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In this paper, we analyze the performance of a full-duplex (FD) amplify-and-forward (AF) relay system with imperfect hardware.
Besides the aggregate hardware impairments of the imperfect transceiver, we also consider the impact of residual self-interference
(RSI) due to imperfect cancellation at the FD relay node. An analytical framework for analyzing the system performance including
exact outage probability (OP), asymptotic OP, and approximate symbol error probability (SEP) is developed. In order to tackle
these impacts, we propose an optimal power allocation scheme which can improve the outage performance of the FD relay node,
especially at the high signal-to-noise ratio (SNR) regime. Numerical results are presented for various evaluation scenarios and
veri�ed using the Monte Carlo simulations.

1. Introduction

e fourth industrial revolution (a.k.a Industry 4.0) is de-
veloping rapidly and foreseen to have a big impact on all
social and economic aspects. In the Industry 4.0 era, wireless
communications will play a key role in providing broadband
connections for up to tens of billions of Internet of ings
(IoT) devices. While existing technologies are hardly capable
of meeting the spectrum requirements for such a large
number of wireless devices, the in-band full-duplex (IBFD)
communication technology which can double the spectrum
e�ciency is a promising solution [1–11]. However, although
large e�orts have been made recently to produce IBFD
wireless devices, it is widely known that this type of com-
munication is still a�ected by residual self-interference (RSI)
due to imperfect self-interference cancellation (SIC)
[2–4, 12]. According to recent reports, the latest SIC
techniques can achieve up to 110 dB attenuation by various
methods such as isolation, wireless propagation domain
suppression, and analog and digital cancellation [8, 12, 13].
e work in [14] further demonstrated that additional 36 dB

attenuation can be achieved for self-interference (SI) sup-
pression if a suitable combination of SI removal and large-
scale antenna linear processing (LALP) method is used.
However, more e�orts still need to be done to achieve better
RSI suppression.

Wireless relaying is an emerging technology which can
be used to improve coverage, reliability, and spectrum ef-
�ciency has recently become a hot research topic
[1, 3–11, 15–17]. It is also expected to be widely employed for
the IoT networks to support machine-to-machine (M2M)
communications, in which wireless relaying is an important
application. Recent researches have focused on analyzing the
performance of the IBFD relay networks as well as proposing
advanced solutions for performance improvement. e
works in [3–5, 9–11, 15] investigated performance of the
IBFD amplify-and-forward (AF) one-way relay system. In
[3, 4], a joint relay and transmit/receive antenna mode
selection scheme was proposed. e authors derived the
closed-form expressions of outage probability (OP), average
symbol error rate (SER), and ergodic capacity for this sys-
tem. An adaptive power allocation scheme to avoid the
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outage floor was also proposed for the system. In [5], as-
ymptotic expressions of OP and SER were derived for the
FD-AF relay system. -e authors also proposed optimal
power allocation and relay location to minimize SER and
reduce performance saturation. -e work in [9] evaluated
performance of an FD-AF cooperative communication
systemworking over the Nakagami-m channel.-e obtained
results showed that this system could achieve certain gain
depending on the relay processing delay, packet length, and
the direct link gain. In [10], an FD-AF relay system with
multiple transmit/receive antennas was investigated. -e
paper derived the self-interference matrix at the relay and
proposed beam-forming schemes to maximize the signal-to-
interference-plus-noise power ratio (SINR), thus improving
the system performance. -e works [11, 15] analyzed the
impact of hardware impairment at the relay node on the
system performance.

To improve the spectral efficiency, the FD two-way (TW)
relay system was proposed and investigated in
[1, 6–8, 16, 17]. -e work in [1] was proposed to optimize an
achievable rate with multiple relays combining with joint
relay and antenna selection to obtain better signal-to-noise
ratio (SNR) gain. In [6], an AF relay system consisting of
multiple pairs of FD users with a single massive shared-
antenna array at the FD-AF relay was considered. Optimal
power allocation under user’ total power constraint was
proposed to maximize both spectral and energy efficiency. In
[7], a multiuser FD-AF relay system with users prepairing
was proposed. -e paper presented the exact closed-form
OP for this system and analyzed the impact of RSI on the OP
performance. Besides the FD-AF-TW relay system, the FD-
decode-and-forward (DF)-TW relay system was also con-
sidered widely in the literature such as in [8, 16, 17]. -e
exact OP for the system was derived for the case with perfect
and imperfect channel state information (CSI) combined
with imperfect SIC in [8, 16]. Optimal power allocation and
optimal relay node placement were proposed to minimize
the system OP. In [17], the spectrum efficiency (SE) of the
FD-DF relay system was investigated using the sum rate as a
function of the distance between the terminal and the relay
node. It was shown that the system performance greatly
depended on the interference suppression capability and
location of the relay node.

-e above overview showed that the outage performance
of the FD relay systems suffered an outage floor in the high
SNR regime and optimal power allocation could be used to
improve the system performance and avoid such outage
floor. However, most previous studies have been done for
the ideal hardware systems except those in [11, 15, 18].-ese
works considered an additional impact of imperfect hard-
ware but only at the relay node. In fact, the impact of im-
perfect hardware comes from not only the relay but also
other network devices such as the source and the destination
node. In practical systems, the impairment of the transceiver
hardware cannot be avoided due to manufacturing imper-
fection, especially in the average-quality hardware compo-
nents. At the transmitter, hardware impairment creates the
distortion noise that causes a mismatch between the
intended and transmitted signal. At the receiver, the incident

signal will be distorted by the distortion during reception.
-e receiver is also influenced by its imperfection
manufacturing such as phase oscillator noise, IQ-imbalance,
and receiver filters. Large efforts were made to design
compensation schemes at both the transmitter and receiver
to reduce these impacts using analog and digital signal
processing. However, measurement results after all com-
pensation schemes in [19–23] showed that that the residual
impairments still exist as an additive distortion noise source.
In [19, 21–24], the authors considered hardware imperfec-
tion at both the transmitter and receiver using an aggregate
level of impairments. -eir results demonstrated that
hardware impairments deteriorated the system performance
and caused an irreducible floor in the OP curve. -ese
works, however, were only done on the half-duplex systems.
For FD systems, the impact of the residual impairments on
the system performance becomes stronger [25], especially
when considering the total hardware impairments from all
nodes in the system.

Motivated by the previous results, in this paper, we
consider an IBFD-AF relay system under impacts of im-
perfect SIC at the IBFD relay node and hardware impair-
ments at all nodes. We intend to develop an analytical
framework for analyzing its performance. -e contributions
of this paper can be summarized as follows:

(i) A system model of the IBFD-AF relay system under
the aggregate impacts of hardware impairments at
all nodes together with imperfect SIC at the relay
node is developed for performance analysis. Unlike
the work in [26] where the authors considered only
the system achievable rate, we focus on finding the
analytical expressions for OP, SEP, and the exact
optimal value for transmit power at the FD relay.

(ii) -e exact expressions of signal-to-interference-
plus-noise-and-distortion ratio (SINDR) and OP
are derived. -e closed-form expression of the
approximate OP is then deduced for numerical
calculations. In order to gain insights into the
system behaviour, we also derived the asymptotic
symbol error probability (SEP).

(iii) An optimal power allocation scheme for the IBFD
relay node is proposed to improve the system
performance, especially in the high SNR regime.

(iv) Finally, numerical results are presented for various
evaluation scenarios and verified using the Monte
Carlo simulations.

-e rest of the paper is organized as follows: Section 2
describes the system model. Section 3 presents performance
analysis of the system in terms of OP and SEP. -e optimal
power allocation scheme is presented in Section 4. Nu-
merical results and discussions are given in Section 5, and
finally, Section 6 draws the conclusion of the paper.

2. System Model

Consider a typical FD-AF relay system depicted in Figure 1,
which is comprised of two terminal nodes S1 and S2 and a
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relay R. -e two terminal nodes S1 and S2 operate in the HD
mode, while relay R in the FD mode. It is also assumed that
the two terminal nodes use one antenna for both trans-
mission and reception, while the relay has two separate
antennas: one for transmission and one for reception. It is
worth noting that the relay R can also use one shared an-
tenna for both transmission and reception if a circulator is
used [27]. However, using separate antennas allows for
better self-interference cancellation through the nature
isolation, directional antenna, and cross polarization [13].
Although DF was proved to provide better performance, AF
relaying is used in this paper to reduce the processing delay
and hardware complexity at the relay. In the ideal case with
perfect hardware and no distortion and residual SIC, the
received signal at the relay R at time slot t is given as

yR(t) � h1Rx1(t) + zR(t), (1)

where x1(t) is the transmitted signal from the source node S1
to the relay R; h1R denotes the fading coefficient of the
channel from S1 to R; and zR(t) is the additive white
Gaussian noise (AWGN) at the relay node with zero mean
and variance σ2R, i.e., zR ∼ CN(0, σ2R).

In the case of nonideal hardware, impairment occurs at
both the transmitter and receiver, resulting in distortion
noises.-e received signal at the relay node is now expressed
as

yR(t) � h1R x1(t) + ηS1t (t)  + ηRr (t) + zR(t), (2)

where ηS1t (t) and ηRr (t) denote the distortion noises due to
the transmitter hardware impairment at S1 and the receiver
hardware impairment at R, respectively. -ese distortion
noises are modeled using complex Gaussian variables as
follows: ηS1t (t) ∼ CN(0, (k

S1
t )2P1) and ηRr ∼ CN(0, (kR

r )2

P1|h1R|2); k
S1
t and kR

r represent the level of the hardware
impairments in the transmitter and the receiver, re-
spectively. For a given channel h1R, the aggregate distortion
at the relay node is given by

EηS1t ,ηRr
h1Rη

S1
t + ηRr




2
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2
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2
+ k

R
r 

2
 , (3)

where E ·{ } denotes the expectation operator. Equation (3)
shows that the aggregate distortion at the relay node
depending on the average signal power P1 � E |x1|

2 , the
instantaneous channel gain |h1R|2, and the impairment levels
(k

S1
t )2 and (kR

r )2. Setting k2
1 � (k

S1
t )2 + (kR

r )2, the aggregate
distortion at the relay node becomes

EηS1t ,ηRr
h1Rη

S1
t + ηRr




2

  � P1 h1R



2
k
2
1, (4)

where k1 is the aggregate impairment level which accounts
for both transmitter hardware impairment at S1 and the
receiver hardware impairment at R. For example, the ag-
gregate level ranges from 0.08 to 0.175 for the long-term
evolution (LTE) system (Section 14.3.4 in [28]).

Using (4), equation (2) is now rewritten as follows:

yR(t) � h1R x1(t) + η1(t)  + zR(t), (5)

where η1(t) describes hardware impairment at both the
transmitter S1 and the receiver R with η1 ∼ CN(0, k2

1P1).
Similarly, the hardware impairment aggregated at the
transmitter R and the receiver S2 is ηR. In the case the system
has perfect CSI, ηR is defined as η1, meaning ηR ∼ CN

(0, k2
RPR). Herein, kR is the aggregate level of impair-

ments from the transmitter hardware kR
t at R and the re-

ceiver hardware kS2
r at S2, and PR is the transmit power at R.

-e received signal at the relay node can be rewritten as
follows:

yR(t) � h1Rx1(t) + hRRxR(t) + zR(t), (6)

where x1(t)≜x1(t) + η1(t), xR(t)≜xR(t) + ηR(t), and
x1(t) and xR(t) are the actual transmitted signals from two
nodes S1 and R. When k1 � kR � 0, this system becomes an
ideal one. When SIC is used to suppress the self-interference
for the FD mode, RSI at the relay node hRRxR reduces to IR.
It is also known that RSI can be modeled as a complex
Gaussian-distributed variable with zero mean and variance
of σ2RSI [2, 5, 29–32], i.e., σ2RSI � ΩRPR with ΩR denoting the
SIC capability. -erefore, equation (6) can be rewritten as
follows:

yR(t) � h1Rx1(t) + IR + zR(t). (7)

For the FDmode, at the same time slot t, the relay node R
transmits its signal to S2, which is based on the previously
received signal. We assume that the delay due to the signal
processing is equal one symbol period. -us, the transmit
signal at R is given as

xR(t) � GyR(t − 1) + ηR(t − 1), (8)

where G is the variable gain of the relay when the system has
perfect CSI. -e value of G is selected such that the transmit
power of the relay node equals PR, that is,

E xR(t)



2

  � G
2
E yR(t − 1)



2

  � PR. (9)

-e relaying gain is defined as follows:

G≜
��������������������

PR

ρ1P1 1 + k2
1  + σ2RSI + σ2R



, (10)

where ρ1 � |h1R|2.
-e received signal at the destination node S2 is given as

y2(t) � hR2xR(t) + z2(t), (11)

where hR2 is the fading coefficient of the link from R to S2
and z2(t) is AWGN at the destination node, z2 ∼ CN(0, σ22).
Using (6), (8), and (10), the received signal at the destination
node can be given as

TX RX RXTX

S1 R S2

h1R hRR
~ hR2

x1(t) + η1(t) xR(t) + ηR(t)yR(t) y2(t)

Figure 1: System model of the FD-AF one-way relay network with
transceiver impairments.
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y2(t) � hR2G h1R x1(t − 1) + η1(t − 1)  + IR + zR(t − 1) 

+ hR2ηR(t − 1) + z2(t).

(12)

-e end-to-end signal-to-interference-plus-noise-and-
distortion ratio (SINDR) is determined as follows:

c �
h1R



2

hR2



2
G2P1

h1R



2

hR2



2
G2k2

1P1 + hR2



2
G2 σ2RSI + σ2R(  + hR2



2
k2
RPR + σ22

�
ρ1ρ2P1PR

ρ1ρ2P1PRd + ρ2PRd2 + σ22(  σ2RSI + σ2R(  + ρ1P1σ22d1
,

(13)

where d≜ k2
1 + k2

R + k2
1k

2
R, d1 ≜ 1 + k2

1, and d2 ≜ 1 + k2
R.

3. Performance Analysis

3.1. Outage Probability (OP). In this section, we derive the
exact OP expression of the system under the impact of
hardware impairments and fading Rayleigh channel. For the
AF relay system, OP is defined as the achievable rate of the
system, which falls below the minimum data rate that the
systemmust achieve. Assume that the minimum required data
rate for the system isR and thenOP can be defined as follows:

Pout � Pr C<R{ }, (14)

where C � log2(1 + c) with c and R being SINDR and the
minimum required data rate of the system, respectively.
-erefore, OP becomes

Pout � Pr c< x , (15)

where x � 2R − 1.

3.1.1. Exact OP. From equation (15), OP is derived using the
following theorem.

Theorem 1. )e exact OP expression of the IBFD-AF relay
system in the case of both imperfect SIC and imperfect
hardware under the Rayleigh fading channel is determined as
follows:

Pout �

1 − 2e− (Ax/(1− xd))

���������
B x + x2( 

(1 − xd)2



K1 2

���������
B x + x2( 

(1 − xd)2



⎛⎝ ⎞⎠, x<
1
d

,

1, x⩾
1
d

,

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(16)

where
A≜ (((σ2RSI + σ2R)d2)/(Ω1P1)) + ((σ22d1)/(Ω2PR)), B≜ ((σ22
(σ2RSI + σ2R))/(Ω1Ω2P1PR)), Ω1 �E |h1R|2 , Ω2 �E |hR2|

2 ,

and K1(·) denotes the first-order modified Bessel function of the
second kind.

Proof. From (15), we have

Pout � Prρ1ρ2P1PR(1 − xd)< ρ2PRd2 + σ22 

· σ2RSI + σ2R  + ρ1P1σ
2
2d1x.

(17)

If (1 − xd)⩽ 0 or x⩾ (1/d), the probability in (17) always
occurs. -us, Pout � 1. When x< (1/d), we can obtain OP of
the IBFD-AF relay system as follows:

Pout � 1 − 
∞

0
1 − Fρ1

σ2RSI + σ2R( xd2

P1(1 − xd)
+
σ22 σ2RSI + σ2R(  x + x2( 

P1PRy(1 − xd)2
  

× fρ2 y +
σ22xd1

PR(1 − xd)
 dy.

(18)

In this expression, we have changed variable by letting
ρ2 � y + (σ22xd1/PR(1 − xd)), Fρ(·) is the cumulative distri-
bution functions (CDF) of ρ, andfρ(·) is the probability density
function (PDF) of ρ. It is noted that, for the Rayleigh fading
channel, CDF of the channel gains ρl � |hl|

2, l � 1/2, is given by

Fρl
(x) � 1 − e

− x/Ωl( ), x⩾ 0, (19)

where Ωl � E |hl|
2 . After some mathematical manipula-

tions and using expression 3.324.1 in [33], we can obtain OP
of the IBFD-AF relay system given in (16). Proof of the
theorem is provided in Appendix. □
3.1.2. Asymptotic OP. In order to have a better insight into the
behaviour of the system under impact of hardware impair-
ments, we derive the asymptotic OP using the assumption that
the transmit power is extremely large. In the high SNR regime,
((B(x + x2))/(1 − xd)2)≪ 1 and (Ax/ (1 − xd))⟶ 0,

using the approximation K1(u) ≈ (1/u) when u≪ 1 [34]
combining with the Taylor expansion e− v ≈ 1 − v when
v⟶ 0, the approximate OP is derived as follows:

P
ap
out ≈

1 − e− (Ax/(1− xd)), x<
1
d

,

1, x⩾
1
d

,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

≈

Ax

1 − xd
, x<

1
d

,

1, x⩾
1
d

.

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(20)

In addition, when SNR goes to infinity and with the
assumption that RSI is very small, we have

lim
SNR⟶∞

Pout �

0, x<
1
d

,

1, x⩾
1
d

.

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(21)

Note that, in this paper, the SNR is defined as SNR �

(Ω1P1/σ2R) � (Ω2PR/σ22)· When the hardware impairments
become large, 1/d becomes small. -erefore, the system
cannot operate with a high threshold of x because xmust be
smaller than 1/d to avoid the case of Pout � 1. As the result,
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the hardware impairments limit the data transfer rate of the
system.

3.2. Symbol Error Probability (SEP). SEP of the system is
defined as follows [35]:

SEP � αE Q(

���

βc



)  �
α
���
2π

√ 
∞

0
F

t2

β
 e

− t2/2( )dt, (22)

where α and β are constants and their values are de-
termined based on the modulation scheme. In wireless
systems, we have α � 2 and β � 1 when the quadrature
phase-shift keying (QPSK) and 4-quadrature ampli-
tude modulation (4-QAM) modulations are used and α �

1 and β � 2 for the binary phase-shift keying (BPSK)
modulation [35]. Q(x) � (1/

���
2π

√
) 
∞
x

e− (t2/2)dt is the
Q-function; F(x) is CDF of SINDR. Based on the definition
of CDF, we can replace F(x) in (22) by Pout, where Pout is
determined using (16) and c is the SINDR at the destination
of the considered system.

Theorem 2. )e SEP expression of the system is determined
as follows:

SEP ≈
α

��
β


A

2
�������

2π(Cd)3


��
π

√

2
erf(

��
C

√
) −

��
C

√
exp(− C) 

+
α
2

[1 − erf(C + 1)],

(23)

where C � (β/2d) − 1 and erf (·) is the error function:
erf (z) � (2/

��
π

√
) 

z

0 e− t2dt.

Proof. For derivation convenience, we set x � (t2/β), and
equation (22) becomes

SEP �
α

��
β



2
���
2π

√ 
∞

0

e(− βx/2)

��
x

√ F(x)dx. (24)

Using again the Taylor expansion e− v ≈ 1 − v when
v⟶ 0, we have

F(x) � Pout ≈

Ax

1 − xd
, x<

1
d

,

1, x⩾
1
d

,

⎧⎪⎪⎪⎪⎪⎨
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≈

Axe(xd), x<
1
d

,

1, x⩾
1
d

.

⎧⎪⎪⎪⎪⎪⎨
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(25)

-us, equation (24) becomes

SEP �
α

��
β



2
���
2π

√ 
∞

0

e− (βx/2)

��
x

√ F(x)dx

≈
α

��
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2
���
2π

√ 
1/d

0
Ae

((d− β)/2)x ��
x

√
dx + 

∞

1/d

e− (βx/2)

��
x

√ dx .

(26)

To calculate the first integral in (26), set u �
��
x

√
; after

some mathematical manipulations and using equation
3.321.5 in [33], we have


1/d

0
Ae

(((d− β)/2)x) ��
x

√
dx �

A
�����

(Cd)3


��
π

√

2
erf(

��
C

√
) −

��
C

√
e

− C
 .

(27)

For the second integral in (26), by using equations
3.361.1 and 3.361.2 in [33], we have


∞

1/d

e− (βx/2)

��
x

√ dx � 
∞

0

e− (βx/2)

��
x

√ dx − 
1/d

0

e− (− βx/2)

��
x

√ dx

�

���
2π
β



[1 − erf(C + 1)].

(28)

Combining (26), (27), and (28), we have SEP as given in
(23). -e proof is thus complete. □

4. Optimal Power Allocation for the Relay Node

For the FD communications, the system performance rea-
ches a saturated floor in the high SNR regime due to impact
of RSI. To resolve this problem and improve the system
performance, we propose optimal power allocation schemes
for the relay node to minimize OP and SEP of the system,
especially at the high SNR regime. Recalling OP in (16), in
order to minimize OP, we need to choose the relay transmit
power PR according to the transmit power of the source
node, the average channel gains of all links, the SIC capa-
bility, the average power of AWGN, and the aggregate level
of impairments. Noted that there were some optimal power
allocation schemes proposed for the AF-FD relay systems in
the literature [26, 36, 37]. However, these works either only
focused on the amplification coefficients or optimized power
allocation for the ideal hardware systems. In contrast, our
proposed scheme aims to reduce not only the impact of RSI
but also that due to the hardware impairments.

-e optimal value of the P∗R is defined as follows:

P
∗
R � arg min

PR
Pout. (29)

From here, a step-by-step guideline to obtain the optimal
value of the relay transmit power is summarized in
Algorithm 1.

In order to reduce the complex calculation of the exact
Pout, we can use P

ap
out for calculating P∗R, particularly in the

high SNR regime. -e optimal value for the relay transmit
power is obtained using -eorem 3.

Theorem 3. )e optimal value P∗R of the FD-AF relay system
with hardware impairments is determined as follows:

P
∗
R � P0 �

��������
Ω1P1σ22d1

Ω2 ΩRd2



. (30)

Proof. In the high SNR regime, OP of the system can be
simply given in the first expression of (21). Taking the de-
rivative of P

ap
out with respect to PR in the case x< (1/d), we

have
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zP
ap
out

zPR
� exp −

Ax

1 − xd
 

x

1 − xd

zA

zPR
, (31)

where

zA

zPR
�

ΩRd2

Ω1P1
−

σ22d1

Ω2P2
R
· (32)

-erefore, (zP
ap
out/zPR) � 0 when PR � P∗R. For PR <P∗R,

it is clear that (zP
ap
out/zPR)< 0 and (zP

ap
out/zPR)> 0 when

PR >P∗R.-us, PR � P∗R is the optimal value of relay transmit
power. -e proof is thus complete.

It is noted that the optimal transmit power in-eorem 3
includes the distances between S1 and R (denoted by d1R)
and between R and S2 (denoted by dR2). Due to the effect of
large-scale fading, the variances of the channel gains |h1R|2

and |hR2|
2 are related to these distance as follows: Ω1 � d− α

1R
and Ω2 � d− α

R2, where α represents the path loss exponent
(α � 2, 3, . . . , 6) [8]. As a result, expression (30) can be used
to investigate the effect of the relay relative locations on the
system performance. Although it is not shown in the paper,
we would like to note that this effect is similar with that
observed in an ideal hardware system presented in [8]. □

5. Numerical Results

In this section, numerical results are presented to evaluate
performance of the considered system. Simulation results are
also used to validate the theoretical analysis. Main performance
measures used for evaluation are OP, system throughput, and
SEP under impact of both hardware impairment and RSI. -e
impact of hardware impairment is illustrated by comparing
with the case of ideal hardware, i.e., k1 � kR � 0, for various RSI
scenarios. In addition, the proposed power allocation is also
applied and compared with the case without power allocation.
In our simulations, the average SNR is defined as
SNR � (Ω1P1/σ2R) � (Ω2PR/σ22). It is worth noting that when
optimal power allocation is used, the average SNR is the SNR at
the relay, i.e., SNR � (Ω1P1/σ2R). Other parameters for simu-
lations are chosen as follows: the average channel gains
Ω1 � Ω2 � 1; the AWGN variance at the relay and the desti-
nation σ2R � σ22 � 1. Figure 2 illustrates the OP performance
obtained by (16) and Monte Carlo simulations for P1 � PR.
Two minimum required data rates areR � 2 andR � 5 bit/s/
Hz. -e investigated thresholds for OP are x � 22 − 1 � 3 and
x � 25 − 1 � 31. -e aggregate level of impairments is
k1 � kR � 0.1. -e SIC capability is ΩR � − 30 dB. Since
σ2RSI � ΩRPR, increasing the relay transmit power creates more

RSI. As can be seen in Figure 2, for the low rate system (x � 3),
the impact of hardware impairments is trivial. But for the high
rate system (x � 31), hardware impairments have a strong
impact on the system performance. -erefore, depending on
system requirements, wireless devices (network nodes) need to
select a suitable transmission rate to avoid unnecessary per-
formance loss, especially for high-rate transmission systems. It is
also noted that, in the high SNR regime, the OP performance of
both ideal hardware and hardware impairment systems be-
comes saturated to an outage floor. In such cases, the proposed
optimal power allocation scheme can be applied for perfor-
mance improvement.

Figure 3 compares the OP performances of the hardware-
impairment system with and without optimal power allo-
cation at the relay node for x � 3 and x � 31, k1 � kR � 0.1,
and ΩR � − 30 dB. -e optimal power is calculated using
equation (30), while the nonoptimization uses PR � P1. -e
remaining parameters for simulations are the same as in
Figure 2. It is clearly seen from the figure that, at SNR lower
than 35 dB, the gain due to the optimal power allocation is
small. But in the high SNR regime (above 35 dB), the pro-
posed optimization can help to mitigate the outage floor
caused by RSI and improve the system performance signif-
icantly, particularly when SNR> 40 dB. It is worth noting that
we have used all system parameters to derive the relay optimal
transmit power, and thus the proposed optimization does
mitigates not only the RSI impact but also other factors such
as hardware impairments, relay location, and AWGN in the
system. Note also that the optimal power for the ideal
hardware system is given by setting k1 � kR � 0 in (30).

Figure 4 plots OP of the system versus the distortion
factor k for SNR � 40 dB, ΩR � − 30 dB, and R � 2, 3, 4,

and 5 bit/s/Hz. In the figure, the distortion factors are
chosen as k1 � kR � k. As observed from the figure, the
impact of hardware impairment on the low-rate transmission
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Figure 2: OP performance versus the average SNR for two
thresholds x � 3 and x � 31, k1 � kR � 0.1, and ΩR � − 30 dB.

(1) Solve (zPout/zPR) � 0 for PR � P0;

(2) if
P0 > 0
(zPout/zPR)< 0 forPR <P0
(zPout/zPR)> 0 forPR >P0

⎧⎪⎨

⎪⎩

(3) then
(4) Output optimal power P∗R � P0;
(5) else
(6) Output optimal power P∗R � ∅;
(7) end

ALGORITHM 1: Optimal power calculation algorithm.
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system (R � 2 and 3 bit/s/Hz) with small distortion factors is
trivial. However, this impact becomes more significant for the
high-rate system (R � 4 and 5 bit/s/Hz) even when the dis-
tortion factor is small (k � 0.1). With k> 0.1 and
R � 4 and 5 bit/s/Hz, the outage performance decreases
quickly; however, the proposed optimal power allocation still
shows significant improvement over the nonoptimal one.

Figure 5 shows the OP performance versus both the
distortion factor k and RSI for the case with optimization.
-e OP is a function (denoted by g) of both variables k and

ΩR, i.e., OP � g(k, ΩR). We can see from the figure that
when k � 0 and ΩR � 0, the performance of the considered
system becomes that of the HD system with ideal hardware.
In this case, we have OP � g(0, 0) � 3.10− 4. Similarly, when
k≠ 0 and ΩR � 0, the considered system becomes the HD
system with hardware impairments. In this case, the OP
performance is the same with that in [24]. In the case that
k � 0 and ΩR ≠ 0, the considered system becomes the ideal
FD system. As can be seen from Figure 5, the impact of the
hardware impairments is stronger than that of the RSI
causing the OP performance degradation due to k to increase
faster than that due to ΩR. For examples, we have
g(0.02, 0.1) � 0.0031, while g(0.1, 0.02) � 0.0066. Since the
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Figure 4: OP performance versus the distortion factor k with and
without optimization; SNR � 40 dB, ΩR � − 30 dB, and R � 2, 3, 4,

and 5 bit/s/Hz.
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optimal transmit power is used at the FD relay, the impact of
RSI on the OP performance decreases significantly com-
pared with that of the HI one.

Figure 6 compares throughput of the ideal and nonideal
hardware system with power optimization for R � 2, 4,

and 5 bit/s/Hz, k1 � kR � 0.1, and ΩR � − 30 dB. -e system
throughput is defined as T � R(1 − Pout). As can be seen
from the figure, for low-rate systems (R � 2), the system
throughput soon reaches the target rate at SNR � 25 dB. For
high-rate systems, it requires a higher SNR to reach the target
(R � 4 when SNR � 40 dB and R � 5 when SNR> 40 dB).

Finally, Figure 7 illustrates the SEP performance of the
system with different values of the SIC capability, ΩR �

− 10, − 30 dB and k1 � kR � 0.1, using BPSK modulation and
with and without optimal power allocation. In the figure, the
theory curve is plotted using numerical results obtained from
(23). It can be noticed that there is a good agreement between
the numerical and simulation results, especially in the high
SNR regime. It is also obvious that when RSI is strong
(ΩR � − 10 dB), the SEP performance soon becomes saturated
at about SNR � 20 dB if optimization is not used. When RSI is

smaller than ΩR � − 30 dB, the SEP floor appears later (at
about SNR � 35 dB).-erefore, in order to reduce the complex
design of the FD transceivers, wireless designers can select
suitable relay transmit power according to the RSI level ob-
tained by measurements after all SIC techniques. For example,
for ΩR � − 10 dB, optimal power allocation must be used, but
when ΩR � − 30 dB, if the system requires SEP � 10− 3 at
SNR � 35 dB, the FD transceiver does not require power
optimization. For SNR> 35 dB if the system needs to improve
performance, power optimization can be applied for this case.

6. Conclusion

In the paper, we analyzed the impacts of the hardware
impairments and RSI on performance of the IBFD-AF relay
system. Using mathematical analysis, we successfully ob-
tained the exact and asymptotic OP, the SEP of the system.
-e system performance was then analyzed for various
scenarios of SNR, RSI, and hardware impairments. Both
numerical and simulation results showed a strong impact of
RSI and hardware impairments on the system performance.
-e proposed optimal power allocation scheme can improve
the system performance significantly. However, when the
system is affected more by hardware impairment and RSI,
only optimal power allocation cannot guarantee required
performance. Other advanced solutions should be consid-
ered to be included in the system.

Appendix

-is appendix provides the detailed derivation of the exact
OP expression in -eorem 1.

Note that the OP is a function of two variables ρ1 and ρ2
as presented in (17). By applying the law of conditional
probability [38], the OP can be calculated as

Pout � Pr c<x  � 
∞

0
Pr c< x∣ρ2 fρ2 ρ2( zρ2. (A1)

In the case x< 1/d, by letting ρ2 � y + (σ22xd1/(PR(1 −

xd))) and using (A1), the probability in (17) becomes (18).
On the contrary, the PDF of instantaneous channel gains

following the Rayleigh fading distribution is given by

fρl
(x) �

x

Ωl

e
− x/Ωl( ), x⩾ 0. (A2)

Using the CDF and PDF in (19) and (A2), we have

Fρ1
σ2RSI + σ2R( xd2

P1(1 − xd)
+
σ22 σ2RSI + σ2R(  x + x2( 

P1PRy(1 − xd)2
 

� 1 − e
− σ2RSI+σ

2
R( )xd2/ Ω1P1(1− xd)( )( )+ σ22 σ2RSI+σ

2
R( ) x+x2( )/ Ω1P1PRy(1− xd)2( )( )( ),

(A3)

fρ2 y +
σ22xd1

PR(1 − xd)
  �

1
Ω2

e
− y/Ω2( )+ σ22xd1( )/ Ω2PR(1− xd)( )( ). (A4)
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Figure 7: SEP performance versus the average SNR with and
without optimal power allocation and ΩR � − 10 and − 30 dB and
k1 � kR � 0.1.
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-erefore, equation (18) becomes

Pout � 1 − 
∞

0
e

− σ2RSI+σ
2
R( )xd2( )/ Ω1P1(1− xd)( )( )− σ22 σ2RSI+σ

2
R( ) x+x2( )( )/ Ω1P1PRy(1− xd)2( )( )( )

×
1
Ω2

e
− y/Ω2( )+ σ22xd1/Ω2PR(1− xd)( )( )zy

� 1 −
1
Ω2

e
− σ2RSI+σ

2
R( )xd2( )/ Ω1P1(1− xd)( )( )− σ22xd1/ Ω2PR(1− xd)( )( )( )

× 
∞

0
e

− σ22 σ2RSI+σ
2
R( ) x+x2( )( )/ Ω1P1PRy(1− xd)2( )( )− y/Ω2( )( ) zy.

(A5)

Applying equation 3.324.1 in [33], we can calculate the
above integral as


∞

0
e

− σ22 σ2RSI+σ
2
R( ) x+x2( )( )/ Ω1P1PRy(1− xd)2( )( )− y/Ω2( ) zy

�

���������������������
4Ω2σ22 σ2RSI + σ2R(  x + x2( 

Ω1P1PR(1 − xd)2



× K1

�������������������
4σ22 σ2RSI + σ2R(  x + x2( 

Ω1Ω2P1PR(1 − xd)2



⎛⎝ ⎞⎠.

(A6)

-erefore, we obtain the OP as follows:

Pout � 1 −
1
Ω2

e
− σ2RSI+σ

2
R( )xd2( )/ Ω1P1(1− xd)( )( )− σ22xd1( )/ Ω2PR(1− xd)( )( )( )

×

���������������������
4Ω2σ22 σ2RSI + σ2R(  x + x2( 

Ω1P1PR(1 − xd)2



× K1

�������������������
4σ22 σ2RSI + σ2R(  x + x2( 

Ω1Ω2P1PR(1 − xd)2



⎛⎝ ⎞⎠

� 1 − e
− σ2RSI+σ

2
R( )xd2( )/ Ω1P1(1− xd)( )( )− σ22xd1( )/ Ω2PR(1− xd)( )( )( )

×

�������������������
4σ22 σ2RSI + σ2R(  x + x2( 

Ω1Ω2P1PR(1 − xd)2



× K1

�������������������
4σ22 σ2RSI + σ2R(  x + x2( 
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− ((x)/(1− xd)) σ2RSI+σ
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× 2

������������������
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������������������
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���������
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K1 2

���������
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(A7)

-e proof is now complete.
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