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The concept of intuitionistic fuzzy f-almost compactness and intuitionistic fuzzy -nearly compactness in intuitionistic fuzzy
topological spaces is introduced and studied. Besides giving characterizations of these spaces, we study some of their properties.
Also, we investigate the behavior of intuitionistic fuzzy -compactness, intuitionistic fuzzy $-almost compactness, and intuitionistic

fuzzy -nearly compactness under several types of intuitionistic fuzzy continuous mappings.

1. Introduction

As a generalization of fuzzy sets introduced by Zadeh [1],
the concept of intuitionistic fuzzy set was introduced by
Atanassov [2]. Coker [3] introduced intuitionistic fuzzy
topological spaces. Later on, Coker [3] introduced fuzzy
compactness in intuitionistic fuzzy topological spaces. In
[4], the concept of intuitionistic fuzzy -compactness was
defined. In this paper some properties of intuitionistic fuzzy
B-compactness were investigated. We use the finite intersec-
tion property to give characterization of the intuitionistic
fuzzy pB-compact spaces. Also we introduce intuitionistic
fuzzy 3-almost compactness and intuitionistic fuzzy 3-nearly
compactness and established the relationships between these
types of compactness.

2. Preliminaries

Definition I (see [2]). Let X be a nonempty fixed set and I the
closed interval [0, 1]. An intuitionistic fuzzy set (IFS) A is an
object of the following form:

A={(xpy(x),74(x)); xeX}, )

where the mappings pu(x) : X — Tand v,(x) : X —
I denote the degree of membership, namely, p,(x), and the
degree of nonmembership, namely, v,(x), for each element

x € X to the set A, respectively, and 0 < p4(x) + v4(x) < 1
for each x € X.

Definition 2 (see [2]). Let A and B be IFSs of the forms A =

{(0, ua(x),v4(x)); x € X}and B = {{x, pp(x), v5(x)); x €
X}. Then

(i) A € Bifand onlyif , (x) < pg(x) and v ,(x) > v5(x);
(i) A (or A%) = {(x, 4(x), ps(x)); x € X};
(iii) AN B = {{x, pa(x) A pp(x), v4(x) V v5(x)); x € X}
(iv) AU B = {{x, pp(x) V pp(x), v (x) Avg(x)); x € X}

We will use the notation A = {{x, p4,7,); x € X}instead
of A = {{x, pua(x), v4(x)); x € X}.

Definition 3 (see [2]). Consider 0_ = {{x,0,1); x € X} and
1. ={(x,1,0); x € X}.

Let o, § € [0,1] such that &« + § < 1. An intuitionistic
fuzzy point (IFP) p(, g is intuitionistic fuzzy set defined by

= P = ®
ap) (X) = 2
Plep) (0,1) otherwise.



Definition 4 (see [3]). An intuitionistic fuzzy topology (IFT)
in Coker’s sense on a nonempty set X is a family 7 of
intuitionistic fuzzy sets in X satistying the following axioms:

(i) 0_,1_€m
(ii) G, N G, € 1, for any G,,G, € T;
(iii) UG; € 7 for any arbitrary family {G;; i € J} C 7.

In this paper by (X, 7) and (Y, 0) or simply by X and Y, we
will denote the intuitionistic fuzzy topological spaces (IFTSs).
Each IFS which belongs to 7 is called an intuitionistic fuzzy
open set (IFOS) in X. The complement A of an IFOS A in X
is called an intuitionistic fuzzy closed set (IFCS) in X.

Let X and Y be two nonempty sets and let f: (X,7) —
(Y, 0) be a function.

If B={{y,ug(»),vg(»)); y € Y}isan IFSin Y, then the
preimage of B under f is denoted and defined by f~'(B) =
{(x, (MB(x)),f_l(vB(x))); x € X}. Since pg(x), vg(x) are
fuzzy sets, we explain that f_l(‘uB(x)) = pp(x)(f(x)) and
£ 0p(2)) = () (f (%)

Definition 5 (see [5]). Let Plap) be an IFP in IFTS X. An IFS
A in X is called an intuitionistic fuzzy neighborhood (IFN) of
P(a,p if there exists an IFOS B in X such that p(, 45 € B € A.

Definition 6 (see [3]). Let (X,7) be an IFTS and let A =
{(x, 1p(x),v4(x)); x € X} be an IFS in X. Then the
intuitionistic fuzzy closure and intuitionistic fuzzy interior of
A are defined by

(i) cd(A) =n{C:Cis an IFCS in X and C 2 A}
(ii) int (A) = U{D : D is an IFOS in X and D <€ A}.
It can be also shown that cl (A) is an IFCS, int (A) is an IFOS

in X, and A is an IFCS in X if and only if cl (A) = A; Aisan
IFOS in X if and only if int (A) = A.

Proposition 7 (see [3]). Let (X, T) be an IFTS and let A and
B be IFSs in X. Then the following properties hold:

(i) cl A = (int (A)), int (A) = (cI(A));

(ii) int (A) € A C cl(A).
Definition 8 (see [6]). An IFS A in an IFTS X is called an
intuitionistic fuzzy B-open set (IFBOS) if A < cl(int(clA)).

The complement of an IFSOS A in IFTS X is called an
intuitionistic fuzzy -closed set (IFSCS) in X.

Definition 9 (see [6]). Let f be a mapping from an IFTS X
into an IFTS Y. The mapping f is called

(i) intuitionistic fuzzy continuous if and only if f “1(B)is
an IFOS in X, for each IFOS Bin Y;

(ii) intuitionistic fuzzy B-continuous if and only if £~ (B)
is an IFBOS in X, for each IFOS Bin Y.

Definition 10 (see [4]). Let (X, 7) be an IFTS and let A =
{(6, ua(x),v4(x)); x € X} be an IFS in X. Then the
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intuitionistic fuzzy p-closure and intuitionistic fuzzy (-
interior of A are defined by

(i) Bcl(A) =n{C: Cis an IFBCS in X and C 2 A};
(ii) Bint(A) = U{D : D is an IFBOS in X and D < A}.

Definition 11 (see [7]). A fuzzy function f: X — Y is called
fuzzy B-irresolute if inverse image of each fuzzy 3-open set is
fuzzy -open.

Definition 12 (see [4]). A function f: (X,7) — (Y,0) from
an intuitionistic fuzzy topological space (X, ) to another
intuitionistic fuzzy topological space (Y,0) is said to be
intuitionistic fuzzy B-irresolute if f~'(B)isan IFBOS in (X, T)
for each IFSOS Bin (Y, 0).

Definition 13 (see [3, 4]). Let X be an IFTS. A family of
{{x, g, (%), v5,(x)); i € J} intuitionistic fuzzy open sets
(intuitionistic fuzzy 3-open sets) in X satisfies the condition
1. = U{{x, tg, (%), 76, (x)); 1 € J} which is called an
intuitionistic fuzzy open (intuitionistic fuzzy 3-open) cover
of X. A finite subfamily of an intuitionistic fuzzy open
(intuitionistic fuzzy 3-open) cover {(x, H, (%), v, (x)); i € J}
of X which is also an intuitionistic fuzzy open (intuitionistic
fuzzy f3-open) cover of X is called a finite subcover of

(%, g, (%), v6,(x)); i € jl.

Definition 14 (see [3]). AnIFTS X is called intuitionistic fuzzy
compact if each fuzzy open cover of X has a finite subcover
for X.

Definition 15 (see [8]). AnIFTS X is called intuitionistic fuzzy
almost compact (IF almost compact) if, for every IF open
cover {Uj : j € J} of X, there exists a finite subfamily J, ¢ |
such that X = U{cl(U)) : j € Jo}.

Definition 16 (see [4]). An IFTS X is said to be intuitionistic
fuzzy B-compact (IF S-compact) if every IF -open cover of
X has a finite subcover.

Definition 17 (see [6]). Let (X, 7) and (Y, 0) be two IFTSs. A
function f: X — Y is said to be intuitionistic fuzzy weakly
continuous (IF weakly continuous) if, for each IFOS V in Y,

V) cint (f7H(dV)).

3. Intuitionistic Fuzzy -Compactness

Definition 18. An IFTS B of (X, 7) is said to be IF 3-compact
relative to X if, for every collection {A;; i € I} of IF S-open
subsets of X such that B € U{A;; i € I}, there exists a finite
subset I, of I such that B € U{A;; i € Ij}.

Definition 19. An IFTS B of (X, 7) is said to be IF 3-compact
if it is IF S-compact as a subspace of X.

Definition 20. A family of IF 3-closed sets {A;; i € I} has the
finite intersection property (in short FIP) if, for any subset I,
of I, Ny A; # 0.
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Theorem 21. For an IFTS X the following statements are
equivalent.

(i) X is IF B-compact.

(ii) Any family of IF -closed subsets of X satisfying the FIP
has a nonempty intersection.

Proof. Let X be IF f-compact space and let {A; i € I}
be a family of IF f-closed subsets of X satisfying the FIP.
Suppose N;c;A; = 0_. Then U, ;A; = 1_. Since {A; i € I}
is a collection of IF S-open sets cover X, then from IF f3-
compactness of X there exists a finite subset I, of I such that
UieIOA_i = 1_. Then N;; A; = 0. which gives a contradiction
and therefore N;.;A; # 0_. Thus (i) = (ii).

Let {A;; i € I} be a family of IF 3-open sets cover X.
Suppose that for any finite subset I, of I we have U, A; #
1_. Then ﬂl-dOA_,- # 0_. Hence {A;; i € I} satisfies the FIP.
Then, by hypothesis, we have N,.;A; # 0_ which implies that
UjerA; # 1. and contradicts that {A;; i € I} is an IF -open
cover of X. Hence our assumption Uie,Ai # 1. is wrong.
Thus U;; A; = 1. which implies that X is IF f-compact. Thus
(il) = (). O

Theorem 22. An intuitionistic fuzzy f-closed subset of an
intuitionistic fuzzy B-compact space is intuitionistic fuzzy [3-
compact relative to X.

Proof. Let A be an IF f3-closed subset of X. Let {G;; i € I} be
cover of AbyIF -open setsin X. Then the family {G;; i € I}U
AisanIF B-open cover of X. Since X is IF 3-compact, there is
a finite subfamily {G,,G,, ..., G,} of IF B-open cover, which
also covers X. If this cover contains A, we discard it. Other-
wise leave the subcover as it is. Thus we obtained a finite IF
B-open subcover of A. So A isIF 3-compact relativeto X. [

Theorem 23. Let (X,7) and (Y,0) be intuitionistic fuzzy
topological spaces and let f: (X, 1) — (Y,0) be intuitionistic
fuzzy B-irresolute, surjective mapping. If (X, T) is IF 3-compact
space then so is (Y, 0).

Proof. Let f : (X,7) — (Y,0) be intuitionistic fuzzy -
irresolute mapping of an intuitionistic fuzzy 5-compact space
(X, 7)ontoan IFTS (Y, 0). Let {A; : i € I} be any intuitionistic
fuzzy B-open cover of (Y,0). Then {f'(A,) : i € I}is
collection of intuitionistic fuzzy S-open sets which covers
X. Since X is intuitionistic fuzzy -compact, there exists a
finite subset I, of I such that subfamily { f™'(A,); i € I,} of
{f_l(A,-) : i € I} covers X. It follows that {A;; i € I;} isa
finite subfamily of {A; : i € I} which covers Y. Hence Y is
intuitionistic fuzzy 3-compact. O

Theorem 24. Let (X, 1) and (Y,0) be intuitionistic fuzzy
topological spaces and let f: (X, 1) — (Y,0) be intuitionistic
fuzzy B-irresolute mapping. If A is IF [3-compact relative to X
then f(A) is IF B-compact relative to Y.

Proof. Let{A, : i € I} beafamily of IF 3-open cover of Y such
that f(A) € U;A;. Then A € f7(f(A)) € [T (Ui A) =
Uier f1(A,). Since f is IF B-irresolute, f~'(A;) is IF -open

cover of X. And A is IF B-compact in (X, 7); there exists a
finite subset I, of I such that A € Uielof_l(Ai). Hence f(A) ¢

f(UiEIOfil(Ai)) = UiEIOf(fil(Ai)) € Ujer,(A;). Thus f(A) is
IF 3-compact relative to Y. O

Theorem 25. An IF f-continuous image of IF 3-compact space
is IF compact.

Proof. Let f : (X,7) — (Y,0) be an IF 3-continuous from
an IF B-compact space X onto IFTS Y. Let {A; : i € I} be
IF open cover of Y. Then {f"l(Ai); i € I} is IF -open cover
of X. Since X is IF f-compact, there exists finite subset I, of
I such that finite family {f™'(A,); i € I,} covers X. Since f
is onto, {A; : i € I} is a finite cover of Y. Hence Y is IF
compact. O

Definition 26. Let (X, T) and (Y, 0) be two intuitionistic fuzzy
topological spaces. A mapping f : X — Y is said to be
intuitionistic fuzzy strongly $-open if f(V') is IFBOS of Y for
every IFBOS V of X.

Theorem 27. Let f : (X,7) — (Y,0) be an IF strongly [3-
open, bijective function and Y is IF 3-compact; then X is IF
B-compact.

Proof. Let {A; : i € I} be IF B-open cover of X, and
then {f(A;) : i € I} is IF -open cover of Y. Since Y
is IF B-compact, there is a finite subset I, of I such that
finite family {f(A;) : i € I,} covers Y. But 1_x =
'y = f_lf(Uielo(Ai)) = Ujep,A; and therefore X is IF
B-compact. 0

4. Intuitionistic Fuzzy 3-Almost
Compactness and Intuitionistic Fuzzy
p-Nearly Compactness

In this section we investigate the relationships between IF
B-compactness, IF f-almost compactness, and IF -nearly
compactness.

Definition 28. An IFTS (X,t) is said to be IF f-almost
compactness if and only if, for every family of IF 3-open cover
{A; : i € I} of X, there exists a finite subset I, of I such that
Uer, Bl A; = 1.

Definition 29. An IFTS (X,7) is said to be IF fB-nearly
compactness if and only if, for every family of IF 3-open cover
{A; : i e I} of X, there exists a finite subset I, of I such that
Uje, Bint(Bcl A)) = 1..

Definition 30. An IFTS (X, 1) is said to be IF f-regular if,
for each IF B-open set A € X, A = U[A; € I* |
A; is IF B-open, BclA; C A}.

Theorem 31. Let (X,7) be IFTS. Then IF [-compactness
implies IF [3-nearly compactness which implies IF [3-almost
compactness.

Proof. Let (X, T) be IF f-compact. Then for every IF 3-open
cover{A; : i € I} of X, there exists a finite subset U;c; A; = 1.



Since A; is an IFBOS, for each i € I, A; = fint(A;) for
eachi € I. A; = BintA; ¢ Bint(BclA;) for eachi € I.
Here 1. = Ui A; = U fintA; € Ui fint(BclA)).
Thus U;; Bint(fclA;) = 1. which implies that (X, 7)
is IF B-nearly compactness. Now let (X, 1) be IF f3-nearly

compact. Then for every IF f-open cover {A; : i € I}
of X, there exists a finite subset Ui, Bint(BclA;) = 1.
Since Bint(fclA;) < PBclA; for each i € I, 1. =

Uier, Bint(BclA;) € Uy Sl Ay Thus Ui Bl A; 1..
Hence (X, 1) is [F 3-almost compact. O

Remark 32. Converse implications in theorem are not true in
general.

Example 33. Let X be a nonempty set. Then (X, 1) is IFTS,
where 7 = {0_,1_,A,},n € N,where A, : X — [0,1] is
defined by A, = {(x,1 - 1/n,1/n); x € X}, n € N. The
collection {A, : n € N} is IF 3-open cover of X. But no
finite subset of {A, : n € N} covers X. Hence X is not IF
B-compact. But BclA, = 1_ for n > 3. Thus there exists
a finite subfamily {A, : n € Ny} for N, € N such that
Unen, Bl A, = 1_. Thus X is IF B-almost compactness. Also
Bint(BclA,) = Bint(1.) = 1_ for n > 3. Thus there exists
a finite subfamily {A, : n € Ny} for N, < N such that
Unen, Bint Bcl A, = 1_. Thus X is IF B-nearly compactness.

Theorem 34. Let (X, 1) be IFTS. If (X,7) is IF [(-almost
compact and IF 3-regular then (X, 7) is IF 3-compact.

Proof. Let {A; : i € I} be IF S-open cover of X such that
UjerA; = 1. Since (X, 7) is IF B-regular, A; = U{B; € I* |
B, is IF B-open, Scl B; € A;} for each i € I. Since 1. =
Ujer (Ui B;) and (X, 1) is IF B-almost compact there exists a
finite set I, of I such that U, fclB; = 1_. But Bcl(B;)
A; (Bint(BclB;) € Bcl(B;)). Wehave U;e; A; 2 Uy Bl B;
1. Thus, U;e; A; = 1. Hence (X, 7) is IF B-compact. O

N

Theorem 35. Let (X, 1) be IFTS. If (X,7) is IF [3-nearly
compact and IF f-regular then (X, 7) is IF -compact.

Proof. Let {A; : i € I} be IF S-open cover of X such that
UjetA; = 1. Since (X,7) is IF fB-regular, A; = U{B; ¢
I | B, is IF B-open, B cl B; ¢ A} for each i € I. Since
1. = Ujer(UjerB;) and (X, 1) is IF B-nearly compact there
exists a finite set I, of I such that U, fint(BclB;) = 1.
But Bint(BclB;) < Bcl(B) < A; We have Uy A; 2
Uier, BClB; 2 Ujep fint(BclB;) = 1.. Thus, Uiy A; = 1.
Hence (X, 1) is [F 3-compact. O

Theorem 36. An IFTS (X, 1) is IF B-almost compact, if and
only if, for every family {A; : i € I} of IF 3-open sets having the
FIR N, BclA, #0_.

Proof. Let {A; i € I} be a family of IF -open sets
having the FIP. Suppose that N;;;SclA; = 0. and then
UerBclA;, = U BintA; = 1. Since (X,7) is IF B-
almost compact, there exists a finite subset I, of I such that
User, Bel(B int A;) = 1_. This implies that User, Bel(B intA)) =
Uier, Bel(BelA;) = 1. Thus, Ny fint(BclA;) = 0.. But
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A; = pintA; € fint(BclA;). This implies that N, A; = 0
which is in contradiction with FIP of the family. Conversely,
let {A; : i € I} be a family of IF B-open sets such that
U;erA; = 1_. Suppose that there exists no finite subset I, of

I'suchthatU,e; BclA; =1..Since{BclA; i € I} has the FIP

then N;c;Bcl(BclA;) # 0_. This implies U;.;Scl(BclA;) #
1.. Hence Uidﬂint (BclA;) # 1_.Since A; € Bint(BclA))
for each i € I, U;;;A; # 1_ which is in contradiction with
UierA; =1_. U

Theorem 37. Let (X, 1) and (Y,0) be IFTS and let f :
(X,7) — (Y,0) be intuitionistic fuzzy [-irresolute, surjective
mapping. If (X, T) is IF 3-almost compact space then so is (Y, 0).

Proof. Let f : (X,7) — (Y,0) be intuitionistic fuzzy
B-irresolute mapping of an intuitionistic fuzzy S-compact
space (X, 1) onto an IFTS (Y,0). Let {A; : i € I} be any
intuitionistic fuzzy f-open cover of (Y, ¢). Then {f 1A, :
i € I} is an intuitionistic fuzzy B-open cover of X. Since
X is intuitionistic fuzzy S-almost compact, there exists a
finite subset I, of I such that U;¢; Bcl (f(A) = 1. And

fx) = [, BAT(AD) = Ui, fBA(fT(AD) =
1.y. But B (f7(A;)) € f'(BclA,;) and from the surjec-
tivity of £, f(BL(f'(4) € f(f(BclA) = BclA,
S0 U, BeclA; 2 Uidof(ﬁcl(f_l(Ai))) = 1. Thus
UieloﬁclAi = 1_y. Hence (Y, 0) is IF 3-almost compact. [J

Theorem 38. Let (X,7) and (Y,0) be intuitionistic fuzzy
topological spaces and let f : (X, 1) — (Y, 0) be intuitionistic
fuzzy B-continuous, surjective mapping. If (X, T) is IF 3-almost
compact space then (Y, o) is IF almost compact.

Proof. Let {A; : i € I} be any intuitionistic fuzzy open
cover of (Y,0). Then {f"l(Ai) : i € I} is an intuitionistic
fuzzy p-open cover of X. Since X is intuitionistic fuzzy
B-almost compact, there exists a finite subset I, of
I such that Uidoﬁcl(f_l(A,-)) = 1.x. And from the

surjectivity of f, 1.y = f(l_x) = f(UieloﬁCI(ffl(Ai))) <

Uier, f(B(f T (A)Uier, Bl f(fTH(A)) c
Uses, df(f'(A)) < Ujer, ¢l A; which implies tha
Ujey, clA; = 1_y. Hence (Y, 0) is IF almost compact. ]

Definition 39. Let (X,7) and (Y,0) be two intuitionistic
fuzzy topological spaces. A function f : X — Y is
said to be intuitionistic fuzzy -weakly continuous (IF f3-
weakly continuous) if, for each IFBOS V in Y, f_l(V) C
Bint(f(BclV)).

Theorem 40. A mapping f from an IFTS (X, 1) to an IFTS
(Y,0) is IF strongly B-open if and only if f(BintV) ¢
Bint (V).

Proof. If f is IF strongly f3-open mapping then f(fintV)
is an IFBOS in Y for IFBOS V in X. Hence f(BintV) =
Bintf(BintV) = Bint f(V). Thus f(BintV) c Bint f(V).
Conversely, let V' be IFBOS in X and then V = BintV.
Then by hypothesis, f(V) = f(BintV) < Bint f(V). This
implies that (V) is IFfOSinY. O
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Theorem 41. Let (X,7) and (Y,o0) be IFTS and let f :
(X, 1) — (Y, 0) be intuitionistic fuzzy -weakly continuous,
surjective mapping. If (X, t) is IF -compact space then (Y, o)
is IF 3-almost compact.

Proof. Let {A; : i € I} be IF B-open cover of Y such that
UierA; = Ly Then Ui fH(A) = f (Ui A) = f1(1y) =
1_x. (X, 7) is IF B-compact, and there exists a finite subset
I, of I such that Uieloffl(Ai) = 1_yx. Since f is IF B-weakly
continuous, f'(A;) < Bint(f (Bl A) < f(BcA)).
This implies that UieIOffl(ﬁclA,») 2 Uidof*l(Ai) = 1.y
Thus Uidof_l(ﬁ clA;) = 1_x. Since f is surjective, 1_; =
fUy) = fWie, f(BAA)) = Ug f(f(BA)) =
Ujer, Bcl A;. Hence Ui fclA; = 1.y. Hence (Y,0) is IF -
almost compact. O

Theorem 42. Let (X, 1) and (Y,0) be intuitionistic fuzzy
topological spaces and let f : (X, 1) — (Y, 0) be intuitionistic
fuzzy B-irresolute, surjective, and strongly [3-open mapping. If
(X, 1) is IF B-nearly compact space then so is (Y, 0).

Proof. Let {A; : i € I} be any intuitionistic fuzzy f-
open cover of (Y,0). Since f is IF f-irresolute, then
{ f_l(A,-) : i € I} is an intuitionistic fuzzy S-open cover of
X. Since (X, 1) is IF B-nearly compact, there exists a finite
subset I, of I such that U;;; Bint(fcl f'(A))) = 1_y. Since
f is surjective, 1.y = f(1.x) = f(Uje; Bint (Bl f7(A))) =
Ujer, f(Bint (Bcl f7'(A))). Since f is IF strongly pB-
open, f(Bint(Bcl f1(A;)) ¢ Bint f(Bclf(A)
for each i € 1. Since f is IF f-irresolute, then
F(B f(A) < B f(f'(A)). Hence we have 1., =
Uier, f(BInt(Bcl f1(A)) € Ui Pint f(Bl f7(A) <
UiEIU[Sint(ﬁclf(f_l(Ai))) Ujer, Bint(Bcl(A;)). Thus
Ly = Ugpint(fcl(A;)). Hence (Y,0) is IF B-nearly
compact. O
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