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In this paper, the consensus tracking problem of leader-following nonlinear control time-delay multiagent systems with directed
communication topology is addressed. An improved high-order iterative learning control scheme with time-delay is proposed,
where the local information between agents is considered. The uniformly global Lipschitz condition is applied to deal with the
nonlinear dynamics. Then, a sufficient condition is driven, which guarantees that all the following agents track the trajectory
of leader. Also, the convergence of proposed control protocol is analyzed by the norm theory. Finally, two cases are provided to

illustrate the validity of theoretical results.

1. Introduction

In recent years, cooperative control problems of multiagent
systems have been paid considerable attention owing to their
applications in multiple unmanned aerial vehicle systems,
mobile robot systems, and sensor networks [1-3]. The key
problem of cooperative control is consensus, which means
that the states of a group of agents arrive at the agreement
under a designed control law.

In the existing literature, the consensus problems of linear
multiagent systems, such as the leader-following consensus
tracking problem [4, 5], the random packet dropout prob-
lem [6], and the finite-time formation problem [7], have
been widely considered. However, compared with the linear
multiagent systems, the consensus problems of nonlinear
multiagent systems are more popular for researchers. For
example, the robust tracking problem of heterogeneous non-
linear multiagent systems with bounded disturbances was
developed in [8]. In [9], the consensus problem of nonlinear
multiagent systems with unknown control directions was
addressed, and the quantized consensus protocol for second-
order nonlinear multiagent systems was studied in [10].
In addition, the formation control problems of nonlinear
multiagent systems [11, 12] and the tracking problem of high-
order nonlinear multiagent systems [13] were investigated as
well. It should be pointed out that the consensus problems

considered in the above papers do not take into consideration
the case of time delay.

In practice, the time delay occurred due to the impact
of physical factors of sensors. It is of great significance to
study the control problem of time-delay systems. In [14],
Lyapunov matrices for a type of time-delay systems were
designed. In [15], the stabilization problem of time-delay
switched control systems was analyzed, and a compensation
approach for a time-delay system was proposed in [16]. By
now, the consensus problems of multiagent systems with time
delay have been investigated in some papers. In [17], an event-
triggered consensus protocol for the leader-following first-
order linear multiagent systems with time-varying delays was
proposed. In [18], the consensus problem of second-order
linear multiagent systems with communication delay was
addressed. In [19, 20], the consensus problems of general
linear multiagent systems with time-delay were studied, while
the consensus problem of delayed linear multiagent systems
was fully considered and studied in [21]. Moreover, the
leader-following consensus problem of nonlinear multiagent
systems with mixed delays and the formation control prob-
lem of multiagent systems with time-varying delays were
addressed [22, 23]. Different from [17-20], the case of control
delay was considered in [24]. Based on the above papers, it
is not difficult to see that there are few efforts focusing on
the consensus problems of multiagent systems with control


http://orcid.org/0000-0003-3884-2505
http://orcid.org/0000-0002-5731-8883
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2019/2035683

delay. Hence, the first motivation of this work is to discuss
the control delay problem of multiagent systems.

As we know, the iterative learning control is based upon
the idea that the performance of a system that performs
the same task repeatedly can be improved by learning from
previous iterations [25]. Currently, the method has been used
to achieve the consensus problem of multiagent systems.
In [26], the optimal iterative learning control protocol for
the consensus tracking of multiagent systems was presented,
while the event-triggered iterative learning control proto-
col for the same problem was designed in [27]. In [28],
the formation control of multiagent systems with iterative
learning control was studied, and the finite-time consensus
problem of multiagent systems with iterative learning control
scheme was discussed in [29]. Furthermore, the distributed
adaptive iterative learning control scheme [30], the sliding
mode iterative learning control approach [31], and the high-
order iterative learning control protocol [32] were also
designed to deal with the consensus of multiagent systems.
The results obtained in the above literature indicate that the
iterative learning control in solving the consensus problem
of multiagent systems is effective. Accordingly, the second
motivation of this work is to consider the iterative learning
control for the consensus problem.

Inspired by the above analysis, the consensus tracking
problem of leader-following nonlinear multiagent systems
with control delay is investigated in this paper. The iterative
learning control approach is introduced to design the control
protocol. The main contributions of this work are summa-
rized as follows: (i) compared with [17-20], the consensus
problem of nonlinear multiagent systems with control delay
under directed topology is investigated. It is assumed that
the delay of control input is fixed; (ii) different from [32], an
improved high-order iterative learning control protocol with
time delay is designed, where the local information between
agents is considered in control protocol design. In addition,
the uniformly global Lipschitz condition is applied to process
the nonlinear terms; (iii) based on the norm theory, the
convergence of the proposed control protocol is verified, and
a sufficient condition is driven. The condition can guarantee
all the following agents to track the trajectory of the leader.

The rest of this paper is organized as follows. In Section 2,
the graph theory, some useful definitions, and lemmas are
introduced. In Section 3, the problem formulation on the
leader-following nonlinear multiagent systems with control
delay is described. The control protocol design and con-
vergence analysis are shown in Section 4, and simulation
examples are provided in Section 5. Finally, some conclusions
are briefly drawn in Section 6.

2. Preliminaries

2.1. Graph Theory. A multiagent system which consists of n
agents can be defined as a graph &. Let 7" = (v,,--- ,v,) bea
node set and let & = {(3, j),i, j € 7', and i # j} be a directed
edge set. The adjacency matrix is defined as & = [a;;] € R™,
where a;; > 0 if and only if (i, j) € & and g;; = 0 otherwise. It
is assumed that a; = 0. Let ///; = {v; : (v;,v;) € &} represent
the set of neighbors of agent i. The Laplacian matrix & is
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denoted by & = D — &, where D = diag{d,,--- ,d,} with
di = ij/il] aij.

In this paper, an augmented graph € consists of n
following agents and one leader agent is considered. The
communication between following agents and the leader is
defined as & = diag{b,,--- ,b,}. If the agent i can obtain the
information of the leader, then b; > 0 and b, = 0 otherwise.

2.2. Definitions and Lemmas

Definition 1 (see [33]). For afunction h(¢) : [0,T] — R, the
A norm is defined as

IOl = sup e [h(®I, A>0 W
te[0,T]

The following property for A norm is held.

Property 2. For the functions f(¢),h(t) : [0,T] — R”, if
h(t) = Iot ™79 £(s)ds, there exists

_ @-NT
@l < ——— | 0, @

and if h(t) = f; IOG e f(s)dsdo, then we have

AT | _ pla=NT

@), <1 1=¢ O<a<i) O

A A-

If Ol

Lemma 3 (Bellman-Gronwall lemma). Suppose that the func-
tions x(t) and y(t) are real continuous functions on the interval
[0, T]; if there exists

x(t) <c+ Jt (ax (s) +by(s))ds (4)
0
then we have
x(t) < ce™ + r by (s) 9 s (5)
0

wherea > 0 and b,c € R.

Lemma 4 (see [34]). For a real positive series {a,}(n €
{1,---,00}), if it satisfies

a, < PG,y + By, t+ Pyan, t @

n=N+1,N+2,---

(6)

where 8, > 0 (m = 1,---,N), ¢ > 0 and there exists § =
Zf\:’l B < 1, then we have

: ¢
nh—r>nooa" s 1- ﬁ (7)
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3. Problem Formulation

In this section, a type of leader-following nonlinear multia-
gent systems with control delay is considered. The dynamics
of the ith following agent at the kth iteration are described as

EANOERAO)
)= f( @) +B(z @), )i t-1)  (8)
O EAOR AT ICACR))

where xf.‘(t) € R, vf.‘(t) € R, and uf(t) € R are the
position, velocity, and control input of the ith following agent,
respectively; yf(t) € R’ is the specified output; zf(t) =
[x:.‘(t),vf(t)]T and t € [0,T]; T < T is known time delay.
The nonlinear functions f(,-) : R* x [0,T] — R and
B(-) : R>x [0,T] — R are piecewise continuous on the
interval [0, TT; g(-,-) : R%*x [0,T] — R? is differentiable in z
and t, with g,(-,-) and g,(-, ).
The vector form of (8) is written as

) =f(Z®0).t)+B(Z®).t)u (t-1)

Y t)=g(z" ®).1)

)

where 2°(t) = [ZF@e)", -, @)Y YO = [GF@)T,
L ORETT WE ) = T - 1), ulb e - D1 &),
t) = [FEEE@) ), -, fREE®), 0] with £.(25),0) = [2F@),
FE®, 017, Bz (1), 1) = diaglB, (25(t), 1), , B, (1), 1)}
with B,(zF(t),t) = [0,B(F(t),1)]", and g(z*(t),t) =

lg" @), 0., g" (@)D"
The dynamics of leader agent are given as

%, () = v, (1)
v, (t) = f (2, (t),t) + B(z, (t),t)u, (t—7)  (10)

3o (8) = [%, (1), v, 1)]" = g (2, (1), 1)

where z,(t) = [xo(t),vo(t)]T; x,(t) € R, x,(t) € R,uy(t) € R,
and y,(t) € R* are the position, velocity, and control input
and output of the leader agent, respectively. It is assumed that
the input u,(t) is bounded; that is, there exists [[u,(t)] < b,,
with b, being a positive constant.

The following assumptions are provided for the system

9).

Assumption 5. The functions f, B, g, g,, and g, for 2" are
uniformly globally Lipschitz on the interval [0,T]; that is,
there exists constant h,, such that

lo (25 ). t) ~a (@) 1)| s b JeE 0 - 250 )

where & € {f,B, g, g, g}

Assumption 6. The functions g, and B are bounded with
bounds b, and by that are denoted by

b,, = maxsup “gzk (zk (t+7),t+ T)"
k—oo,te[-7,T-1]
(12)
bg = maxsup “B (Z“@+7),t+ T)"

k—oo,te[-1,T-71]

Assumption 7. The resetting condition is considered for each
iteration; that is,

Z0)=1,02,(0), (k=0,1,---) (13)

where z,(0) is the initial state of leader, ® represents the

Kronecker product,and 1,, = [1,-- -, 1]".

Remark 8. In Assumption 5, the uniformly globally Lipschitz
condition is satisfied for the nonlinear dynamics. However,
the radial basis function neural network is applied to approx-
imate the nonlinear dynamics in [30, 35]. Due to the fact
that the number of hidden layers impacts the approximation
accuracy of neural network, the method is not adopted in this

paper.

In this paper, the objective is to find a control scheme
u*(t) such that the output of all the following agents can
track the trajectory of leader as k tends to infinity; that is,
limy_, o x5 (t) = x,(t) and lim__,  vF(t) = v,(t) ast € [0, T]
fori=1,---,n.

4. Main Results

In this section, the consensus problem of leader-following
nonlinear multiagent systems with control delay is discussed,
and the control protocol design and convergence analysis will
be described.

Consider the multiagent systems (8) and (10); the consen-
sus tracking error of the following agent i at the kth iteration
is defined as

g0 =Y a;(FO-F0)+bO-®) g

jes;
and we have
£ (t) = e (1) (15)

where # = H @1, H = L + B, e"(t) = y,(t) - y*(t), and
y,(t) = 1,® y,(t); I, is the unit matrix with 2 dimensions and
t e [0,T].

For the sake of the discussion simplification, some nota-
tions are provided as follows.



o () =a(Z).1),
a,(t) =a(z,(t),t),

Sa (t) = a, (1) — " (1)

. o« (x (t),t)
k = T a0 ’
z ox(t)  lxp=z+
da (x (1), 1) "
ap () = ot
x(t)=2"(t)
" ou (x, (), t)
o, = T o '
: 0%, (1) g 9=z,
© oa (x, (1) ,t)
%, () = ot %,(t)=2,(t)

where « represents a function concerned and z,(t) = 1, ®
z,(t).

According to the multiagent systems (8) and (10), an
improved high-order iterative learning control protocol with
time delay is presented as

N
=+ Y Qe (t+1)
m=1

N
+ YR, (O (t+7) a7)

m=1

N t
+3°8,,(t) J e (s+1)ds
m=1 T
where é(t + 1) = He(t+1),t € [T, T -1l =k-m+1,
N > 1 is the order of the control protocol; Q,,(f), R,,(t), and
S,,.(t) are learning matrices with appropriate dimensions. In
addition, it is supposed that Q,,, N, Rm(t)%, and S, O 7
are bounded and their bounds are defined as bg, by, and b,
respectively; that is,

by =, max [ MGEZ
b = max R, (t) |, (18)
bs = te[—nﬁz{—ﬂ S, (1) %“

Remark 9. The introduction of learning matrices Q,,(t),
R, (1), and S, (¢) is to adjust the performance of control
protocol (17). Through adjusting these learning matrices, the
desired control effect can be obtained. However, as can be
seen from the below analysis, the learning matrices Q,,(t)
and S, () do not affect the convergence result of control
protocol (17). A sufficient condition with R,,,(¢) will be shown
in Theorem 10.

Based on the above analysis, we have Theorem 10.
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Theorem 10. Consider the multiagent systems (9) and (10)
under directed topology and suppose that Assumptions 5-7 are
satisfied, and the control protocol (17) is applied. If there exists

Y P, =1, (19)
and positive numbers [3,, satisfy

|P,. ) - R, () #g, (& ).1) B(z"(0).1)] < B

N (20)
Z/Sm <1
m=1

then the output of all following agents can track the trajec-
tory of leader agent; that is, limk_mx:.‘(t) = x,(t) and
limk_mvf(t) =v,(t)ast € [0,T] fori=1,--- ,n.

Proof. Considering (9) and (10), the tracking error is defined
as

el(t+'r)=yo(t+'r)—yl(t+'r)=8gl(t+r) (21)

where y (t+7) = ln®g(z0(t+r),t+1),yl(t+T) = [gT(zll(t+
T),t+7T), -+ ,gT(zL(t +1),t+7)]andt € [-1,T - 7).
Then, the derivative of (21) is

dt+n)=y,t+1) - (t+1) =g, t+1)%,(t
+T)+gto(t+r)—(gz;(t+r)zl(t+'r)
+9ut+1) =g, t+7)(f(zt+1),t+7)
+B(z,(t+71),t+T)u,(t)) +g, (t+7) gt
+0) (f(Zt+0),t+7) (22)
+B(Z (t+1),t+7)u () - gy (t+7) =g, (t
+) B (t+7)0u () + g, (t+7)(f,(t+7)
+B,(t+1)u, ()~ g, (t+ 1) (f (t+7)
+B (t+T)u, (1)) +8g (t +7)
where 2/(t + 1) = [(Z}(t + )5, (Lt + )L Wlt) =
[ (1), -l (D15, u,(6) = 1, @ uy (1), f1(t+7) = [f (2}t +
Tt +T) s fr(Z(t+ 1)t + 7)Y f(t+7) = 1,8 f,(2,(t +
)t + 1), B\t + 7) = diag{B, (2} (t + 1), + 7),--- , B, (2, (t +
T),t+ 1)L, B,(t+ 1) =1,® B,(2,(t + 7),t + 7), and f,(z,(t +

T),t+7T) = [zo(t+r),f(zo(t+'r),t+r)]T, B, (z,(t+71),t+7T) =
[0, B(z,(t + 1), ¢t + 7)]".
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Substituting (21) and (22) into (17), then we have

N
Su (1) =u, () - () = Y P, (1) 0u (t)
m=1

N - N
- ZQm (t) g (t+7) - Zsm (t)

,%’j 6g (s +1ds— Y R, (1)

m=1
H g, (t+1)B (t+7)0u (t)
+gzo(t+T)(fo(t+T)+B0(t+T)u0(t))
—gat+)(ft+D+ B (t+)u, (1))
N
+0g,(t+1)} =) {P,®
m=1 (23)
~R, () #g, (t+7)B (t+1)}ou (1)
N - N
- Y Q, () og (t+7)- Y R, (t)
m=1 m=1
~FH {89, t+1)(f,(t+71)+ B, (t+T)u,(t))

N
- Z Rm (t)
m=1

g ¢+ (f,t+ 1)~ f 1+ 7))}

+08g, (t+1)}

N ot N
-Ys (t)?fj 8gl(s+'r)ds—ZRm(t)

m

1
g, (t+1)(B,(t+7)-B (t+1))u,®)}

where u,(t) = 1, ®u,(t) and the condition (19) is considered.
Taking norms on both sides of (23) yields

N
Jou 0] = ¥ [0
m=1
~R, () #g,(t+7)B (t+7)]]ou’ @)
N o N o
+ 2 [@. | |og ¢ + 0] + X |R. () #]
m=1 m=1

6g, ¢ +7)(f, (¢ +7)+ B, (t + 1) u, (1))

N
+8g, (t+ )|+ ) “Rm (t) 7"
m=1

5
g ¢+ (£, + - F e+ D))
N ot
Y [s. 07| j [8g' s + )] ds
m=1 -t
N —_
+ ) |Rn )|
m=1
g ¢+ 1) (B, (t+ ) - Bt + 1) u, (1)
N
< f  Jou' o] + Zb h j 82" (s + )| ds
N
+ Z::l {thg
+ b (Bpbuohy, + hy, +b,hy +b,.b,,hg)} |62 (¢
N N
+ T)" = Z B “8141 (t)" + Z " “8zl (t+ T)“
m=1 m=1
N t
P Y| fod e ods
m=1 T
(24)

where the condition (20) isapplied; hg, hy , hy ,h s, and hg are
Lipschitz constants of corresponding functions; 8z'(t + ) =
zZ,(t+1)— 2 It +1), by = max supk_mte[ TT_T]IIf (t+71)+
B,(t+7)l, y1 = bohy + br(bpb,, g +h +b hf+bgzbuoh3)
and y, = bgh,,.

According to Assumption 7, one gets

t
+<[
=T

"(Szl (t+ T)" =

e (s+ T)" ds

< [ {Ifos+n-fs+0)

(25)
+ “Bl (s+ T)“ “8ul (s)"} ds

< r {(hf + buohs

gl @l ds = [ fys o s+ o)

) “821 (s + T)"

+ by ||6ul (s)“} ds

where y; = hg + b,,hp.
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FIGURE 1: Communication topology.

Applying Lemma 3, (25) is written as

o' vl <ty [ e foul o ds o
Substituting (26) into (24), then we obtain
Jou
N
< X Pulou 0]
m=1
N t (27)
+ ZbByl J e ||8ul (s)" ds
m=1 -t
N t o
+ Z bsy, J J " |5y (s)“ dsdo
m=1 T J-T
Multiply both sides of (27) by e, one has
sup {e_’“ ||8uk4rl (t)"} < i ([J’m
te[-1,T-7] m=1
1 — W= AE+7)
+ by
CC . o)
1— e—A(H‘T) 1-— e()’s_/\)T
+bgy, 1 A7, )
te[ilg_ﬂ {e_M “8ul (t)“}
where Definition 1 is applied.
Hence, we get
N
6w =), < X Buflow' ¢=of, @
m=1

where B, = B, + by (1 = €™ V1)/(A = p3)) + bryp((1 -
e M)A - e M)A = y;)) and t € [0, T).

Select A sufficiently large such that Zf::l B,, < 1.In view
of Lemma 4, we have

Jim ou* ¢ - )] =0 (30)

Furthermore, we get from (26)

(=T
% R e
3

2, (t) = 2 ()], < by

Hence, it is obviously obtained from (30) and (31) that
limy_,llz,(t) — zF (M, = 0. Considering the definitions
of z,(t) and zk(t), we have limk_mxf(t) x,(t) and
limk_mvf(t) = v,(t)ast € [0,T] fori = 1,---,n, which
means that all the following agents can track the trajectory of
the leader on the interval [0, T]. The proof is completed. [

5. Simulation Analysis

In this section, we will provide two cases to illustrate the
effectiveness of theoretical results in this paper.

Consider a class of leader-following nonlinear multiagent
systems with control delay. The directed communication
topology consists of four following agents and one leader
agent (labeled as 0) is shown in Figure 1.

The weighted adjacency matrices are

0000
1000
d =
0100 (32)
1010
3B = diag{1,1,0,0}
The dynamics of four following agents are described as
v (®)
@) = C
cos (xi () v; (t))
0 P ( | (33)
+ u (t—1
sin (xfc (t)) +1] !

ORI EAORAGIS

where 7 is fixed delay time and i = 1,2, 3, 4.
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The dynamics of leader are given as

v, (£) ]

%0 = [cos (x, ) v, (1))

+ [ 0 ] (t-1) (34)
sin (x, (1)) + 1 o

o (£) = [x, &), v, (1)

The parameters are set as follows: the initial posi-
tion and velocity of four agents are given as x(0) =
[-0.6,0.3,1.3, —1.0]T and v(0) = [0.7,-1.2,-0.4, 1.5]T,
respectively; the simulation time ¢ € [0, 8] and the delay time
T = 0.2; the initial states of leader agent are x,(0) = v,(0) = 0;
the input of leader agent u,(t) = sin(nt) and the iteration
number k. = 50.

In addition, we have from (20)

g (z (1), 1)
t),t) = ——=1 35
9. (z(1),1) 22(0) 8 (35)
The following two cases are provided to check the validity
of our results.

Case 1 (consensus analysis with N = 2). In this case, let P; =
0.751,, P, = 0.25I,, R, = 0.6(I, ®1,,,), and R, = 0.3(I, ®
11><2)-

Due to P,(t) + P,(t) = 0.75I, + 0251, = 1,
By = IP,(t) = R(F G, Blmex = 05732, B, = [IP,(t) -
R,()HG,Blex = 02748, B, + B, = 08480 < 1,
which implies that the convergence conditions (19) and
(20) are satisfied. The simulation results for Case 1 at
the 50th iteration are shown in Figures 2, 3, 4, and
5.

The tracking trajectories of position and velocity are
shown in Figures 2 and 3, which indicate that the consensus
problem of following-leader nonlinear multiagent systems
with control delay (8) and (10) can be achieved by using the
proposed high-order iterative learning control scheme (17).
Although the control signal of multiagent systems is impacted
by the time delay, the problem is solved via the control
protocol proposed in this paper. The tracking errors of four
following agents at the 50th iteration are given in Figure 4,
and the control input curves at the 50th iteration are shown in
Figure 5.

Case 2 (comparison analysis with N = 1 and N = 2).

In this case, let P, = I, and R, = 0.6, ® 1,,,)
for N = 1. Due to Py = I, and 3, = |Py(t) -
R(O)#g,Bl,.., = 05732 < 1, this means that the

convergence conditions (19) and (20) are guaranteed. The
simulation results for Case 2 at the 50th iteration are shown in
Figure 6.

The comparison results of position and velocity are shown
in Figure 6. Due to the consideration of control protocols
with different orders, the control effects have changed to some
extent. Compared with the first-order control protocol, the
control effects of second-order control protocol are better.

Position tracking trajectories for N=2

i

X X

Time
——-X, - X3
X1 X4
Y

FIGURE 2: Position tracking trajectories for Case 1.

Velocity tracking trajectories for N=2
2 T T T T T T T

Vo Vi

15 . . . . . . .
0 1 2 3 4 5 6 7 8
Time
c— v, - =V
Vi Vy

——=-V,

FIGURE 3: Velocity tracking trajectories for Case 1.

Moreover, from Figure 6, it can be seen that the overshoot
of position and velocity results using the second-order
control protocol is smaller, and the convergence speed is
faster.

6. Conclusions

In this paper, we addressed the consensus tracking problem
of leader-following nonlinear control time-delay multia-
gent systems with iterative learning control. An improved
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Position tracking errors for N=2

4 5 6 7 8
Time
- = €x3
Cx4

Velocity tracking errors for N=2

2 T T T
1h .
'z -
v Tr-l
0_"-—-———-—:_‘_:_»
-1 - L L L
0 1 2 3
€x1
----€x
2
1F
Q‘JS (0]
// Pthe -7
-1 s~
) L L L
0 1 2 3
€1
----€y

- =€y
€vsq

FIGURE 4: Tracking errors of four agents for Case 1.

Control input for N=2
4 T T T

2
_3..
4|
-5 1 1 1
0 1 2 3
U
—-—--1u,

4 5 6 7 8
Time
-y
Uy

FIGURE 5: Control input for Case 1.

high-order iterative learning control protocol was pro-
posed. Then, a sufficient condition was given to guaran-
tee all the following agents to track the trajectory of the
leader. Through simulation analysis, the consensus prob-
lem of nonlinear multiagent systems with control delay
can be achieved by using the presented high-order learn-
ing control scheme. Meanwhile, the simulation results also
implied that the higher the order, the better the control
effect.
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