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In this work, we discuss solutions to the abstract Cauchy problem of fuzzy conformal fractional. In addition, the method of fuzzy
fractional semigroups is used to obtain analytical solutions to the fractional differential equation. We use the concept of
Krasnoselskii’s fixed point theorem to determine the existence and uniqueness of the solution. An application is also given to

illustrate our main abstract results.

1. Introduction

Fuzzy fractional differential equations (FFDEs) have proved
to be one of the most effective tools for modelling many
phenomena in various fields of physics, mechanics, chem-
istry, and engineering. They have a large number of appli-
cations in the nonlinear oscillation of earthquakes, in many
physical phenomena such as seepage flow in porous media,
and in fluid dynamic circulation modelling. They have
a large number of applications in the nonlinear oscillation of
earthquakes, in many physical phenomena such as seepage
flow in porous media, and in fluid dynamic circulation
models. For more details on this theory and its applications,
we refer to [1-7] [31-33].

Recently, Khalil et al. in [8] introduced a new differential
operator, called the conformable derivative. This concept of
conformal fractional calculus is a relatively new area of
research which generalises the classical fractional calculus of
noninteger degrees. This derivative of fractional order sat-
isfies many well-known properties of the integer derivative,
including linearity, the product rule, and the division rule. In
addition, Rolle’s theorem and the mean value theorem can
also be applied, see [8]. One of the topics covered in this area

concerns fractional semigroups, a type of operator semi-
group whose generator is the conformable derivative. In
2015, Abdeljawad in [9] presented detailed results for the
conformable derivative. In [10], Horani et al. describe
fractional semigroups of operators and they further studied
fractional abstract Cauchy problems with conformable de-
rivatives introduced in [8]. Khalil et al. in [11] presented
a geometric meaning of the conformable derivative through
fractional sequences based on the conformable derivative.
Abbeljawad et al. introduced the so-called C,-a-semigroup
{T (7)};50> which is a generalization of the classical strong
continuous semigroup with its infinitesimal generator.
Moreover, in [12], the authors introduced fuzzy fractional
semigroups of operators associated with the congruent fuzzy
fractional derivative. Numerous research papers using the
congruent derivative have been published in recent years
(see [13-27]).

The purpose of this work is to study the existence and
uniqueness of fuzzy abstract Cauchy problems involving the
fuzzy conformable derivatives using the method of fuzzy
fractional semigroups.

We consider the following abstract fuzzy fractional
conformal Cauchy problem:
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v ()= A¥Y ()@ D (1,¥ (7)), 7>0, (1)

¥ (0) = Yo, (2)

where ¥ (1) denotes the fuzzy conformable derivative,
A DAL — X is a linear operator with
I =€(la,b],Rg), and ®(7,¥ (7)) is continuously a-—
differentiable.

This paper is organized as follows: in Section 2, we
provide all the necessary tools for fuzzy conformal fractional
calculus and fuzzy fractional semigroups. In Section 3, we
study the existence and uniqueness of the solution to
problems (1) and (2). In Section 4, we give applications
illustrating our abstract results. Finally, the article ends with
a conclusion.

Let & = € ([a,b], Rg) be the space of continuous [a, b]
valued functions in Ry and Z (2, Z) be the space of all
bounded operators on X

1.1. Notation
(i) & =€ ([a,b],Rg): the space of continuous [a, b]
valued functions in Rg.

(i) L (X, X): the space of all bounded operators
on 2.

(iii) Rg: the space of fuzzy numbers.

(iv) T9(¢) (1) or (p(9) (7): fuzzy conformable derivative
of ¢ of order 9.

(v) S5 (¢) (1): conformable integral of ¢ of order 9.
(vi) 0: the zero element on Rg;.
(vii) ©: the multiplication on Rg.

(viii) ©: the subtraction on Rg also
H-difference.

(ix) © gy generalize Hukuhara difference.
(x) @: the addition on Rg.
(xi) {T (7)},5¢: fuzzy a-semigroup.

called

(xii) A: infinitesimal generator a of fuzzy a-semigroup.

(xiii) P (A): domain of infinitesimal generator of a fuzzy
a-semigroup.

2. Preliminaries

This section introduces the main properties of fuzzy number
space and some other spaces based on it.

Definition 1 (see [28]). The space of fuzzy numbers denoted
by Rg is defined as the class of fuzzy subsets of the real axis
R, ie., of u: R — [0, 1], having the following four
properties:

(i) Normalization: sup, g #(x) = 1.
(ii) Convexity: for all x,y € R and all A€ [0, 1],
u(Ax + (1 -2A)y) >min (u(x),u(y)).
(iii) Upper semicontinuity: for all x € R, the set
{y € R: u(y)>x} is open.
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(iv) Compact support: the set {x € R:u(x)>0} is
bounded.

For all r € (0, 1], the r-level of an element of Ry is
defined by

o ={teR,w(t)=r} (3)

We can write in interval form as follows:

W =[w_(r),w, ()] (4)

(i) The addition of two fuzzy numbers is defined by
®: Ry xRy — Rg,

(w®v)(x) = sup

y+z=x

min{fw (y),v(2)}. (5

(ii) And multiplication by a scalar is defined by
0:RxRg — Rg,

wG) if 1#0,
Aow)(x) = (6)
0, if 1=0.

Under r-level, we get for all r € [0, 1],

[wev]” =[w] +[v],

Nov] =Av]. @

(iii) The subtraction in Rg; is called the H-difference and
is noted © defined as follows:

wo9 makes sense if it exists & € Rg such that
w=9a¢, for all 0, € Rg.

Clearly, w©9 does not always exist.

We also define the generalized Hukuhara (gH) difference
noted by © ; of two fuzzy numbers as follows:

9t (i), w=9+¢&or, 0
WOgHY = <:’{(ﬁ), 9= w+ (-1 ®

For all, w,9 € Rg.
Definition 2 (see [28]). The distance between two elements
of Ry is given by

d(w,v) = sup

re[0,1]

max«“w, (r) = v_(r)|,|w, (v, (T’)I}>
(9)

verifying the following properties, for all w,,«,9 € Rg.
(i) dwex oK) =d(w,v).

(i) d(yow,y0&) = |yld (w, v).
(iii) d(w@ & k@ 9) <d(w, k) + d (&, 9).

In what follows, we introduce the following Hukuhara’s
derivative.
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Definition 3 (see [29]). Let 7,€ (a,b) and & be
7, + 0 € (a,b), then the generalized Hukuhara derivative of
a fuzzy value function y: (a,b) — Rg at 7, is defined as

|l (zo +0)© gy (7o) :
Blin()“ & 5 & ° egHWgH(TO)

=0. (10)

If w;H(TO) € Rg satisfying (10) exists, we say that y is
generalized Hukuhara differentiable (gH-differentiable for
short) at 7.

Definition 4 (see [29]). Let y: [a,b] — Rg and 7, € (a,b),
with y_(7,7) and v, (7,r) both differentiable at 7.
We say that

(1) v is [(i) - gH]-differentiable at 7, if

Vign(no) = [y (m.r) v (n.7)]. (11)
(2) v is [(ii) — gH]-differentiable at 7, if

Vingi(To) = [y (z.7), v/ (z,7)]. (12)

Remark 5. Clearly, Hukuhara differentiability implies
generalized differentiability but not vice versa.

2.1. Conformable Derivative and Fuzzy a—Semigroup of
Operator. The conformable derivative is a relatively new
concept in fractional calculus. It is based on the basic limit
definition of the derivative and differs from other fractional
derivatives, such as the Riemann fractional derivative, in
some key properties [9]. The conformable derivative has
been studied in various contexts, including ordinary dif-
ferential equations, complex-valued functions, and com-
mutative algebras [9, 30].

The conformable derivative has been extended to arbi-
trary time scales, leading to the development of a new kind of
conformable derivative on arbitrary time scales [5]. It has
also been defined in finite-dimensional commutative asso-
ciative algebras, demonstrating its applicability in various
mathematical structures [6].

Here are some key properties and definitions of the
conformable derivative:

Definition 6 (see [8]). Let ¢ € €([a,b],Rg) and 9 € (0,1).
Assuming ¢ (7 +¢e(7 - a)l_s) O g (1) exists, then we
define the fuzzy conformable derivative of ¢ of order 9 from

To(9) (1) = lim ~o(g(r+e(r-a)' ") 49(n),
(13)

where 7 4(¢) (1) can also be represented by go(9) (7). If the
fuzzy conformable derivative of ¢ of order 9 exists, then we
simply say ¢ is 9,-differentiable

Theorem 7. If ¢, a fuzzy function ¢: [a,00) — Rg, is
9 -differentiable at 1,>0, 9 € (0, 1), then ¢ is a fuzzy
continuous function at .

Proof. Indeed, we have

9"(70 + 57(1)_9) O 4¢P (7o)

1-9 (14)
Ty +ET, )© T
=‘P( 0 0 ) gH90( O)G&
£
Passing the limit, we get
slino[ﬁ"(To + 57379) egH‘P(To)]

(15)

1-9

Ty + €1, )© T
= lim gv( 0 0 ) qu)( O)Q lim e,
e—0 3 e—0

then
. 1-9 o
lim [g(7o + 1y ) ©4u(70)] = T9(9) (1) 00 (16)
Now, let § = 7}, therefore
61210[9"(70 +9) egH‘P(To)] =0. (17)

Therefore, the function ¢ is a fuzzy continuous
function. O

Theorem 8. Let 9¢ (0,1) and ¢: [a,00) — Rg be
9yp-differentiable fuzzy function at a point 7> 0. Then,

To(9) (1) = (- a) P 0g,,(1). (18)

Proof. In Definition 6, let d=e(r—a)'"® and then
e= (r-a)" 8. Hence,

(p('r +e(r - a)l_s) egHgo(T)

Ts(p)(1) = gliLnO

€
_ 0 p(r+d)o ye(7)
=0 §(r-a)! (19)
HPNE p(t+0)e ye(1)
=(r-a'™ fim
=(1-a)" gy (7).

End of proof. O

Remark 9

(i) The conformable derivative of a constant function is
zero, which is not the case for Riemann fractional
derivatives [9].

(ii) The fuzzy conformable derivation satisfies all the
classical properties of the derivation.



Definition 10 (see [7]). Let ¢ € € ([a,b],Rg) and
9 € (0, 1). The conformable integral is the inverse operation
of the conformable derivative. It is defined as

S5(9) (1) =I{((r- a)971®(p)

T (20)
= J (x - a)s_ ! 0@ (x)dx.

a

Theorem 11. Let ¢ be a fuzzy continuous function on [a, b],
then the following properties are checked, for all 9 € (0, 1):

(1) T935(9) (1) = ¢ (7).
(2) 85T 9(9) (1) = (1) © gy (a).

Proof
(1) Since ¢ is continuous, then J§(¢)(7) is clearly
differentiable. Hence,

L3
dr

RS

o (x—a)?

T 432 () (1) = (1 - )" ==F4 () (1)
dx
(21)
-9 @(1)
(T_a)l—é)

(2) We have

ST (9) (1) = j

(x—a)* 'T 9 (x)dx

= r @ g (x)dx (22)

= ¢(1)e 9 (a).
O

Theorem 12 (see [8]) (mean value theorem for conformable
differentiable functions). Let a >0 and ¢: [a,b] — Rg be
a given function satisfying the following:

(i) ¢ is continuous on [a,b].

(ii) ¢ is 9-differentiable for some 9 € (0, 1).

Then, we have c € (a,b), such that
9(b)© ,119(a)

CYNS '
P = e - (19

(23)

Below we give some basic definitions of a—semigroups.

Let £ = € ([a, b], Rg) be the space of continuous [a, b]
valued functions in Rg and £ (X, X)) is the space of all
bounded operators on .
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Definition 13 (see [12]). Let & € (0, a] for any a > 0. We call
a fuzzy a-semigroup any operator {T'(7)},5, in L(Z, I)
that verifies the following:
(i) T (0) = I, the identity mapping on Rg;.
(i) T (s + 1)V* = T (sY*)T (/%) for all s, 7 € [0, c0).
(iii) There exist two constants M >0 and w such that,
for 7>0,x, y € Ry, we have

d(T(0)""%T()"y) <M " (x,y).  (24)

In particular, if M = 1 and w = 0, we say that {T' (1)}, is
a contraction fuzzy a-semigroup.

Remark 14. Clearly, if « =1, then fuzzy 1-semigroups are
just the fuzzy semigroups.

Example 1 (see [12]). Let ¢ € € ([0, +00), Rg), define the
linear operator T (1) by

(T(D))(s) = p(s +2v7), (25)

and {T'(7), 7> 0} is a fuzzy 1/2—semigroup.

Definition 15 (see [12]). A fuzzy a-semigroup T (7) is called
a fuzzy c,-a-semigroup if, for each fixed x € X, T (1)x — x
as T— 0%,

We call the fuzzy conformable derivative of T (1) at 7 =0
the infinitesimal generator alpha of the fuzzy a—semigroup
T (7). It is denoted A and its domain is given by

D(A) = {x eZ: lim TY(1)x exists},
T— 0%

(26)

Ax = 11%T<“’(T)x.

Theorem 16. Given {T (1)},5o a fuzzy c,-a-semigroup whose
infinitesimal generator A, if T (1) is continuously a-differ-
entiable and x € D (A), then

T (1)x = AT (1)x = T (1)Ax. (27)
Proof. Let us start with
T (1)x

lim l@ (T(T + erlfa)x ouT (T)X)

e—0 &

lim 1(D (T(T“ +(T + arlfa)a - T”‘)UaxeghT(T)x)

e—0 &

8@0 %O (T(T"‘ +((T + 5117“)0( - T“))l/axeghT(T)x).
(28)

As T'(7) is a fuzzy a-semigroup of operators, then
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T(a+b)" = T(a")T(b"). (29) Thus,
T® (1)x
. 1 a1/« 1-a\% a\ e
:gllno ;@(T(r ) T((T+€T ) -7 ) xeghT(r)x> (30)
~ lim Yo (T(7) 7( )y e, T(0)
—Slnoge T <T+8T T) X0 g x| ).
If we now use the mean theorem for conformable de- what needed to be shown. O

rivatives defined in Theorem 12, we get

o (T 1((eer ) =) "so 0]

. (31)
@ [(Trer ) -1
=T(1)oT ¥ (c)x ,
ae
for a few 0<c< (7 + er! %)% — 17,
If e—0, then ¢—0, and lim, (T@(c) =
T (0) = A. Hence,
1-a\% o
T+er -7
T (1)x = T (7)Ax lim [( ) ] (32)
Py ae

From L’Hopital’s rule, we obtain

i [(r+ erl_“)a -]

e—0 (043

=1 (33)

So,
T (r)x = T (1)Ax. (34)
Likewise, it can be shown that T(7)x € 2(A) and

T@(1)x = AT (7)x.
In the following, we define T: [a,b] — Z (X, ) by

T(1) = exp(ér“A). (35)

It is clear that T is well a fuzzy a— semigroup.
Indeed,

ro-eoflra)-1
T(r+9" = exp( [ (r+9"]"4)
= exp( (1 +94) (36)
(L)oo
=T (1)"*T (s)""*.

Theorem 17 (Krasnoselskii’s fixed point theorem). Let M
be a closed convex and nonempty subset of a Banach space X.
Let A, B be two operators such that
(i) Ax + By € M whenever x,y € M,
(ii) A is compact and continuous,
(iii) B is a contraction mapping.

Then, there exists z € M such that z = Az + Bz.

3. Main Results

In this section, we show how our theory can be applied to
provide solutions to specific problems. In particular, we
would like to use the fractional semigroup concept to solve
fuzzy differential problems.

3.1. The Fuzzy Differential Problem. We consider the fol-
lowing abstract fuzzy fractional conformal Cauchy problem:

¥@ (1) = A¥Y (1)@ D (1, ¥ (7)), 7>0, (37)

Y (0) = q"o» (38)

where W@ (7) denotes the conformable derivative,
A: D(A)c X —> X is a linear operator, and @ (7, ¥ (7)) is
continuously «,— differentiable.

Definition 18. A function ¥: [0,a] — R is a solution of
the problems (37) and (38) if ¥ is continuous, is continu-
ously a-differentiable on Rg;, belongs in & (A), and satisfies
(37) and (38).

Theorem 19. Let & be a Banach space and A the in-
finitesimal ~generator of a fuzzy c,—a— semigroup
{T (D} LT, D). If ¥, € D(A) and
O: ([a,b], ) — Ry is continuous on ([a,b], ), then
problems (37) and (38) have a solution ¥ such that

Y (1) =T (1)(¥y)® j; T(z" - sa)llad) (s, ¥(s))ds. (39)

Proof. For 7>0, we have



Y@ (1) = [T (1) (¥,)] @
® (JO T(1° - )"0 (s, W(s))ds)m “o
It is clear that [T (7)(¥,)]“ = A[T (1) (¥,)]. We set
A7) = j;T(T“ C ) (s W (s)ds.  (41)

Let us prove that A (1) exists. Let £ > 0; we have

A(T + 8117“)
B T+er!™ —a\® 1/«
= Jo T((T +eT ) s ) (D (s, ¥ (s)))ds
~ THer! @ a\¢  a « 1/a
_JO T((T+£T ) T +7T s)

O (D(s,¥(s)))ds
= T((T + 811_“)a - T“)W

©

J»T+€T - T (Ta B Sa)l/a (D (s, ¥ (s)))ds]
0

= T((T + 811_“)a - T“)M

T+er!™®
[0}

A(T)@J

T

T (1% - %) (D (s, ‘I’(s)))ds]

= T((T + 5117“)0‘ - T“)M [A(D)]

eBT((T + 8‘[17&)0‘ - T"‘)W

©

Jt+sr - T(Ta _ Sa)l/tx (D (s, \}/(s)))ds]

But, there exists
T((r+er %) =) “A@le 4A),  (43)
which implies
T((r+ e )" =) " [A(D)]
~[T((rrer ) =) Ao A @)

& A(1).
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If we substitute the above and multiply by 1/¢, we get

“o[A(r+er )0 ,A ()]

- % [T((T err=) - ) (A(T))eghl\(‘r)]
1 (45)
EBT((T + srl_“)“ - T“)W[E

o) J T(z" - s“)“'x (D (s, ‘{’(s)))ds].
When £\.0, we get

lim ~o[T((r+er' ™) - ) “A(0)e A ()]

e—0 &

lim 1 [T((T + 8‘[170‘)“ - T“)W eghT(O)]A(T)

e—0 &
1- 24
+eT “) —T“):|
bl

lim T (O)A (1) {((T

ae
(46)
with
0<c<(r+ 8‘[’17“)“ - 1% (47)
thus, if e—0, then ¢ — 0 and
lim T@() =T (0) = A (48)

lim o [T((r+er'™®)" - %) " (A0 A (7]

- o
T+er “) —T“):|

(443

= AIA(D)] ngo[((

= A[A(D)].
(49)

This implies the following:
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lim l® [A('r + 8117“) eghA(T)]

e—0 ¢

1/a

= A[A(1)]® Eli_n}O T((T + eflfa)a - T“)

1-a

1 T+ET o
olle I T (e - )" ((D(s,‘I’(s)))ds]
& T (50)
l 1 THer!
= A[A(7)] GBT(O)OC[ limo EQ J T(z" - s“)”a ((D(s,‘I’(s)))ds]
=A[A(1)]® lim0 l® J- T(t" - s“)”“ ((D(S,\I'(S)))ds].
e—0 & T
O (7,¥ (1)) = T(0)D (7, ¥ (1))
This remains to be proven.
1 T+er! ™ 1 T+er!™ (52)
lim -6 j T(T“—s“)”“((l)(s,‘{’(s)))ds =——0° j T (0)(D(7,¥(7)))ds,
e—0 & T (51) ET T
— (1, ¥ (7). we have
Indeed, given that
1 T+er' @ 1 rrer!—®
d(zo j T (%~ )" (@ (5, ¥ (5)))ds, ——0 J T(O)(@(T,‘i’((r)))ds)
T ET T
sd(lo j T (e - )" (@ (s, ¥ (5)ds, ~o j T(O)(@(r,w«r)))ds) (53)
& T 3 T
1 T+er!™®
<-— J H_(s)ds,
€l
where Thus,
H,(s) =d[T (" = s%)"* (@ (s, 1)), T (0) (D (1, V)], .
(s) =d[T( ) (@ (5, 9)), T(0)(O(7,9))] " ¥ (1) = A[T (1) (¥,)] @ A[A(D)] ® D (1, ¥ (1)) )
=AY (7)o D (7, ¥ ((1)).
is continuous on [7, T + e7'~ %] as a function of s because T'(+)
and @ are continuous. Therefore, This completes the proof.
1 [reer™ In the following, let us show the existence and
EJ H,(s)ds — H, (1) = 0,as &\\0. (55) uniqueness of the solution. O
Hence,

) 3.2. Existence and Uniqueness of the Solution
lim -o [A(T + srl_“) egh/\(r)]
e0e (56)  Theorem 20. Suppose a bounded continuous function g
satisfies the following condition:
- AIA(D] & (1, ¥ (7)) hies the following

To conclude, we have, for 7>0, d(Q(r,¥),0(1,¢)<Ad(¥,9), ¥,¢€Rg,

5 59)
A(a)(T) = A[A(7)] @D (1, ¥ (7). (57) A € R suchthat A < b* 1||A||



Then, using Krasnoselskii’s fixed point theorem, equa-
tions (37) and (38) have at least one solution.

Proof. Consider a closed convex subset that is not empty

B, ={¥ € €([a,b] xRz, R5),d(¥,00<k},  (60)
where
k=M +Nb" A", (61)
with
M =||T(t) ()]
N =::<I>(T),(‘I’(E)Tl))ll- (©2

d(T,¥ + T ,¢,0)

S "T(T) (‘Po)" +

T

SM+NJ
0

’ 1
<M+N J exp(fr'x - s“)A)ds
0 a

T

J; T ("

T (2 - s*)"“ds
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Define the operators 7, and 7, on By by

T Y (1) =T (1)(¥),

T 63
T,¥ (1) = JO T (1% - %)@ (5, ¥ (s))ds. ©

Thus, V¥ being a fixed point of the operator ¥ = 7| ¥ +
T,Y is a solution of equations (37) and (38).

In the first step, we prove that I maps By, into By, i.e.,
for any V¥, ¢ € B,.

We have to show that 7|V + 7 ,¢ € B,:

— ) D (s, ¢ (s))ds

(64)

<M+ Nexp(lT“A> J exp(l (—s“)A)ds
[24 0

[

1 ot I-a 4,1 1 o !
<M +Nexp<—‘r A)[—s A exp<— (=s )A)]
o o 0

1
<M+N exp(—r“A)
o

<M+ Nb" YA = k.

Therefore, B, ¢ B,.. Now, to prove that I, is contin-
uous, let us consider a sequence ¥, such that ¥, — ¥

d(T,¥,(1),7,¥Y (1) =d(T(1)¥,, T(1)¥,) =0. (65)
Hence, 7, is continuous. Now, we show that 7, (By,)

resides in a relatively compact set. Taking 7, <7,<T, we

have
d(T ¥ (1), T1¥(1,)) = d(T (7,)¥,, T (,)¥y),
(66)
= "T(Tl)\PO - T(Tz)\you-

As 1) — 15, we get T ,¥ (1) — T ,¥(1,). Hence,
T (By) resides in a relatively compact. Now, we show that
T, is contraction. Letting ¥, ¢ € B, we have

AT exp(é (—T“)A)l

d(T,Y¥ (1), T,¢(1)

jo T (2% = %) (0 (5, ¥ (5)) - D (5, § ()))ds

< [ (=) 0 (5, ¥ () - D5 (D
<A - gl J T (- ) "*ds
0
<A AN - ¢l
(67)

For A< ||A|b*" !, then T, is contraction.
Hence, according to Theorem 17, 7 has a fixed point in
B, which is a solution of equations (37) and (38). O
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4. Application to Fuzzy Differential Equation

In this section, we apply the main results of the previous
sections to solve fuzzy fractional differential equations. We
consider the following fuzzy fractional partial differential
equation with initial conditions.

v (1,%) = ¢(1,x) @ T sin (v (1, x)),
{ ¢ (z,x) =

y(0,x) =
{(/)(0, x) =

y(t,x)® 10 sin(¢p(7,x)), 7 € [0, 1],
Yy (x),

¢ (x),x € [a,b],
(68)

where (® means the fuzzy conformable derivative of y with
respect to 7.
Let us put

()

© sin(y (7, x)) ()
CD(T,\I’):(T sin(y (7, x )
70 sin (¢ (7, x))
Then, problem (68) can be written as
{ g (@ (T) A¥ ()] @@ (1, ¥ (1)), 720, (70)
Y (0) =

where
Ac [€([a,b];R5)])” — [€([ab];RS)], (71)

is defined by

A(‘P):A@\I’:((p). (72)
1%

Clearly, A is a linear operator and continuous at each .
Then, according to Theorem 19, the solution of (68) is
written as

V(1) =T(1)(¥,)® J:T(T“ - s“)l/aq)(s,‘lf(s))ds, (73)

where
T (1) = exp( T ®A> (74)
We will calculate exp (1/a1* ® A). In this case, we get that
I, if nis even,
A" = (75)
A, if nis odd.

Thus,

T(n)Y, = exp( T @A)@‘I’O

Z((l/ )T)A

O

Waay | ((1/0;)'1"‘)21% (76)

=Y¥,I+

((1/oc)r )’A
30

((l/a)T“)4I‘P0 .

Y, + "

Hence,

Y (1) =T (1)(¥y)® r T (7% - s“)““@(s,‘l’(s))ds
0

=Y, cosh(ir“) + sinh(ér“)]‘;[‘l’o] (77)

® JTT(T“

0

ie.,

- 54D (5, ¥ (s))ds,
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™y, (x) @ sinh( )(po (%)

1 1
o oc

o[ o

y(1,x) = cosh( )
(

(1, x) = s1nh<i‘r“)% (x)® cosh(é )¢0 (x)
(

(" =" A)T@ sin (v (7, x))ds,

R

J exp i(‘r“ —_ A)T@ sin (¢ (7, x))ds.
(78)

As 70 sin(y (7, x)) is Lipschitz with respect to 7 and
satisfies the hypothesis of Theorem 20, then y(7,x) and
¢ (1, x) are unique.

5. Conclusion

In this study, the initial problem of fuzzy conformal orders is
discussed in the context of conformable generalized
Hukuhara differentiability. Fuzzy conformable derivatives
based on generalized Hukuhara differentiability are in-
troduced, and many relevant properties of this topic are
shown [27]. Therefore, the fuzzy semifractional group
method is used to determine the analytical solution of the
conformable fractional differential equation. To ensure the
existence and uniqueness of the solution, we use Krasno-
selskii’s fixed point theorem. Finally, the application of
abstract Cauchy problems is highlighted to demonstrate the
effectiveness and efficiency of these methods. The results
show that the conformable fuzzy fractional-order semigroup
method is an effective and practical tool for solving con-
formable fuzzy fractional-order differential equations. We
obtain interesting results here that can be used in future
studies of fuzzy fractional partial differential equations
under conformable gH differentiability.
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