for all w,x € R, there exists z € R such that
x € z + w and min{tﬁu(w),tﬁu(x)} < tﬁa(z) and



min{l — fﬁu(w), 1- fﬁa(x)} <
min{ﬁa(w), ﬁa(x)} < ﬁa(z),

1 - f (2); that is,

(iv) forall x, y € R, tgﬂ(y) < inf{tﬁa(z) :Z € x o y} (resp.,
tpa(x) < inf{tﬁﬂ(z) : z € xoy})and l—fﬁa(y)
inf{1 —fﬁu(z) : z € x oy} (resp., 1—f13u(x)
inf{l — fﬁa(z) : z € xoy}); thatis, ﬁa(y) < inf{ﬁa(z) :
z € x o y} (resp., ﬁa(x) < inf{ﬁa(z) 1z €xoy}).

<
<

That is, F, is a vague left (resp., right) hyperideal of R (in
Rosenfeld’s sense) for all a € Supp(ﬁ, A).

Conditions (i), (ii), and (iii) prove that Fa is a vague
subhypergroup of (R, +). This means that (F, A) is a vague soft
left (resp., right) hyperideal of R if, for all a € Supp(F, A), E,
is a vague subhypergroup of (R,+) and F, also satisfies the
condition ﬁa( y) < inf{ﬁa(z) 1z € x oy} (resp, ﬁu(x) <
inf{ﬁu(z) 1z €xoy}).

Definition 36. Let (F, A) be a nonnull vague soft set over
R. Then (F, A) is called a vague soft hyperideal of R if the
following axioms hold for all a € Supp(F, A):

(i) for all x,y € R, min{ts (x),t5 (y)} < infits (2) :
z € x + y} and mina{l—f; (x),1-fz (yﬂ)} <
inf{1 —fﬁa(z) 1z € x4+ y}:z which means that
min{ﬁa(x),ﬁa(y)} < inf{ﬁu(z) iz ex+ylh

(ii) for all w,x € R, there exists y € R such that
x € w+ yand min{tﬁa(w),tﬁa(x)} < tﬁa(y) and
min{l —fﬁa(w),l—fﬁa(x)} < l—fﬁa(y); that is,
min{F, (w), £,(x)} < F,(y),

(iii) for all w,x € R, there exists z € R such that
X € z+ w and min{tﬁﬂ(w),tﬁu(x)} < tﬁu(z) and
min{1 —fﬁa(w), 1 —fﬁu(x)} < l—fﬁa(z); that is,
min{F,(w), F,(x)} < F,(2),

(iv) for all x,y € R, max{tﬁa(x),tﬁa(y)} < inf{tﬁu(z) :
z € x o y} and max{l—fﬁﬂ(x),l—fﬁu(y)}
inf{l1 — fﬁﬂ(z) : z € xoy};thatis, max{ﬁa(x),ﬁa(y)}
inf{F,(z) : z € x o y}.

<
<

That is, F, is a vague hyperideal of R (in Rosenfeld’s sense) for
all a € Supp(F, A).

Similar to Definition 35, conditions (i), (ii), and (iii) of
Definition 36 indicate that F, is a vague subhypergroup of
(R, +) while condition (iv) is a combination of both the
conditions given in Definition 35 (condition (iv)).

Theorem 37. Let (F, A) be a nonnull vague soft set over R.
Then the necessary and sufficient condition for (F, A) to be a
vague soft hyperideal is for (F, A) to be a vague soft hypergroup
of (R, +) and (F, A) is both a vague soft left hyperideal and a
vague soft right hyperideal of R.
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Proof. The proof is straightforward by Definitions 35 and 36.
O

Proposition 38. Let (E, A) and (G, B) be two vague soft
hyperideals of R. Then (F, A) A (G, B) is a vague soft hyperideal
of R if it is nonnull.

Proof. Suppose that (F, A) and (G, B) are vague soft hyperide-
als of R. Now to prove that (H, AxB)isa vague soft hyperideal
of R, we have to prove that all the conditions of Definition 36
have been satisfied. However, in Proposition 27, it has been
proven that conditions (i), (ii), and (iii) have been satisfied.
Therefore it is only necessary to prove that (H, Ax B) satisfies
condition (iv) of Definition 36.

Thus forall x, y € Rand («, ) € Supp(H, A X B) we have

max {tg(aﬁ) (). tq, ( y)}
= max {tz, (¥)ntg, (0).t5, (1) Nt5, ()}
< max {tg (x),t5, (y)} nmax {tg, (015, ()}
<inf {t5 (2):z€xoy} 1)
ninf {t5, (2) : z€xoy}
<inf {tz (2)nt5, (2) i zexey}

:inf{tg( N :Zexoy}.

Similarly, it can be proven that the condition
max{l — fﬁ(«,ﬁ) (x),1- fﬁ(mﬁ)(y)} < inf{l - fﬁ(m 1z € xoy}
is sziisﬁed. This means that max{H\(a,ﬁ)(x),ﬁ(a,ﬁ)(y)i <
inf{H, g)(2) : z € x © y}. Thus it has been proven that H, g
is a vague hyperideal of R for all («, ) € Supp(f—f ,A X B)and
assuch (H,AxB) = (F,A)A(G,B) isa vague soft hyperideal
of R. [

Theorem 39. Let (F, A) be a nonnull vague soft set over R.
Then (F, A) is a vague soft hyperideal of R if and only if, for
eacht € [0,1], (F, A) (1) is a soft hyperideal of R.

Proof. (=) Let (F,A) be a vague soft hyperideal of R and
t € [0,1]. Then F, is a vague subhypergroup of (R,+).
Now let x,y € (13”)(”). Then tﬁa(x),tﬁa(y) > t and
1 - fz (x),1= ff () 2 t, which means that F,(x) > t and
E,(y) = t. In Theorem 28, it was proved that if F, is a vague
subhypergroup of (R, +), then (Fa)(m is a subhypergroup
of (R,+). This means that it is only necessary to prove that
(F,) (1, Satisfies the following conditions:

(22)
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Now let x € Rand y € (ﬁa)(t)t). Then tﬁa(y) > t and
1-fg (y) = t which means that E(y) > t. Since F, is a

vague hyperideal of R for all a € Supp(F, A), E, must satisfy

the following condition:
tg () <inf {tﬁu (2):z exoy},

l_fﬁa(y)Sinf{l_fﬁa(Z):ZGxoy},

which means 13“( y) < inf{ﬁa(z) : z € x o y}. Therefore we
obtain inf{F,(z) : z € x o y} = ﬁu(y) > t. This proves
that z ¢ (ﬁa)(t’t) for all z € x o y and as a result we obtain

(23)

Xoy < (ﬁa)(t)t). Thus for every x € Rand y € (ﬁa)(u), we
obtain R o (Fu)(t,t) C (Fa)(t,t) and this proves that (Fa)(t’t) is
a left hyperideal of R. This implies that (F, A)(tp s a soft left
hyperideal of R. Similarly, it can been proven that (F, A),
is a soft right hyperideal of R. Thus (F, A)(tp) is a soft right
hyperideal of R. Hence (F, A)(t,p 1s a soft left hyperideal of R

and a soft right hyperideal of R which proves that (F, A is
a soft hyperideal of R.

(&) Let (F, A) (. be a soft hyperideal of R. Then, for
each a € Supp(ﬁ,A), (ﬁa)(t‘t)
R. Therefore by Definition 16, (Fa)(t,t) is a subhypergroup

is a nonnull hyperideal of

of (R,+). This implies that (F, A) ) is a soft hypergroup
over (R,+). In [10], it was proven that if (F, A) ey 1s a soft
hypergroup, then (F, A) is a vague soft hypergroup. Thus it
can be concluded that (F, A) is a vague soft hypergroup over

(R, +). Furthermore, since (ﬁa)(t’t) isboth aleft hyperideal and
aright hyperideal of R, the following conditions are satisfied:

Ro (ﬁa)(m c (ﬁa)(t’t) ,

(ﬁa)(t’t) °R ¢ (F )(t t)

Now let x € Rand y € (ﬁa)(m or x € (ﬁa)(m and y € R.
(ﬁu)(t’t) and yox C (ﬁu)(t,t) which
implies that z € x o y, where z € (ﬁa)(m). As such, we obtain
inf{F,(z) : z € xo y} > t. Now let x, y € (Fa)(t’t). Then
ﬁa(x) >t and ﬁa(y) > t. Therefore, we obtain inf{ﬁa(z) 1z €
Xoy}> Fa(x) >t as well as inf{ﬁa(z) 1ZE€xoy} > Fa(y) >t
which means that ﬁu(x) < inf{ﬁa(z) 1z € xo y}and Fa(y) <
inf{ﬁa(z) : z € xo y}. Combining these conditions, we obtain
max{F,(x), F,(y)} < inf{F,(z) : z € x o y}. Thus condition
(iv) of Definition 36 has also been verified. This means that

E, is a vague hyperideal of R and hence it proves that (F, A)
is a vague soft hyperideal of R. O

(24)

Thus we obtain x o y C

Theorem 39 proves that there exists a one-to-one cor-
respondence between vague soft hyperideal and the soft
hyperideal of a hyperring.

Theorem 40. Let (F, A) be a nonnull vague soft set over R
left (resp., right) hyperideal of R. Then, for all o, 3 € [0,1],
(F, A)(,p) is a left (resp., right) hyperideal of R.

Proof. Let (F,A) bea vague soft left (resp., right) hyperideal
of R. Then, by Definition 35, (F, A) is a vague soft hypergroup
over (R,+). Now in Theorem 29 it was proven that if (F, A)
is a vague soft hypergroup over (R, +), then (F, A)p is a
subhypergroup of (R, +). Therefore, in order to prove that
(F, A)(,p) is a left (resp., right) hyperideal of R, we only have
to prove that R o (F, A)wp (F, A) (q,p (resp., (F, A)wp ©
R ¢ (F,A)(a)ﬁ)). Now let x € Rand y ¢ (ﬁ,A)(“)ﬁ). Then
tg () zaand1 - fz () = B. Since E, is a vague left ideal of
Rfor all a € Supp(F, A), F, satisfies the conditions ¢ (y) <
inf{tg (z) z € xoytandl —fF (y) < inf{l —fF (23 z €
xoy}. "Therefore we obtain inf{tg (z) zZ€xoy} 2t (y) >
and inf{1 — fFa(z) 1 Z € xo y} 1 —fFa(y) [3 which
implies that, for all z € x o y,z € (F, A)(q,p)- As such,
we obtain x o y < (F, A)(s,p)- Thus for every x € R and
y € (F, A)(a,p)> W obtain R o (F, A)p S (F, A) q,p)- Hence
(F, A) (@p) is a left hyperideal of R. Next let x € (F, A

and y € R.Then g (x) 2 aand 1 - fz (x) = B. Slmllarlif,
we obtain 1nf{tF (z) 1z € xoy} 2 tz(x) = aand
inf{1 _fFa iz € xoy} > l—fﬁa(x) > uﬁ. This implies
that z € (F, A)(q,p) forall z € x o y and therefore we obtain
xoy < (F, A) («p)- As such, for every x € (F, A)pandy €R,
we obtain (F, A)(a,ﬁ) oR ¢ (F, A)(‘X,ﬁ) which means (F, A)(%ﬁ)
is a right hyperideal of R. O

Theorem 41. Let (F, A) be a nonnull vague soft set over R.
Then (F, A) is a vague soft left (resp., right) hyperideal of R if
and only if, for all «, 8 € [0,1], (F, A)(ap) is a left (resp., right)
hyperideal of R.

Proof. The proof is straightforward. O

Theorem 42. Let M be a nonempty subset of R and (F, A)

be a vague soft characteristic set over M. If (F, A) is a vague
soft hyperideal of R, then M is a hyperideal of R.

Proof. Let (F, A) bea vague soft hyperideal of R. Therefore, by
Definition 36, (F, A) is a vague soft hypergroup over (R, +)
and satisfies the condition max{ﬁa(x),ﬁa( y)} < inf{ﬁa(z) :
z € x o y}. In order to prove that M is a hyperideal of R, we
need to prove that (M, +) is a subhypergroup of (R,+) and
RoM € Mand M o R € M. In Theorem 31, it was proven
that (M, +) is a subhypergroup of (R, +) if (F,A)is a vague
soft hypergroup over (R, +). Now let x € Rand y € M. Then
tﬁu(y) =1- fﬁa (y) = s which means that Fa(y) = s. Since
E, is a vague hyperideal of R for all a € Supp(F, A), it must
satisty the following conditions:

ﬁu(y)ginf{ﬁa(z):zexoy},

ﬁu(x)sinf{ﬁu(z):zexoy}.

(25)

Therefore since Fu(y) =sforalla € Supp(ﬁ, A)and y € M,
we obtain inf{ﬁa(z) 1z E€xoy) > Fa(y) = s which means
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that inf{ﬁa(z) : z € x oy} > s. This implies that z € M for
all z € x o y and this proves that x o y € M for all x € Rand
y € M. Therefore we obtain R o M € M and this implies that
M is a left hyperideal of R. Now let x € M and y € R. Then
tg (x)=1- F =S which means that ﬁa(x) = s. Similarly,
we obtain inf{ﬁa(z) 1z Exoyt > Fa(x) = s which means
that inf{F,(z) : z € x o y} > s. This implies that z € M for
all z € x o y and consequently we obtain x o y € M for all
x € M and y € R. This proves that M o R € M. As such, M is
a right hyperideal of R. Hence it has been proven that M is a
hyperideal of R. O

Theorem 43. Let M be a nonempty subset of R, let (F, A) be
a nonnull vague soft set over R, and let (F, A),; be a vague soft

characteristic set over M. Then (F, A) is a vague soft hyperideal
of R if and only if M is a hyperideal of R.

Proof. The proof is straightforward. O

5. Vague Soft Hyperring Homomorphism

In this section, we introduce the notion of vague soft hyper-
ring homomorphism by applying the concept of vague soft
functions as well as the notion of the image and preimage of a
vague soft set under a vague soft function introduced by [10]
in the context of vague soft hyperrings. Lastly, it is proven that
the vague soft hyperring homomorphism preserves vague
soft hyperrings.

Definition 44 (see [2]). Let (R, +;,°;) and (R,, +,, ,) be two
hyperrings. A map f : R, — R, is called a hyperring
homomorphism if, for all x,y € R;, one has f(x +; y) <

@)+, f(y)and f(xo,y) € f(x) o, f()).

Definition 45 (see [10]). Letgp : X — Yandy : A — B
be two functions, where A and B are parameter sets for the
classical sets X and Y, respectively. Let (F, A) and (G, B) be
vague soft sets over X and Y, respectively. Then the ordered
pair (¢, y) is called a vague soft function from (F, A) to (G, B)
and is denoted by (¢, y) : (F,A) > (G,B).

Definition 46 (see [10]). Let (F,A) and (G, B) be vague soft
sets over X and Y, respectively. Let (@, ) : (F,A) — (G,B)

be a vague soft function.

(i) The image of (F, A) under the vague soft function
(¢, ), which is denoted by (¢, y)(F, A), is a vague soft
set over Y, which is defined as

(@) (F.A) = (¢(F).y(A), (26)

where

9(E) (@) =(¢(F)) (), (27)

y(a)

forallae A,x € X,and y € Y.
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(ii) The preimage of (G, B) under the vague soft function
(¢, w), which is denoted by (¢, w)_l(é, B), is a vague
soft set over X, which is defined as

(ev)  (GB)=(¢7"(G).v ' ®), (28

where

9" (G) (e () =(¢7(0)), ., @ 9

forallbe B,x € X,and y € Y.

If ¢ and v are injective (surjective), then the vague soft
function (¢, y) is said to be injective (surjective).

Definition 47. Let (R, +,°,) and (R,, +,,°,) be two hyper-
rings. Also let (F, A) and (G, B) be two vague soft hyperrings
over R, and R,, respectively, and let (¢, y) : (F,A) — (G,B)
be a vague soft function. Then (¢, y) : (F,A) — (G,B)is
called a vague soft hyperring homomorphism if the following
conditions are satisfied:

(i) ¢ is a hyperring homomorphism from R, to R,,
(ii) v is a function from A to B,
(iii) @(F(x)) = G(w(x)) for all x € Supp(F, A).

Theorem 48. Let (R, +;,°;) and (R,, +,,°,) be two hyper-
rings. Let (F, A) and (G, B) be two vague soft hyperrings over R,
and R,, respectively. Let (¢, V) : (F,A) - (G,B)bea vague
soft hyperring homomorphism and let v : A — B be an
injective mapping. Then (o(F), w(A)) is a vague soft hyperring
over (Ry, +,,0°,).

Proof. Since (¢, v) is a vague soft hyperring homomorphism,
it can be seen that

Supp (¢ (F), v (A)) < v (Supp (F, A)). (30)
Now let w;,w, € R,. Then there exists x, y € R, such that

¢o(x) = w, and ¢(y) = w,. Therefore, for all x, y € R, a €
Supp(F, A) we obtain

min {o (F,) (9 ()¢ (E.) (9 ()}

=min {(9(F),,, ). (0(F),,, w2}
(

31
< inf{ (p(ﬁ))w(a) () :uecw, +, w,

=inf {¢ (F,) (¢ (2))},

where z € R, such thatz € x +; y and ¢(z) = u.
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Furthermore, for all w,x € R, there exists u;,u, € R,
such that p(w) = u; and ¢(x) = u,. Therefore, for all w, x €
R, and for each a € Supp(F, A), we obtain

min {p (£,) (¢ ), (F,) (p )}

= min (o (), ) o (F),,, )]

y(a)
(32)

gﬁkﬂmthmﬁmhb}

=inf{¢(E,) (¢ (»))}

where y € R, such that x € w +, y and ¢(y) = b and also

min {p (£,) (¢ ), ¢ (F,) (¢ ()}

- min {(p (), (- (0 (F),,, (o)}

y(a)
(33)

<inf {(go (IE))W(“) (©):u,€c +, ul}

=inf {p (F,) (9 ()},

where z € R, such that x € z +; wand ¢(z) =c.

Thus it has been proven that ¢(E,) is a nonnull subhyper-
group of (R, +,) and consequently (go(l3 ), w(A)) is a vague soft
hypergroup over (R, +,).

Lastly, let x, y € R,. Then there exists w;, w, € R, such
that ¢(x) = w, and ¢(y) = w,. Therefore for all x, y € R, and
a € Supp(F, A) we obtain

min {o (F,) (9 )¢ (E,) (9 ()}

=min {(o (), ). (0(F),,, w2}

(34)

<int (o (), (7): pews = un)

=inf {¢ (F,) (¢ (2))},

where z € R, such that z € xo, y and ¢(z) = p.

Therefore it has been proven that go(ﬁa) is a nonnull
subsemihypergroup of (R, »,) and consequently (¢(F), w(A))
is a vague soft semihypergroup over (R, o,). As such, ¢(F,) is
a vague subhyperring of (R,, +,,¢,). Hence ((p(ﬁ), y(A))isa
vague soft hyperring over (R,, +5, o,). O

Theorem 49. Let (R,,+,,°,) and (R,,+,,°,) be two hyper-
rings. Let (F, A) and (G, B) be two vague soft hypergroups over
R, and R,, respectively. Let (p,y) : (F,A) — (G,B) bea
vague soft hyperring homomorphism. Then (¢”*(G), v " (B))
is a vague soft hyperring over (R, +;,°;).

Proof. The proof is similar to that of Theorem 48. O

1

Theorems 48 and 49 prove that the homomorphic image
and preimage of a vague soft hyperring are also a vague soft
hyperring. This implies that the vague soft hyperring homo-
morphism preserves vague soft hyperrings.

Theorem 50. Let R, R,, and R; be nonnull hyperrings and let
(F, A), (G, B), and (J,C) be vague soft hyperrings over R;, R,,
and R, respectively. Let (p, y) : (F, A) — (G, B) and ((p',l//') :
(G,B) — (J,C) be vague soft hyperring homomorphisms.
Then (¢ o, ' o) : (F, A) — (J,C) is a vague soft hyperring
homomorphism.

Proof. The proof is straightforward. O

6. Conclusion

In this paper we introduced and developed the initial theory
of vague soft hyperrings as a continuation to the theory of
vague soft hypergroups. It was proved that there exists a
one-to-one correspondence between the concepts introduced
here and the corresponding concepts in soft hyperring theory
and classical hyperring theory. Lastly, it was proved that the
notion of vague soft hyperring homomorphism introduced
here preserves vague soft hyperrings. This is an important
step in the formulation and advancement of knowledge in the
area of vague soft hyperalgebra.
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