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In this paper, we analyze the performance of in-band full-duplex (IBFD) relay systems that use the decode-and-forward (DF)
protocol at the relay under the impact of imperfect self-interference cancellation and hardware impairments. Three practical
relay scenarios are considered in our analysis: (i) there is no direct link from the source to the destination; (ii) there is a direct
link, but the signal from the source is considered interference; and (iii) there is a direct link, and the signal from the source is
cooperatively combined with that from the relaying path. Speciﬁcally, we derive exact and asymptotic expressions for the outage
probability (OP) of the IBFD system. Based on the OP, the exact expression for symbol error probability (SEP) is also derived.
Moreover, in order to cope with the eﬀect of imperfect self-interference cancellation (SIC) due to the full-duplex mode, we
propose optimal and suboptimal power calculation methods for the relay to minimize the OP and SEP. A performance
evaluation shows that the IBFD relay system is signiﬁcantly aﬀected by both imperfect SIC and hardware impairments.
However, the optimal power values can help to improve the system performance, signiﬁcantly.

1. Introduction
The last decade has witnessed signiﬁcant development of
wireless technologies. In particular, the evolvement of the
ﬁfth generation (5G) of mobile communications allows
deployment of massive Internet of Things (IoT) devices to
provide data access for various applications such as precision
agriculture, disaster warning, smart retail, health care, smart
home, and industrial innovation. It is expected that there will
be billions of IoT devices connected to the cellular networks
in the coming years. The main features of the massive IoT
devices include low cost, extreme coverage, narrow band,
and small volume of data. In order to meet these requirements, multiple antennas are not used in the devices but
wireless relaying is desired to extend the coverage. It also
requires that spectrum is eﬃciently used to support massive
connections within the limited radio frequency band.
In the literature, there were a large number of works
studying the relay communications for the wireless networks.

With the help of a relay node, it is possible to extend the
network range as well as increase the channel capacity.
Relay communication has now found its application in
various types of wireless networks such as the long-term
evolution advanced (LTE-A) mobile communication, ad
hoc network, and vehicle-to-vehicle (V2V) networks.
Meanwhile, in-band full-duplex (IBFD) communication,
which allows for simultaneous transmission and reception
over the same frequency, has attracted increasing attention
due to its capability to double the channel capacity and
increase the spectrum eﬃciency. Beneﬁts of using both IBFD
and relay communications have been studied widely [1–11].
Recently, the combination of IBFD and relay cooperation
has also been considered for the 5th generation (5G) heterogeneous networks (HetNets) [12].
Most studies on IBFD relay networks tackle the problem
of residual self-interference (RSI) due to imperfect selfinterference cancellation (SIC) (note that this abbreviation
diﬀers from that used for successive interference cancellation
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in CDMA, NOMA, and MIMO systems) at the full-duplex
relay node [2, 4, 13–15]. A paper [4] showed that the outage
performance of the IBFD relay system is signiﬁcantly aﬀected
by RSI. In this work, the authors have also successfully
derived the closed form of the outage probability (OP) of
the IBFD relay network. In [6], the authors analyzed the
spectrum eﬃciency of the IBFD relay systems by using the
sum rate as a function of the distance between users and
the relay. Performance of the IBFD systems was shown
to depend on the interference suppression capability and
location of the relay. The work in [16] considered an
IBFD multiuser decode-and-forward (DF) relay system
with self-interference management. In order to maximize
the signal-to-noise ratio (SNR) at the receiver, the authors
in [17] investigated the IBFD amplify-and-forward (AF)
system with the direct link using the minimum mean
squared error decision feedback equalizer (MMSE-DFE).
Their results showed that the outage performance of the
IBFD system could be signiﬁcantly improved if the direct
link is appropriately combined with the relaying link at
the destination.
In [18], relay selection was proposed for a full-duplex
decode-and-forward (FD-DF) relay network with Nakagami-m fading channels. The exact OP expressions were
investigated, and their results were shown that the achievable
diversity depends on the shape factors of the fading channels
and the power scaling scheme of the relay. In [19], the system
quality of the DF opportunistic relay network was analyzed
in the presence of cochannel interference in the case of cooperative communications. Their results showed that the
opportunistic relay selection based on the signal-to-interference-plus-noise ratio (SINR) provides more beneﬁts with
an increasing number of relays. In [5], the outage performance of the FD cooperative system quality was analyzed
under asymmetric generalized fading conditions. The
authors demonstrated that the system performance is much
aﬀected by the fading conditions of both the direct and relay
links.
Although the outage performance of IBFD relay networks was extensively studied in previous works, the common assumption was that the transceivers were ideal. In
practice, most hardware equipment is not ideal and is
often inﬂuenced by various factors such as manufacturing
errors, phase oscillator noises, imbalance in the modulator,
nonlinear distortion of the high-power ampliﬁer (HPA) at
the transmitter, and the low-noise ampliﬁer (LNA) at the
receiver. These hardware impairments degrade the performance and thus should not be neglected in the system design
and performance analysis. In fact, the impact of hardware
impairments was thoroughly analyzed for the half-duplex
relay system in the literature. In [20], the authors analyzed
the impact of hardware impairments at both the transmitter
and receiver in a dual-hop relay network using AF and DF
protocols. In [8], the authors examined the eﬀect of hardware
impairments on the system performance of a relay network
using switch-and-examine combining with a postselection
scheduling scheme in the Rician fading and shadowing channel. Hardware impairments were shown to cause an irreducible outage ﬂoor at the high SINR region. The work in [21]
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investigated and compared the outage performance of the
one-way and two-way relay networks under the impact
of both hardware impairments and imperfect channel estimation. It was shown in [21] that the one-way relay network has a lower outage ﬂoor than the counterpart
network. Recently, HI was also considered in the IBFD
relay systems [22–27]. In particular, the impact of HI on
the spectral eﬃciency of a multipair massive MIMO twoway IBFD relay system was analyzed in [22]. The spectral
eﬃciency of a similar system using zero forcing at the
relay was evaluated in [23]. A gradient projection-based
algorithm to obtain the optimal relay function together with
nonalternating and alternating suboptimal solutions was
proposed for IBFD AF relay systems with multiple antennas
in [24]. The alternating optimization was then extended to
design the bidirectional IBFD MIMO OFDM systems with
linear precoding and decoding [26]. The performance of
the IBFD relay system under the impact of hardware impairments, imperfect channel state information, and imperfect
self-interference cancellation was analyzed in [25]. Antenna
selection was proposed as a solution to compensate for the
performance saturation of the MIMO spatial modulation
IBFD relay system [27]. Although the impact of hardware
impairments on the performance of the IBFD relay systems
was widely analyzed, the case with direct link between the
source and the destination nodes was still neglected. Moreover, the exact solution for relay power allocation has not
been reported.
Motivated by the previous results, in this paper, we
analyze the OP and symbol error probability (SEP) of
the IBFD decode-and-forward (DF) relay networks under
the eﬀect of the aggregate transceiver impairments and different cooperation scenarios. The contributions of this
paper are summarized as follows:
(i) Inspired by the 5G HetNet structure [12], we
develop a new system model for a more realistic
IBFD relay network with hardware impairments
and RSI. Based on this model, performance of the
IBFD relay network is analyzed for realistic cooperation situations
(ii) Exact expressions of the signal-to-interferenceplus-noise-and-distortion ratio (SINDR) and outage performance are derived for three cases, i.e.,
(i) there is no direct link from the source to the
destination; (ii) there is a direct link, but the signal from the source is considered interference;
and (iii) there is a direct link, and the signal from
the source is cooperatively combined with that
from the relaying path
(iii) In order to cope with the eﬀect of imperfect selfinterference cancellation (SIC) due to the fullduplex mode, we propose optimal and suboptimal
power calculation methods for the relay to minimize the OP. Unlike previous works about a power
allocation scheme for the IBFD transmission mode,
we obtain the exact optimal transmission power
value for the IBFD relay that minimizes the OP
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and SEP of the IBFD relay network. Our results
can signiﬁcantly reduce the computational complexity in the deployment of the IBFD relay system
The remainder of this paper is organized as follows.
Section 2 presents the system model of the IBFD relay network. Performance analysis is given in Section 3, followed
by the proposed optimal/suboptimal power calculation
methods in Section 4. The corresponding numerical results
are presented in Section 0. Finally, conclusions are drawn
in Section 0. For reading convenience, a summary list of
the frequently used mathematical notations is given in
Table 1.

Table 1: List of the frequently used mathematical notations.
Notation

Description

P1

The average transmit power at the source node S1

PR

The average transmit power at the relay node R

ProbfA g
OP

Outage probability

ðℓÞex

Exact OP of the case ℓ with hardware impairments

OP

ðℓÞ_ex_id

OP

OPðℓÞ_ap

2

source and the relay node, respectively; k2S1 R = ðktS1 Þ + ðkrR Þ2 ;
2

Cumulative distribution function (CDF)

f ρ ð:Þ

Let us consider the case of an IBFD DF relay system as
shown in Figure 1. In this system, the two terminal nodes
S1 and S2 transmit to the relay node R one at a time while
R can forward the received signal from one terminal node
to the other at the same time using the same carrier frequency. Due to the symmetrical communications, we will
limit our presentation for the link from S1 to S2 via R.
The source node S1 and the destination node S2 are
equipped with a single antenna while the relay R has two
antennas, one for reception and one for transmission. Unlike
in the ideal hardware system, the transmitted signal from a
relay system with hardware impairment is distorted due to
the impact of the transceiver errors such as ampliﬁcation gain
instability, phase noise (PN), high-power ampliﬁer (HPA)
nonlinearity, or in-phase/quadrature-phase (I/Q) imbalance.
In order to tackle the problem of hardware impairments, various compensation solutions using both analog and digital
signal processing have been reported in the literature [21,
28–30]. However, the measurement results demonstrated
that the residual impairments after compensation still aﬀect
the system as the additive distortion noises which can be
modeled by a complex Gaussian variable with zero mean
and ﬁnite variance [21, 28–30]. As can be seen from
Figure 1, there are two distortion sources in the system,
which are denoted by ηi ðtÞ, i = f1, Rg, where t denotes the
time slot. In this paper, we follow the distortion model in
[30] which combines the distortion source at the transmitter
with that at the receiver. Thus, η1 ðtÞ denotes the combined
distortions at both the transmitter of S1 and the receiver of
R and ηR ðtÞ for those at both the transmitter of R and the
receiver of S2 . These combined distortion sources have the
following distributions η1 ∼ CN ð0, k2S1 R P1 Þ and ηR ∼ CN ð0,
k2RS2 PR Þ; P1 and PR are the average signal power from the
k2RS2 = ðktR Þ + ðkrS2 Þ2 , where ktS1 and ktR and krR and krS2 are,
respectively, the level of the impairments at the transmitters
of S1 and R and the receivers of R and S2 . Note that when
kS1 R = kRS2 = 0, we have an ideal hardware system. The
transmit signal from each transmitter can be expressed
as si ðtÞ + ηi ðtÞ. We assume that the processing delay at
the relay R equals one symbol period. Therefore, a symbol

Probability density function (PDF)



CN μ, σ

2

Ef·g
ρ = j hj

Exact OP of the case ℓ with ideal hardware
Approximate OP of the case ℓ with hardware
impairments

F ρ ð:Þ

2. System Model

The probability of an event A

Complex Gaussian distribution with mean μ and
variance of σ2
The expectation operator

2

Ω = Efρg
SEP

The instantaneous channel gain
The average power of the channel gain
Symbol error probability

which was received by R at time slot t − 1 will be transmitted at time slot t. It means that sR ðtÞ = s1 ðt − 1Þ if R
decodes successfully the received signal. The received
signal at the relay and the destination is then given,
respectively, by
~ ~s ðt Þ + z ðt Þ,
yR ðt Þ = h1R~s1 ðt Þ + h
RR R
R

ð1Þ

y2 ðt Þ = hR2~sR ðt Þ + h12~s1 ðt Þ + z 2 ðt Þ,

ð2Þ

where ~s1 ðtÞ and ~sR ðtÞ, respectively, denote the transmitted
signals from the source and the relay with ~s1 ðtÞ ≜ s1 ðtÞ +
η1 ðtÞ and ~sR ðtÞ ≜ sR ðtÞ + ηR ðtÞ; η1 ðtÞ and ηR ðtÞ denote the
eﬀect of hardware impairments at the transceivers with
η1 ∼ CN ð0, k2S1 R P1 Þ and ηR ∼ CN ð0, k2RS2 PR Þ; h1R , hR2 , and
h12 are the fading coeﬃcients of the links from S1 to R,
~ is the
from R to S2 , and from S1 to S2 , respectively; h
RR
RSI channel from the transmitting antenna to the receiving antenna at the FD relay R after self-interference cancellation; and z R ðtÞ and z 2 ðtÞ denote the AWGN with
zero mean and variance σ2R and σ22 , respectively, z R ∼ CN
ð0, σ2R Þ and z 2 ∼ CN ð0, σ22 Þ.
~ ~s ðtÞ represents the SI
Note from (1) that the term h
RR R
at R and its power is signiﬁcantly larger than that of the
intended signal due to small distance between transmitter
and receiver antennas of R. In order for the relay to
decode the intended signal successfully, three popular
SIC techniques can be applied to make the SI to the noise
level, including those in the propagation, analog and digital domains [4, 31]. The RSI after these SIC techniques
can be modeled by a Gaussian random variable, denoted

4

Wireless Communications and Mobile Computing
h12

TX
s1(t) + 𝜂1(t)

h1R

RX
yR(t)

S1

RX

~
hRR TX

hR2

y2(t)

sR(t) + 𝜂R(t)

S2

R

Figure 1: Block diagram of the IBFD relay system with transceiver impairments.

by I R with zero mean and variance of σ2RSI , i.e., I R ∼ CN ð0,
σ2RSI Þ [4, 31]. The received signal at R after SIC can be now
expressed as
yR ðt Þ = h1R~s1 ðt Þ + I R ðt Þ + zR ðt Þ:

ð3Þ

In practice, due to the distance variation and shadowing,
the transmitted signal from the source can reach the destination in some cases. Therefore, the system quality in realistic
conditions varies according to the following three cases: (1)
there is no direct link from S1 to S2 ; (2) there is a direct link
from S1 to S2 , but its signal is considered interference at S2 ;
and (3) there is a direct link from S1 to S2 , and its signal is
combined with that of the relaying link using cooperative
communication.
Note that when the DF relaying protocol is used, the endto-end SINDR of the system is the minimum of the SINDRs
of the links from the source to the relay and from the relay to
the destination. Thus, the end-to-end SINDR of the DF relay
system is given by
γ = min fγR , γD g,

ð4Þ

where γR and γD are the SINDRs at the relay and the destination, respectively.
2.1. Case 1: Without the Direct Link. In this case, the
transmitted signal from the source S1 does not reach the
destination S2 due to long distance. The destination
receives only the relayed signal from R. Using (3) and
(2), we can obtain the SINDRs at the relay R and the destination S2 for Case 1, respectively, as
ð1Þ

γR =

jh1R j2 P1
2 2
~ R PR
jh1R j kS1 R P1 + Ω

+ σ2R

=

ρ1 P 1
,
ρ1 k2S1 R P1 + σ2RSI + σ2R
ð5Þ

ð1Þ

γD =

ρ2 P R
jhR2 j2 PR
=
,
2 2
2
2
jhR2 j kRS2 PR + σ2 ρ2 kRS2 PR + σ22

ð6Þ

where ρ1 = jh1R j2 and ρ2 = jhR2 j2 are the channel gains of
the links from S1 to R and from R to S2 , respectively;
σ2RSI denotes the RSI at the relay after SIC. It is noted that,

after SIC, the RSI can be modeled by a complex Gaussian
distributed random variable [2–6, 9, 10, 32, 33] with zero
~ R PR , where Ω
~ R is deﬁned as
mean and variance σ2RSI = Ω
the SIC capability of the relay node.
2.2. Case 2: With the Direct Link but No Cooperative
Communication. In this case, the destination receives the
transmitted signal from the source via both the relaying
and direct links. However, due to time misalignment, the signal via the direct link is considered interference. Therefore,
the SINDRs at the relay and the destination are, respectively,
given by
ð2Þ

ð1Þ

γR = γR =

ð2Þ

γD =

ρ1 P 1
,
+ σ2RSI + σ2R

ρ1 k2S1 R P1

jhR2 j2 PR


jhR2 j2 k2RS2 PR + jh12 j2 P1 1 + k2S1 R + σ22

ρ2 P R


=
,
2
ρ2 kRS2 PR + ρ3 P1 1 + k2S1 R + σ22

ð7Þ

ð8Þ

where ρ3 = jh12 j2 is the channel gain of the link from S1 to S2 .
2.3. Case 3: With the Direct Link and Cooperative
Communication. In this case, the signal from the source
via the relaying link and that via the direct link are aligned
(the system is thus delay limited) and combined in order
to maximize the SINDR at the destination and remove
the intersymbol interference (ISI) due to the processing
delay at the relay node. For such purpose, we adopt the
MMSE-DFE proposed in [17] at the destination. In order
to estimate the transmitted symbol, the equalizer needs
to be trained and operates in an adaptive fashion. This
results in training delay and requires that the channel be
slowly varying. Moreover, since the transmitted signals
from the source and relay nodes also contain HI distortions η1 ðtÞ and ηR ðtÞ, these components are considered
additive noises by the MMSE-DFE. The SINDRs at the
relay and the destination are then given, respectively, by
ð3Þ

ð1Þ

γR = γR =

ρ1 P 1
,
+ σ2RSI + σ2R

ρ1 k2S1 R P1

ð9Þ
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ð3Þ

γD =

jhR2 j2 PR + jh12 j2 P1
2 2
jhR2 j kRS2 PR + jh12 j2 k2S1 R P1

ρ2 P R + ρ3 P 1
=
:
2
ρ2 kRS2 PR + ρ3 k2S1 R P1 + σ22

+ σ22

5

F ρl ðxÞ = 1 − e−ðx/Ωl Þ ,

x ⩾ 0,

1 −ðx/Ωl Þ
e
,
Ωl

x ⩾ 0,

ð10Þ

3. System Performance
3.1. Outage Probability. The outage probability is the probability of a failure in any communication link between S1 ,
R, and S2 . An outage event occurs when the mutual information is lower than the minimum required data rate
R j , ðj = 1, 2Þ, i.e.,

f ρ l ðx Þ =

ð15Þ

where Ωl = Efjhl j2 g.
Under the eﬀect of both Rayleigh fading and hardware
impairments, using the above CDF and PDF of the channel
gains, we can get the OPs of the system for each cooperation
situation in the following parts.
3.1.1. Exact OP



log2 1 + γ j < R j ,

ð11Þ

where γ j and R j are the SINDR and the minimum
required data rate of link j, respectively. Let R1 be the
minimum required data rate from S1 to R and R2 be that
from R to S2 . Also, for simplicity, let R1 = R2 = R. As a
result, an outage event occurs when
log2 ð1 + γR Þ < R
or log2 ð1 + γD Þ < R,

ð12Þ

ð1Þ_ex

(1) Case 1: Without the Direct Link. Denoting OPR
ð1Þ
ð1Þ_ex
ð1Þ
ProbfγR < xg and OPD
= ProbfγD < xg, we have

ð1Þ_ex

OPR

n
o
ð1Þ
= Prob γR < x
0
8
 1
2
2
>
σ
+
σ
>
RSI x A
>
>
 ,
F ρ1 @ R
>
>
<
P1 1 − k2S1 R x
=
>
>
>
>
>
>
: 1,

=

which is equivalent to
γR < 2R − 1
or γD < 2R − 1:

8
>
1 − e−α1 ðxÞ ,
>
>
>
<

x<

>
>
>
>
: 1,

x⩾

1
k2S1 R
1
k2S1 R

x<

x⩾

1
k2S1 R
1
k2S1 R

=

,

ð16Þ

,

,
:

ð13Þ
Similarly,

The outage probability is then deﬁned as OP =
Probðγ < 2R − 1Þ. Let x = 2R − 1, and using the rule of
addition ProbfA ∪ Bg = ProbfAg + ProbfBg − ProbfAg
ProbfBg for independent events A and B, we can obtain
the OP as follows:

8
>
−α ðxÞ
>
>1−e 2 ,
<
n
o >
ð1Þ_ex
ð1Þ
= Prob γD < x =
OPD
>
>
>
>
: 1,

x<
x⩾

1
k2RS2
1
k2RS2

,
:
ð17Þ

OP = ProbfðγR < xÞ ∪ ðγD < xÞg = Probfmin ½γR , γD  < xg
= OPR + OPD − OPR OPD ,

Using (14), the OP of the system becomes
ð14Þ
(

where OPR = ProbfγR < xg and OPD = ProbfγD < xg.
Under the Rayleigh fading channel, the cumulative distribution function (CDF) F ρ ð:Þ and probability density function (PDF) f ρ ð:Þ of the channel gains (ρl = jhl j2 , l = 1, 2, 3)
are given by

OP

ð1Þ_ex

=

1 − e−α1 ðxÞ−α2 ðxÞ ,

x < d,

1,

x ⩾ d,

ð18Þ

where α1 ðxÞ = ðσ2R + σ2RSI Þx/Ω1 P1 ð1 − k2S1 R xÞ, α2 ðxÞ = σ22 x/Ω2
PR ð1 − k2RS2 xÞ, and d = min ð1/k2S1 R , 1/k2RS2 Þ.
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Note that for the case of ideal hardware, the OP is given

by

that ρ2 PR ð1 − k2RS2 xÞ ≤ 0 and ðρ3 P1 ð1 + k2S1 R Þ + σ22 Þx > 0.
Therefore, F γð2Þ ðxÞ = 1. Next, we consider the case 1 − k2RS2 x >
D

OP

ð1Þ_ex_id

=1−e

id
−αid
1 ðxÞ−α2 ðxÞ

ð19Þ

,

2
2
id
2
where αid
1 ðxÞ = ðσR + σRSI Þx/Ω1 P1 and α2 ðxÞ = σ2 x/Ω2 PR .

(2) Case 2: With the Direct Link but No Cooperative Commuð1Þ
ð2Þ
ð3Þ
nication. Since γR = γR = γR , we have
ð1Þ_ ex

OPR

ð2Þ_ex

= OPR

ð3Þ_ex

= OPR

:

ð20Þ

ð2Þ ex

In order to calculate OPD _ using (8), we have
n
o
n


ð2Þ
F γð2Þ ðxÞ = Prob γD < x = Prob ρ2 PR 1 − k2RS2 x
D
h


i o
< ρ3 P1 1 + k2S1 R + σ22 x :

=

h


i
9
=
ρ3 P1 1 + k2S1 R + σ22 x


F γð2Þ ðxÞ =
Prob ρ2 <
∣ ρ3 f ρ3 ðρ3 Þdρ3
D
:
;
0
PR 1 − k2RS2 x


i 9
8h
ð∞
< ρ3 P1 1 + k2S R + σ22 x=
1


=
F ρ2
f ðρ Þdρ :
:
; ρ3 3 3
0
PR 1 − k2RS2 x

ð21Þ

ð22Þ
ð2Þ_ ex

In summary, we have OPD

8

i 1
0h
2
2
ð∞
>
x
σ
+
ρ
P
1
+
k
>
S1 R
2
3 1
>
>
A f ρ ðρ3 Þdρ3 ,
>


F ρ2 @
>
3
< 0
P 1 − k2 x
>
>
>
>
>
>
: 1,

R

OPð2Þ_ex =

x<

RS2

x⩾

where A2 ðxÞ = Ω2 PR ð1 − k2RS2 xÞ/ðΩ2 PR ð1 − k2RS2 xÞ + Ω3 P1 ð1
+ k2S1 R ÞxÞ.
Thus, OP of the system for this case is then given by
(

1 − A2 ðxÞe−α1 ðxÞ−α2 ðxÞ ,

x < d,

1,

x ⩾ d:

ð24Þ

In the case of ideal hardware, the system OP is given by
−α1 ðxÞ−α2 ðxÞ
OPð2Þ_ex_id ðxÞ = 1 − Aid
,
2 ð x Þe
id

id

8
<

ð∞

This is the joint CDF of two independent random variables ρ2 and ρ3 . First, consider the case 1 − k2RS2 x ≤ 0,
which means x ≥ 1/k2RS2 . In this case, the inequality ρ2 PR ð1 −
k2RS2 xÞ < ½ρ3 P1 ð1 + k2S1 R Þ + σ22 x is always true due to the fact

ð2Þ ex
OPD _

0, which means ρ2 PR ð1 − k2RS2 xÞ > 0. Since ρ2 and ρ3 are the
instantaneous channel gains, we have ρ2 , ρ3 ∈ ð0,∞Þ. To
derive the CDF in this case, we change the above probability
to a new equivalent one which has only one random variable. Using the property of a function of two random variables in Section 5.8 of [34], we can convert the joint CDF
of these two independent variables into a function with double integral in which one variable is considered a constant
while calculating the other. Then, by applying the result in
Section 5.7 of [34], we can obtain

ð25Þ

ð3Þ_ex

OPD

1
k2RS2
1
k2RS2

=

given by

8
>
>
1 − A2 ðxÞe−α2 ðxÞ ,
>
>
<

x<

>
>
>
>
: 1,

x⩾

1
k2RS2
1
k2RS2

,
ð23Þ
,

n
o
ð3Þ
= Prob γD < x
n




o
= Prob ρ2 PR 1 − k2RS2 x + ρ3 P1 1 − k2S1 R x < σ22 x
8
>
1 − A3 ðxÞe−α2 ðxÞ − B3 ðxÞe−α3 ðxÞ , x < d, GðxÞ ≠ 0,
>
>
>
>
>
>
> 1 − ð1 + α ðxÞÞe−α2 ðxÞ ,
x < d, GðxÞ = 0,
>
2
>
>
>
>
>
>
1
1
>
< 1 − A ðxÞe−α2 ðxÞ ,
⩽x< 2 ,
3
2
kS1 R
kRS2
=
>
>
>
>
>
1
1
>
>
>
⩽x< 2 ,
1 − B3 ðxÞe−α3 ðxÞ ,
>
2
>
k
k
>
RS2
S1 R
>
>
>
>
>
:
1,
x ⩾ d ′,

ð26Þ
where Aid
2 ðxÞ = Ω2 PR /ðΩ2 PR + Ω3 P1 xÞ.
(3) Case 3: With the Direct Link and Cooperative Communið2Þ_ ex

cation. In this case, using the same derivation for OPD
can have

ð3Þ ex
OPD _

as follows:

, we

where A3 ðxÞ = Ω2 PR ð1 − k2RS2 xÞ/ðΩ2 PR ð1 − k2RS2 xÞ − Ω3 P1 ð1
− k2S1 R xÞÞ, B3 ðxÞ = Ω3 P1 ð1 − k2S1 R xÞ/ðΩ3 P1 ð1 − k2S1 R xÞ − Ω2
PR ð1 − k2RS2 xÞÞ, d ′ = max ð1/k2S1 R , 1/k2RS2 Þ, α3 ðxÞ = σ22 x/Ω3 P1
ð1 − k2S1 R xÞ, and GðxÞ = Ω3 P1 ð1 − k2S1 R xÞ − Ω2 PR ð1 − k2RS2 xÞ.
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7

ð3Þ_ex

Combining OPD
in (26) with OPR
in (20), we have
the OP for the case of cooperative communication OPð3Þ_ex as
follows:
8
1 − A3 ðxÞe−α1 ðxÞ−α2 ðxÞ − B3 ðxÞe−α1 ðxÞ−α3 ðxÞ ,
>
>
>
>
>
>
>
1 − ð1 + α2 ðxÞÞe−α1 ðxÞ−α2 ðxÞ ,
>
>
>
<
OPð3Þ_ex = 1 − B3 ðxÞe−α1 ðxÞ−α3 ðxÞ ,
>
>
>
>
>
>
>
>
> 1,
>
:

x < d, GðxÞ ≠ 0,
x < d, GðxÞ = 0,
1
k2RS2

⩽x<
1

x⩾

k2S1 R

1
k2S1 R

,

:

ð27Þ
In the case of ideal hardware, we have
8
id
id
id
−αid
1 ðxÞ−α2 ðxÞ − Bid e−α1 ðxÞ−α3 ðxÞ ,
< 1 − Aid
3e
3
3


OPð Þ_ex_id =
: 1 − 1 + αid ðxÞ e−αid1 ðxÞ−αid2 ðxÞ ,
2

G ≠ 0,
G = 0,

On the other hand, we have
8
α ðx Þ + α 2 ðx Þ,
>
>
< 1
ð1Þ_ap
OP
≈ 1,
>
>
:

x < d,

ð32Þ

x ⩾ d,

8
1 − A2 ðxÞ½1 − α1 ðxÞ − α2 ðxÞ, x < d,
>
>
<
OPð2Þ_ap ≈ 1,
x ⩾ d,
>
>
:
8
α1 ðxÞ + A3 ðxÞα2 ðxÞ + B3 ðxÞα3 ðxÞ,
>
>
>
>
>
>
>
> 1 − ð1 + α2 ðxÞÞ½1 − α1 ðxÞ − α2 ðxÞ,
>
>
<
OPð3Þ_ap ≈ 1 − B3 ðxÞ½1 − α1 ðxÞ − α3 ðxÞ,
>
>
>
>
>
>
>
>
>
>
: 1,

x < d, GðxÞ ≠ 0,
x < d, GðxÞ = 0,
1
k2RS2
x⩾

ð28Þ
id
where Aid
3 = Ω2 PR /ðΩ2 PR − Ω3 P1 Þ, B3 = Ω3 P1 /ðΩ3 P1 − Ω2
2
PR Þ, αid
3 ðxÞ = σ2 x/Ω3 P1 , and G = Ω3 P1 − Ω2 PR .

3.1.2. Asymptotic OP. In order to gain a better insight into the
eﬀect of hardware impairments on the system performance
of the IBFD relay network, we derive the asymptotic OP
using the assumption that the transmit power is extremely
large. Using the Taylor series expansion, ex ≈ 1 + x when
x ⟶ 0 and let the transmit power increase to inﬁnity,
i.e., P j ⟶ ∞,j = 1, R, and we assume that P1 = PR . Since
lim αi ðxÞ = 0, i = 1, 2, 3, we have
P j →∞

(
lim OPð1Þ_ex =

P j →∞

0,

x < d,

1,

x ⩾ d,

ð29Þ



Ω2 1 − k2RS2 x

 , x < d,


1−
2
2
lim OPð2Þ_ex =
1
−
k
x
+
Ω
1
+
k
Ω
2
3
RS2
S1 R x
P j →∞
>
>
>
:
1,
x ⩾ d,
8
>
>
>
<

ð30Þ
8
∞
1 − A∞
>
3 ðx Þ − B3 ðx Þ,
>
>
>
>
>
>
> 0,
>
>
<
ð3Þ_ex
= 1 − B∞
lim OP
3 ðx Þ,
P j →∞
>
>
>
>
>
>
>
>
>
>
: 1,

x < d, GðxÞ ≠ 0,
x < d, GðxÞ = 0,
1
k2RS2
x⩾

⩽x<
1
k2S1 R

1
k2S1 R

,

,
ð31Þ

2
2
2
where A∞
3 ðxÞ = Ω2 ð1 − kR xÞ/ðΩ2 ð1 − kRS2 xÞ − Ω3 ð1 − kS1 R xÞÞ
2
2
2
and B∞
3 ðxÞ = Ω3 ð1 − kS1 R xÞ/Ω3 ð1 − kS1 R xÞ − Ω2 ð1 − kRS2 xÞ.

ð33Þ

⩽x<

1
k2S1 R

,

1
:
k2S1 R

ð34Þ
From (29), (30), and (31), we can see clearly that hardware impairments cause the OP to have an irreducible error
ﬂoor. Thus, careful design must be taken during the process
of manufacturing transceivers in order to avoid this outage
ﬂoor.
3.2. System Throughput. The throughput of the IBFD DF
relay system can be determined from the OP as follows:
T ðxÞ = Rð1 − OPÞ,

ð35Þ

where R is the given transmission rate (bit/s/Hz) and OP is
the outage probability of the system, which is given in (18),
(24), and (27) for the three cases of cooperation.
3.3. Symbol Error Probability. For most common modulation
schemes, the SEP of the system is given by [35]
qﬃﬃﬃﬃﬃﬃﬃ
SEPℓ = αE Q
βγℓ
α
= pﬃﬃﬃﬃﬃﬃ
2π

ð∞
0

 2
2
t
e−ðt /2Þ dt,
Fℓ
β

ð36Þ
ℓ = 1, 2, 3,

pﬃﬃﬃﬃﬃﬃÐ −t2 /2
where QðxÞ = 1/ 2π ∞
e
dt is the Gaussian function, γℓ
x
is the received SINDR obtained from (5), (6), (7), (8), (9),
and (10), and α and β are decided by the employed modulation schemes, e.g., α = β = 1 for the orthogonal binary
frequency-shift keying (BFSK) modulation and α = 1, β = 2
for the binary phase-shift keying (BPSK) modulation [35].
F ℓ ðxÞ are the cumulative distribution functions (CDFs) of
SINDR. Replace x = t 2 /β, and the SEPℓ for each cooperation
situation is calculated as
pﬃﬃﬃ ð
α β ∞ e−βx/2
SEPℓ = pﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃ F ℓ ðxÞdx:
x
2 2π 0

ð37Þ
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Using the deﬁnition of outage probability, we can replace
CDFs F ℓ ðxÞ by OPs given by (18), (24), and (27). Since O
PðℓÞ_ex is complicated, it is not possible to obtain the closed
form or approximation for (37) even using Mathematica
software. However, it is worth noting that since SEPℓ does
not contain any random variables, it can certainly be calculated numerically using software packages such as MATLAB.

4. Optimal Power Calculation Method for the
FD Mode
Since the system performance depends much on the RSI,
ﬁnding the optimal power for the transmit power at the
FD relay node is important. In addition to the reduction
of RSI, the optimal power also helps to save power for
the relay node. Therefore, in this section, we propose an
optimal power calculation method for the FD mode to
select the transmit power PR according to the SIC capability
~ R ), the transmit power of the source node (P1 ), the hard(Ω
ware impairments (kS1 R and kRS2 ), the distance between the
nodes (Ω1 , Ω2 , Ω3 ), the threshold (x), and the AWGN at
the destination node (σ22 ). The optimal transmit power that
is optimized with respect to minimum OP of the system is
derived in the following sections.
4.1. Case 1: Without Direct Link. The optimization problem
for the relay transmit power of the FD mode can be formulated as follows:
min OPð1Þ_ex

ð38Þ

s:t:PR > 0 and x < d:
In order to solve this problem, we can use a linear programming method to get the closed-form expression of the
relay optimal power, denoted by P∗R , as follows:
P∗R

= arg min OP
PR

ð1Þ_ex

,

Optimal power calculation algorithm
1:
Solve ∂OPð1Þ_ex /∂PR = 0 for PR = P0 ;
8
P0 > 0
>
>
>
>
>
< ∂OPð1Þ_ex /∂PR < 0 for PR < P0
2: if
ð1Þ_ex
>
/∂PR > 0 for PR > P0
>
> ∂OP
>
>
:
3: then
4: Output optimal power
P∗R = P0 ;
5: else
6: Output optimal power P∗R = ∅;
7: end
Algorithm 1:

From (40), it can be easily shown that ∂OPð1Þ_ex /∂PR = 0
when PR = P0 , ∂OPð1Þ_ex /∂PR < 0 when PR < P0 , and ∂O
Pð1Þ_ex /∂PR > 0 when PR > P0 . Therefore, P∗R is the optimal
transmit power of the relay node, which is given by
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

ﬃ
u
uΩ1 P1 σ22 1 − k2S R x
u
1

:
P∗R = P0 = t
2
~R 1 − k x
Ω2 Ω
RS2

ð41Þ

4.2. Case 2: With the Direct Link but No Cooperative
Communication. Similar to Case 1, we can create a similar
algorithm as Algorithm 1 by replacing OPð1Þ_ex by OPð2Þ_ex .
The calculation method for the optimal power for Case 2
can be summarized as follows. Solving ∂OPð2Þ_ex /∂PR = 0
(for the case x < d) results in the following equation:
AP3R + BP2R + CPR + D = 0,

ð42Þ

ð39Þ
and the optimal power P∗R is given by

where OPð1Þ_ex is determined using (18). The power calculation method for Case 1 is summarized in Algorithm 1.
Note that when the system has no optimal power, i.e.,
P∗R = ∅, choose PR based on the resulting expression of ∂O
Pð1Þ_ex /∂PR ; herein, ∅ denotes the empty set.
Taking the derivative of OPð1Þ_ex with respect to PR gives
us

0 
1
~ R PR x
2
σ2R + Ω
∂OPð1Þ_ex
σ
x

−
 2
A
= − exp @−
∂PR
Ω1 P1 1 − k2S1 R x
Ω2 PR 1 − k2RS2 x
2
3
2
~ Rx
σ
x
Ω
2

+

5:
× 4−
Ω1 P1 1 − k2S1 R x
Ω2 P2R 1 − k2RS2 x

ð40Þ

P∗R

pﬃﬃﬃﬃ
2 Δ cos ðarccos ðK Þ/3Þ − B
,
=
3A

ð43Þ

2
~ R x, B = Ω2 ð1 − k2 xÞΩ3 P1 ð1 +
where A = Ω22 ð1 − k2RS2 xÞ Ω
RS2
~ R x2 , C = −Ω1 P1 ð1 − k2 xÞΩ2 ð1 − k2 xÞ½Ω3 P1 ð1 +
k2S1 R ÞΩ
S1 R
RS2
k2S1 R Þx + σ22 x, D = −Ω1 P1 ð1 − k2S1 R xÞΩ3 P1 ð1 + k2S1 R Þσ22 x2 , Δ =
B2 − 3AC, and

K=

9ABC − 2B3 − 27A2 D
:
pﬃﬃﬃﬃﬃ
2 Δ3

ð44Þ

4.3. Case 3: With the Direct Link and Cooperative
Communication. Similar to the above method, in this case,
for the ﬁrst case (x < d, GðxÞ ≠ 0) of equation (27), due to the
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Figure 2: OP of the system for the case without the direct link. Ω1 = Ω2 = 1, σ2R = σ22 = 1, and kS1 R = kRS2 = 0:1. Fixed and varied RSI as
~ R = −30 dB, respectively. R = 2 and 5 bits/s/Hz.
σ2RSI /σ2R = −5 dB and Ω
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Figure 3: OP of the system for the case with the direct link but without cooperation. Ω1 = Ω2 = 1 and σ2R = σ22 = 1. kS1 R = kRS2 = 0:1 and
σ2RSI /σ2R = 5 dB. Two power levels of interference: Ω3 = 0:01 and Ω3 = 0:1. R = 2 and 5 bits/s/Hz.

complexity of the OP, it is not possible to ﬁnd the critical
points. However, we can ﬁnd the suboptimal points using
some mathematical manipulations. In this case, the OP can
be rewritten as follows:
OPð3Þ_ex = 1 −


e−α1 ðxÞ−α2 ðxÞ 
a − beα2 ðxÞ−α3 ðxÞ ,
a−b

ð45Þ

where a = Ω2 PR ð1 − k2RS2 xÞ and b = Ω3 P1 ð1 − k2S1 R xÞ. For a >
b, we have α2 ðxÞ < α3 ðxÞ; thus, eα2 ðxÞ−α3 ðxÞ < 1. Therefore, a −
beα2 ðxÞ−α3 ðxÞ > 0. So, the suboptimal point is the one that
maximizes e−α1 ðxÞ−α2 ðxÞ . From here, we get the suboptimal
power P∗R as given by (41). For a < b, using the similar
method, we can also get the suboptimal power P∗R as in
(41). As a result, for the ﬁrst case of (27), P∗R is

10
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Figure 4: OP for the case with the direct link and using cooperation. Ω1 = Ω2 = 1 and σ2R = σ22 = 1. kS1 R = kRS2 = 0:1 and Ω3 = 0:1. Fixed and
~ R = −30 dB, respectively. R = 2 and 5 bits/s/Hz.
varied RSI as σ2RSI /σ2R = −5 dB and Ω

5. Performance Evaluation and Discussions
In this section, we present performance evaluation of the
system using numerical calculation. Monte Carlo simulations using generated random channels are also used to
verify our theoretical analysis. In our simulations, we set
Ω1 = Ω2 = 1 and σ2R = σ22 = σ2 = 1. The average SNR is
deﬁned as SNR = P1 /σ2 . In the case of no optimization,
the transmit power at the relay is set as PR = P1 . In the case
of applying optimal transmit power, PR = P1 is computed as
shown in Section 4. In order to obtain the OP, two thresholds are used for the OP, which are x = 22 − 1 = 3 and x =
25 − 1 = 31 with the minimum required data rates of 2
bits/s/Hz and 5 bits/s/Hz, respectively. To verify our theoretical analysis, simulated results are also plotted together with
numerical ones for comparison.
Figure 2 shows the OP for the case without the direct
link from the source to the destination, i.e., Case 1. The
plotted curves were obtained by numerical calculations
using equations (18), (19), and (32), while the marker
symbols by computer simulations with kS1 R = kRS2 = 0:1,
Ω1 = Ω2 = 1, and σ2R = σ22 = 1. The RSI was considered for
two cases: (i) ﬁxed at σ2RSI /σ2R = −5 dB and (ii) varying with
~ R PR with Ω
~R =
transmit power of the relay node (σ2RSI = Ω
−30 dB). Note that in the ﬁrst case, the level of RSI is intentionally set smaller than the noise variance to bypass the
RSI eﬀect and explore the system performance under the

100
OP2,OP1,OP3
Outage probability (OP)

determined by (41). For the second case (x < d, GðxÞ = 0),
there is only one PR that makes GðxÞ = 0. For the third
case (1/k2RS2 ⩽ x < 1/k2S1 R ), the OP of the system is minimized when PR approaches zero.

x = 31
OP2,OP1,OP3

10−1
x=7

10−2

0

0.05

0.1

0.15
k

0.2

0.25

0.3

Impairments (simulation)
Impairments (Ex analytics)

Figure 5: OP for the three cases versus the distortion factor k.
SNR = 25 dB, σ2RSI /σ2R = −5 dB, x = 31 and 7, and Ω3 = 0:01.

impact of only HI. As can be seen from the ﬁgure when
the threshold is low (x = 3), the performance loss due to
hardware impairments is very small and can be neglected.
However, when the threshold becomes larger (x = 31), this
loss becomes signiﬁcant and cannot be overlooked. This
means that the eﬀect of hardware impairments on the system
quality is more signiﬁcant in a high-rate system than in a
low-rate one. Therefore, employed devices in the high-rate
systems should be fabricated with high precision in order to
avoid unnecessary performance loss. It is also noticed from
the ﬁgure that when the RSI varies with the transmit power
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Figure 6: OP performance for the case with the optimal transmit power. kS1 R = kRS2 = 0:1, x = 31, Ω
Ω3 = 0:1 for OP3 .
5

4
Throughput (bit/s/Hz)

of the relay node, the OP performance is signiﬁcantly aﬀected
especially at the high SNR region.
Figure 3 shows the achieved OP for the case with the
direct link but without cooperation (Case 2) using analytical
equations (24), (25), and (33) with σ2RSI /σ2R = 5 dB and the
distortion factors kS1 R = kRS2 = 0:1 and Ω1 = Ω2 = 1. Since
cooperation was not used, the signal from the source node
to the destination node was regarded as interference. Two
speciﬁc power levels of interference, namely, Ω3 = 0:01 and
Ω3 = 0:1, were used for investigation. Compared with the
previous case, the outage performance of the system is seriously degraded, especially when the interference level is high.
Note that for this level of interference, the OP performance
will not increase when the RSI decreases, i.e., σ2RSI /σ2R = −5
dB. Moreover, the system suﬀers from an irreducible outage
ﬂoor at the high SNR region. When it is possible, cooperation
can be used with an appropriate combining scheme such as
Case 3 to alleviate the eﬀect of this interference and improve
the system performance.
Figure 4 shows the OP for the case using cooperation
(Case 3) with Ω3 = 0:1. Other parameters for numerical
calculation are the same as in Figure 2. We can see from
the ﬁgure that although cooperation via the direct link is
used, the ideal system achieves only diversity order 1 as
in the case without cooperation in Figure 2 since DF
was used for relaying. However, the system with HI beneﬁts signiﬁcantly from the cooperation which allows for
performance improvement. Compared with those shown
in Figures 2 and 3, the system achieves the best performance thanks to cooperation.
Figure 5 illustrates the impact of the distortion factor k on
the outage performance of the system for the abovementioned three cases, i.e., without the direct link (OP1 ),

3
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0
0

5

10

15
20
25
Average SNR (dB)

Case 1 (simulation)
Case 1 (analytics)
Case 2 (simulation)

30

35

40
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Figure 7: System throughput for the three cases using the optimal
power values. Ω1 = Ω2 = 1, σ2R = σ22 = 1. kS1 R = kRS2 = 0:1, Ω3 = 0:01,
~ R = −30 dB.
and Ω

with the direct link but without cooperation (OP2 ), and with
the direct link and with cooperation (OP3 ). The average SNR
at the relay node and the destination node were both set to
25 dB, σ2RSI /σ2R = −5 dB, and Ω3 = 0:01. Two values of x were
used for investigation, namely, x = 31 and x = 7. As can be
seen from the ﬁgure, the impact of hardware impairments
for all the three cases is trivial for small distortion factor x
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Figure 8: Eﬀect of hardware impairment on the SEP performance with and without the optimal power values. kS1 R = kRS2 = 0:1. Ω3 = 0:01 and
~ R = −30 dB.
Ω

but becomes more signiﬁcant as it increases. The system with
a higher transmission rate is more inﬂuenced by hardware
impairments than that with a lower one. For x = 31, the
system soon experiences link outage with probability one
at k = 0:17. The system with a lower rate (x = 7), however,
can resist OP less than 0.1 within the acceptable hardware
impairment range. In order to reduce OP, the optimal
power needs to be used to reduce the impact of the RSI.
On the other hand, reducing transmit power can also help
to decrease the distortion factor k because hardware
impairments depend on the ampliﬁer operation.
Figure 6 shows the OP versus the average SNR at the relay
node when optimal power values are used. In this ﬁgure, the
transmit power at the FD node was set using equations (41)
for OP1 and OP3 and (43) for OP2 . The system was set up
~ R = −30 dB while the remaining parameters
with x = 31 and Ω
are used as shown in Figure 2. The OP2 curve was obtained
with Ω3 = 0:01 and the OP3 curve with Ω3 = 0:1. Comparing
Figures 2–4 for the case in which the RSI is varied by the
transmit power of the FD node, we can see clearly that the
optimal power values can increase the outage performance
of the system with hardware impairments signiﬁcantly.
Although the outage ﬂoor still exists for Case 2 at SNR > 30
dB, it is completely avoided for Cases 1 and 3.
Figure 7 plots the throughput of the systems as a function
of the average SNR at the relay node for the three cases when
~ R = −30 dB. As can be seen
R = 5 bits/s/Hz, Ω3 = 0:01, and Ω
in the ﬁgure, for high-rate systems, the throughput reaches
the target rate R at SNR > 40 dB for Cases 1 and 3. For Case
2, due to the eﬀect of interference, the throughput cannot
reach the target rate even when using self-interference
cancellation.

The SEP of the system using BPSK modulation and the
same assumptions used in Figure 2 is analyzed as shown in
Figure 8. Other parameters were as follows: Ω3 = 0:01 and
~ R = −30 dB. The analytical curves were obtained using
Ω
equation (37) by using MATLAB. Denoted by SEP1 , SEP2 ,
and SEP3 are the SEPs of the system for Cases 1, 2, and 3,
respectively. The SEPs are shown as a function of the average
SNR at the relay and the destination node with and without
the optimal power. It is clear that the derived optimal power
values help to increase the SEP performance of the system,
especially for Cases 1 and 3.

6. Conclusion
In this paper, we analyzed the system performance of the
IBFD DF relay systems with hardware impairments and
imperfect self-interference cancellation. We derived exact
and approximate expressions of OP, as well as its asymptotic
values at high signal power. In order to alleviate the eﬀect of
RSI, we have proposed an optimal power calculation method
based on the minimum OP for the case without the direct
link and with the direct link but without cooperation. For
the case of a direct link with cooperation, the proposed
scheme still works but yields suboptimal solutions. Various
performance evaluations have been conducted to investigate
the eﬀect of hardware impairments and the RSI on the system
behavior. The evaluated results show that the high-rate system is more vulnerable to the hardware impairments than
the low-rate one. However, using the proposed optimal
power value can reduce the eﬀect of hardware impairments
and imperfect SIC. Moreover, for the IBFD DF relay networks, it is recommended that cooperative communication
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should be used for the case with the direct link in order to
avoid the irreducible outage ﬂoor. Also, although our analysis
and optimal power calculation can be extended to the case of
multiple-relay networks, the impact of superposed hardware
impairments and RSI together with the disappearance of the
direct link makes it more diﬃcult for these networks to cope
with the early performance saturation issue. Thus, more
eﬀective RSI cancellation solutions and high-quality hardware devices should be employed when considering the IBFD
communication for the multiple-relay networks.
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