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This paper investigates a novel design for joint radar-communication (JRC) waveform, which is capable of improving the network’s
performance by solving the phase shift mutation of the Chirp-BPSK waveform. We aim for jointly designing chirp waveform and
improving Binary Phase Shift Keying (BPSK), as well as the hybrid chaotic spread spectrum code (CSSC). As a benefit, the JRC
waveform can be successfully decoded, and the accumulation of phase shift can be suppressed by hybrid CSSC. The detailed
deduction on the short-time Fourier transform (STFT) of the JRC waveform is adopted to analyse the complicated AF
characters. Our analytical results demonstrate that the proposed JRC signal has superior spectrum performance, ambiguity
function (AF), and transmission rate than conventional Chirp and Chirp-BPSK waveform. Numerical results are provided to
confirm that (i) the proposed waveform is capable of providing better communication and radar performance; (ii) the
performance of AF is not affected by the transmission rate for the proposed waveform.

1. Introduction

In recent years, the increasing congestion of spectrum
resource cannot meet the ever-growing bandwidth require-
ments for communication and radar, for the fields of disaster
monitoring, intelligent transportation, remote sensing, mili-
tary confrontation, and so on [1, 2]. Although in radio fre-
quency (RF) front-end architectures, both the radar and
communication become similar, operating radar and com-
munication simultaneously cause a series of problems such
as the number of antennas, the energy consumption, and
electromagnetic signal interference. So the concept of joint
radar-communication (JRC) is proposed in the recent few
decades, which enables radar and wireless communication
users working in the same frequency band, sharing the same
antenna resources, implementing radar sensing, and com-
munication transmission synchronously [3–8]. A typical
JRC is illustrated in Figure 1, it is shown that the JRC signal
is sent from the radar transmitter, and the communication
and radar are operated simultaneously. The radar wave is
propagating up and down, while the communication wave
is transmitting through a one-way path.

Owing to strictly finite radio spectrum resource, the JRC
has gained a strong interest in waveform designing, informa-
tion embedding, coexistence algorithm, and so on. Further-
more, the suitable integration waveform is the research
hotspots of JRC in recent decades. The Chirp signal, which
has optimum autocorrelation, is a popular choice in radar
systems. By encoding communication data into Chirp sig-
nals, the scholars have done a lot of research in the field of
JRC signal design and have achieved many advances. In liter-
ature [9], the down-Chirp linearly frequency modulation and
up-Chirp linearly frequency modulation were proposed to
realize the binary information. In literature [10–12], the
Chirp-BPSK signal was proposed as a compromise solution
between communication and detection, but the detection
performance was interfered with information data. A novel
Chirp-MSKmodulation was adopted to construct JRC signal,
although the communication performance was perfect, the
detection resolution of the JRC signal was worsen compared
with the classical Chirp radar waveform [13–17]. Some algo-
rithms were proposed for increasing the communication
throughput of the Chirp-MSK signal [15]. Literature [18,
19] proposed the orthogonal frequency division OFDM-
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Chirp signal, which has a better peak-to-average-power ratio
level and larger time–bandwidth product, and the closed-
form expression of AF was derived to evaluate the designed
waveforms. In literature [20], the author derived the AFs
of hyperbolic Chirp signal and Chirp signal, and the
hyperbolic Chirp signal has superior Doppler tolerance in
the JRC scenario. In literature [21–23], a JRC waveform
based on continuous phase modulation (CPM) and Chirp
was proposed, the AF of the integrated signal was derived,
and the trade-off between radar performance and commu-
nication performance via adjustable parameters were ana-
lysed. In literature [24], the integrated waveform was
generated by CPM and poly-phase coded frequency-
modulated radar; the AF and power spectrum were stud-
ied. In literature [25], the approximate orthogonal Chirp
signal was guaranteed based on the positive and negative
modulation frequency, the JRC signal was realized by com-
bining the π/4‐QPSK modulation, and the information rate
was limited and corresponded to the Chirp rate. As an
extension, under various constraints, optimal power alloca-
tion schemes were proposed for JRC systems in [26–28],
and different waveform design criteria were developed to
reduce the total power consumption of the JRC system
significantly.

The prior contributions have greatly promoted the tech-
nological progress of JRC, but there are still problems such
as the performance degradation of AF, deterioration of range
resolution and Doppler resolution, inflexible parameter

modulation, and limited communication rate. The Chirp-
BPSK signal is designed for the JRC method in literature
[11, 12, 29], although it has the advantages in transmitting
information, but the phase shift mutation of Chirp-BPSK
arouses performance degradation of radar.

In this paper, we propose a new JRC signal by modulating
improved Binary Phase Shift Keying (BPSK) data into Chirp
signal and utilizing hybrid chaotic spread spectrum code
(CSSC). By doing so, the JRC signal has excellent range-
Doppler resolution and a high communication rate. Our con-
tributions are summarized as follows:

(1) We derive the mathematic equations of the Chirp sig-
nal, Chirp-BPSK signal, and our JRC signal. The JRC
signal has excellent radar detection performance and
communication performance

(2) We derive the spectrums of the Chirp-BPSK signal
and JRC signal and analyse the accumulations of
phase shift. It shows that the JRC signal has less dis-
tortion and extension in theory

(3) We derive the short-time Fourier transform (STFT)
of Chirp-BPSK signal and JRC signal, and the AF
characters of Chirp-BPSK signal and JRC signal are
analysed by time-frequency distribution methods.
The JRC signal’s time-frequency distribution is ana-
lysed, and it reveals that the JRC signal has more
excellent radar resolution
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Figure 1: The diagram of JRC.
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(4) Different from the prior contributions, the commu-
nication rate of the JRC signal is enhanced signifi-
cantly without deterioration of radar performance

The rest of the paper is organized as follows. Section 2
reviews the traditional Chirp and Chirp-BPSK expressions,
presents our novel JRC model, and derives mathematical
expressions. In Section 3 we compare the hybrid CSSC with
other types of spreading codes in autocorrelation perfor-
mance. In Section 4, we derive the spectrum equations of
the Chirp signal, Chirp-BPSK signal, and JRC signal and ana-
lyse the communication and radar performances of the above
signals. Section 5 provides computer simulation and verifies
our discussion in Section 4. The conclusion is drawn in Sec-
tion 6.

1.1. Notations. The JRC signal and Chirp-BPSK signal are
designed on the basis of the Chirp signal. The Chirp signal,
Chirp-BPSK signal, and JRC signal are denoted by sChirpðtÞ,
sChirp‐BPSKðtÞ, and sJRCðtÞ. The Fourier transform of sChirpðtÞ,
sChirp‐BPSKðtÞ, and sJRCðtÞ is SChirpð f Þ, SChirp‐BPSKð f Þ, and
SJRCð f Þ. For the Chirp signal, the symbol B is the bandwidth,
T is the duration width, and f is the frequency.

2. System Model

Since the Chirp signal has a low Doppler sensitivity, it is a
popular choice in radar systems. And the paper considers
the Chirp signal as the baseline for our JRC waveform. We
review the equations of Chirp signal and Chirp-BPSK signal,
and we derive our JRC signal equation. For the duration
width T , the Chirp signal linearly sweeps bandwidth B, so
the equation of Chirp signal is

sChirp tð Þ = AChirp ⋅ exp j ⋅ 2π ⋅ f o ⋅ t + j ⋅ π ⋅ u ⋅ t2 +Ω0
� �� �

, 0 ≤ t ≤ T ,

ð1Þ

where AChirp is the signal amplitude, Ω0 is the original phase
of the signal, f0 is the initial frequency, and u is the chirp rate,
while juj = B/T . In order to simplify the discussion, the paper
set amplitude AChirp = 1,Ω0 = 0, and f0 = 0. For the Chirp sig-
nal, the instantaneous frequency f ðtÞ = u ⋅ t. In this paper, we
suppose that the Chirp rate u is positive, and the instanta-
neous frequency increases with time. The equation of Chirp
signal is rewritten as:

sChirp tð Þ = exp j ⋅ π ⋅ u ⋅ t2
� �

, 0 ≤ t ≤ T , ð2Þ

where the signal spectrum is distributed between 0 and B.

2.1. Chirp-BPSK Signal. The chirp signal is also a common
scheme to transmit binary data, which is named chirp mod-
ulation. The binary data is transmitted by mapping the bits
into positive u and negative u, and one Chirp signal can only
transmit one bit [9]. Similarly, in order to increase the com-
munication rate, multiple binary data are multiplying with
one Chirp signal, and the Chirp-BPSK signal can be built
by using BPSK bit mapping to embed communication data

into the Chirp signal [10–12]. The Chirp-BPSK signal is
expressed as:

sChirp−BPSK tð Þ = b tð Þ ⋅ sChirp tð Þ = 〠
N

i=1
bi ⋅ u t − iTbð Þ ⋅ sChirp tð Þ

= 〠
N

i=1
bi ⋅ u t − iTbð Þ ⋅ exp j ⋅ π ⋅ u ⋅ t2

� �
,

ð3Þ

where bðtÞ denotes N bit BPSK modulation data, as well as
bi = ±1 is the i-th bit of the BPSK data, Tb stands for pulse

width of BPSK bit, and uðtÞ = 1, 0 < t < Tb

0, elsewhere

(
is a rectangu-

lar pulse.
The pulse width T of the Chirp signal can be expressed as

T =N ⋅ Tb, so a Chirp-BPSK signal can transmit N bits of
information data. The value of the i-th information data is
+1 or -1, it means adding a phase shift θi to the Chirp signal.
According to the different BPSK bit, θi varies between π/2
and−π/2. The Chirp-BPSK can be rewritten as follows [11]:

sChirp‐BPSK tð Þ = 〠
N

i=1
u t − iTbð Þ ⋅ exp j ⋅ π ⋅ u ⋅ t2 + j ⋅ θi

� �
: ð4Þ

The Chirp-BPSK signal is designed based on the Chirp
signal, and it has excellent communication performance.
But from the radar’s viewpoint, the radar detection perfor-
mance deteriorates significantly due to communication
interference.

2.2. JRC Waveform. Different from standard BPSK modula-
tion whose phase offset is π, we suppose the phase offset of
binary BPSK data decreases to θkð2θk < πÞ, and the phase
varies between θk or −θk, respectively, an improved BPSK
modulation is formed [26]. When the phase offset 2θk is 0,
the improved BPSK becomes a constant signal. When the
phase offset 2θk isπ/2, the improved BPSK signal becomes
orthogonal signal. When the phase offset 2θk is π, the
improved BPSK becomes a conventional BPSK signal. Thus,
constant signal, orthogonal signal, and BPSK signal can be
considered as special cases of improved BPSK modulation.
The improved BPSK modulation has a smaller phase offset,
so the distance of the binary constellation is smaller. In addi-
tive white Gaussian noise (AWGN) channel, the power spec-
tral density is N0/2, the Bit Error Ratio (BER) of BPSK is

PBPSK =Q

ffiffiffiffiffiffiffi
2εb
N0

s !
, ð5Þ

where εb is unit bit energy.
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Similarly, in the AWGN channel, the BER of the
improved BPSK is given by [29]:

Pimproved‐BPSK =Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εb sin2 θkð Þ

N0

s !
: ð6Þ

Comparing between PBPSK and Pimproved‐BPSK, we can
deduce the conclusion that item sin2ðθkÞ decreases the
BER performance, and the BER performance of improved
BPSK is worse. In the AWGN channel, the BER of binary
improved BPSK modulation signals with different 2θk are
shown in Figure 2. The BER of improved BPSK versus dif-
ferent SNR.

With the decrease of the 2θk, the BER of the improved
BPSK deteriorates. The improved BPSK-60° (2θk is π/3)
has a performance loss of 6 dB compared to the traditional
BPSK (2θk is π). When the radio propagation SNR is very
high, the BER loss of improved BPSK is effectively com-
pensated. Hence, it is easy to derive the improved Chirp-
BPSK signal:

simproved‐Chirp‐BPSK tð Þ = 〠
N

i=1
bi ⋅ u t − iTbð Þ ⋅ sChirp tð Þ ⋅ exp j ⋅ θkð Þ

= 〠
N

i=1
bi ⋅ u t − iTbð Þ ⋅ exp j ⋅ π ⋅ u ⋅ t2 + j ⋅ θk

� �

= 〠
N

i=1
u t − iTbð Þ ⋅ exp j ⋅ π ⋅ u ⋅ t2 + j ⋅ bi ⋅ θk

� �
,

ð7Þ

where the phase offset bi ⋅ θk is introduced by the i-th
communication data. If bi = 1, the phase offset is θk, while
bi = −1, phase offset is −θk.

The performance loss of improved BPSK must be com-
pensated effectively, so we apply the spread spectrum code
to compensate for the JRC waveform. Spread spectrum code
is widely used in communication, radar, navigation, and so
on. Standard spread spectrum codes include (1) m sequence,
(2) Gold sequence, and (3) CSSC. The spread gain of the
spread spectrum code can compensate for the loss of
improved BPSK propagation. When the spread spectrum
factor is M, and the spread spectrum gain is 10 logM, the
appropriate M value will be sufficient to compensate for the
performance loss caused by the improved BPSK. In our
JRC signal, the performance loss caused by improved BPSK
can be compensated by high Chirp radar SNR and CSSC.

After the spread spectrum processing of the improved
Chirp-BPSK signal, the expression of the JRC signal can be
obtained as follows:

sJRC tð Þ = 〠
N

i=1
〠
M

k=1
uc t − iTb − kTcð Þ ⋅ sChirp tð Þ ⋅ exp j ⋅ bi ⋅ ck ⋅ θkð Þ

= 〠
N

i=1
〠
M

k=1
uc t − iTb − kTcð Þ ⋅ exp j ⋅ π ⋅ u ⋅ t2 + bi ⋅ ck ⋅ θk

� �� �
,

ð8Þ
where Tc is the duration of the unit spread spectrum Chip,

ucðtÞ is also a rectangular pulse ucðtÞ =
1, 0 < t < Tc

0, elsewhere

(
,

ck = ±1is the chip of the spread spectrum sequence, and
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Figure 2: The BER of improved BPSK versus different angles.
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the value bi of the data is -1 or+1. The value of bick range
is -1 or+1. The phase shift of the JRC waveform is not π/2
or ‐π/2, but it is θk or −θk.

3. Spread Spectrum Code

In this section, we briefly describe the main characteristics of
the m sequence, Gold sequence, and CSSC. Compared with
m sequence and Gold sequence, CSSC has perfect correlation
function, flexible length, and superior confidentiality [30].
Considering the perfect performance of CSSC, we adopt
CSSC as a spread spectrum sequence for our JRC signal.

When CSSC is used as spread spectrum codes, discrete
chaotic systems are usually used to generate discrete spread
spectrum sequences of arbitrary length. CSSC include Logis-
tic sequence, improved Logistic sequence, Tent sequence,
and Chebyshev sequence [31]. The length of CSSC is no lon-
ger limited to 2n − 1 likem sequence and Gold sequence, and
extended number of nonrepeating spread sequences can be
generated by fine-tuning the initial value. In order to improve
the complexity and randomness of CSSC, improved Logistic
chaotic sequences and Chebyshev chaotic sequences are
adopted to generate hybrid CSSC [30]. The definition of
improved Logistic chaotic sequence is as follows:

xn+1 = 1 − k ⋅ x2n,−1 < xn+1 < 1, ð9Þ

where xn is the current state of the sequence, xn+1 is the next
state of the sequence, k = 2 is the fractal parameter,
and x1 = 0:7 is the initial value.

Chebyshev chaotic sequence is defined as follows:

yn+1 = cos ωar cos ynð Þ,−1 ≤ yn ≤ 1, ð10Þ

where yn is the current state of the sequence, yn+1 is the next
state of the sequence, ω = 8 is the order number, and y1 = 0:5
is the initial value.

The above iterative sequences are a nonperiodic, and they
are in a chaotic state. Hybrid CSSC can be obtained by xor
processing of improved Logistic chaotic sequence and Che-
byshev chaotic sequence, and the hybrid CSSC equation is
zn = xn ⊕ yn. Hybrid CSSC is of great value in communica-
tion and radar detection.

In the paper, the 127-bits spread spectrum sequences are
employed in the JRC signal. Auto-correlation and cross-
correlation functions of m sequence, Gold sequence, and
hybrid CSSC sequences are compared, and the results are
shown in Figure 3.

Figure 3 proves that the hybrid CSSC has better cross-
correlation and auto-correlation performance. Hybrid CSSC
have significantly more numerous than m sequences and
Gold sequences. Through the above analysis, the hybrid
CSSC has the advantages in flexible length, huge numbers,
and high confidentiality, and these characters are beneficial
to the security of the JRC signal in the paper.

4. Performance Analysis of JRC Signal

The performance analysis of the JRC signal includes com-
munication performance and radar performance. The
communication performance emphasizes data transmission
efficiency, while the radar performance focuses on the
accuracy of measurement. In this paper, the measurement
of communication performance is BER and spectrum, and
the measurement of radar performance is AF of signal.

4.1. Communication Performance. It is known that, in the
AWGN channel, the JRC signal combined with Chirp signal
and digital modulation, has the BER equivalent to the origi-
nal digital modulation [32]. The BER results are shown in
Figure 2, the Chirp-BPSK and BPSK modulations have the
equal output under the same SNR condition. Furthermore,
in the same channel condition, our JRC signal has a larger
tolerance for interference resistance, and the BER results
can be compensated by hybrid CSSC in our strategy.

Next, we derive the spectrum functions for the Chirp
signal, Chirp-BPSK signal, and our JRC signal. The commu-
nication performance can be analysed according to the spec-
trum. The expression of Chirp’s spectrum can be calculated
by [33]:

SChirp fð Þ = exp −j ⋅ π ⋅ f 2/u
� �

C x2ð Þ − C x1ð Þð Þ + j ⋅ S x2ð Þ − S x1ð Þð Þ½ �ffiffiffiffiffiffiffiffi
2 ⋅ u

p ,

ð11Þ

where the CðxÞ and SðxÞ stand for Fresnel functions CðxÞ =Ð x
0 cos ðπ ⋅ v2/2Þdv andSðxÞ = Ð x0 sin ðπ ⋅ v2/2Þdv, x2 =ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðB ⋅ T/2Þp ð1 + ð f /B/2ÞÞ, and x1 =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðB ⋅ T/2Þp ð1 − ð f /B/2ÞÞ.
We suppose one Chirp-BPSK signal carrying N bit com-

munication data, then we get the expression of Chirp-BPSK’s
spectrum (Appendix A):

SChirp‐B fð Þ = ∑N
i=1exp j ⋅ θi − j ⋅ π ⋅ f 2/u

� �
C x4ð Þ − C x3ð Þð Þ + j ⋅ S x4ð Þ − S x3ð Þð Þ½ �ffiffiffiffiffiffiffiffi

2 ⋅ u
p ,

ð12Þ

where x3 =
ffiffiffiffiffiffiffiffi
2 ⋅ u

p ðði − 1ÞTb − f /uÞ, x4 =
ffiffiffiffiffiffiffiffi
2 ⋅ u

p ði ⋅ Tb − f /uÞ,
and θi = ±π/2.

We suppose the JRC signal carrying N bit data, spread
spectrum factor of hybrid CSSC is M, which means the JRC
signal can bringM ×N microbits, the phase θk = ±θðθ < π/2Þ,
and the expression of JRC’s spectrum can be written as:

SJRC fð Þ = ∑NM
k=1 exp j ⋅ θk − j ⋅ π ⋅ f 2/u

� �
C x6ð Þ − C x5ð Þð Þ + j ⋅ S x6ð Þ − S x5ð Þð Þ½ �ffiffiffiffiffiffiffiffi
2 ⋅ u

p ,

ð13Þ

where x5 =
ffiffiffiffiffiffiffiffi
2 ⋅ u

p ðði − 1ÞTc − f /uÞ, x6 =
ffiffiffiffiffiffiffiffi
2 ⋅ u

p ði ⋅ Tc − f /uÞ,
and θk = ±θ.

We carry out a comparison of (11) and (11) and (13),
the three spectrum functions are compounded of Fresnel
function and other function modulation. The spectrum
functions of the Chirp-BPSK signal and the JRC signal
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Figure 3: Comparison of aperiodic correlation functions of 127-bit spread spectrum sequences: (a) auto-correlation functions; (b) cross-
correlation functions.
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are the superposition of multiple element signal spectrum,
the greater phase shift introduces more serious spectrum
distortion and extension. The phase shift θk of the JRC
signal is lesser than the phase shift θi of the Chirp-
BPSK signal, so the JRC signal’s spectrum function should
have lesser distortion and extension than the Chirp-BPSK
signal’s spectrum function theoretically. Supposed the
phase shift θk of the JRC signal gradually decreases to
null, and its spectrum gradually tends to the Chirp signal
spectrum. So the JRC signal has better communication
performance.

4.2. Radar Performance. The AF is an important element in
the radar performance field, which is used to estimate the
range accuracy and Doppler accuracy. In this paper, we
appraise the radar performance by employing the AF perfor-
mance. The AF is defined as [10]:

χ τ, f dð Þ =
ðT
0
s tð Þ ⋅ s∗ t − τð Þ ⋅ ej⋅2π⋅f d ⋅tdt

����
����, ð14Þ

whereτ and f d are the time delay and Doppler shift of radar
echo.

The AF of the ideal radar signal appears as a “pushpin”
shape, which has an infinite impact value only at point
(τ = 0, f d = 0), null others. In theory, as long as there is
no time delay or Doppler shift, the radar can provide an
accurate target detection. In practice, the ideal AF is
impossible, and the AF of the Chirp signal is standard obli-
que blade shape. The JRC signal is carrying the communi-
cation data, which inevitably has the distortion of the AF.
The AF performance of the three signals are analysed as
follows.

The AF of classical Chirp signal is [33]

χChirp τ, f dð Þ =
ðT
0
exp j ⋅ π ⋅ u ⋅ t2

� �
⋅ exp −j ⋅ π ⋅ u ⋅ t − τð Þ2� �

⋅ ej⋅2π⋅f d ⋅tdt
����

����
= 1 − τj j

T

� �
⋅
sin π ⋅ u ⋅ τ + f dð Þ ⋅ 1 − τj j/Tð Þ½ �
π ⋅ u ⋅ τ + f dð Þ ⋅ 1 − τj j/Tð Þ

����
����:

ð15Þ

We can derive the AF of Chirp-BPSK from (14):

χChirp‐BPSK τ, f dð Þ =
ðT
0
〠
N

i=1
〠
N

i=1
u t − iTbð Þ

�����
⋅ exp j ⋅ π ⋅ u ⋅ t2 + j ⋅ θi

� �
⋅u t − τ − iTbð Þ

⋅ exp −j ⋅ π ⋅ u ⋅ t − τð Þ2 − j ⋅ θi
� �

⋅ ej⋅2π⋅f d ⋅tdt
����,

ð16Þ

where θi = ±π/2.

Similarly, the AF of the JRC signal is calculated as:

χJRC τ, f dð Þ =
ðT
0
〠
NM

k=1
〠
NM

k=1
u t − kTcð Þ ⋅ exp j ⋅ π ⋅ u ⋅ t2 + j ⋅ θk

� ������
⋅u t − τ − kTcð Þ ⋅ exp −j ⋅ π ⋅ u ⋅ t − τð Þ2 − j ⋅ θk

� �
⋅ ej⋅2π⋅f d ⋅tdt

����,
ð17Þ

where θk = ±θ.
We present comparisons of (15) and (16) and (17), the

AF of Chirp signal is simple and clear, while the AFs of
Chirp-BPSK and JRC are extremely complicated because of
communication data. Therefore, the time-frequency analysis
is employed to explain the AF characteristics. The short-time
Fourier transform (STFT) is the main method of linear time-
frequency analysis [13, 14]. The basic idea of STFT is to use a
fixed sliding time window to cut the original signal into many
tiny time intervals. The signals in the truncated window are
nearly stationary, and the Fourier transform of each signal
is performed to obtain the signal spectrum of each time
period. The STFT for a given signal sðtÞ is defined as:

STFTs t, fð Þ =
ð
s τð Þ ⋅w∗ τ − tð Þ ⋅ exp −j ⋅ 2π ⋅ f ⋅ tð Þdτ, ð18Þ

where wðtÞ is generally a real window function, namely, w∗

ðtÞ =wðtÞ. In the paper, we suppose the time-window of
STFT is a Gaussian window, in which the number of STFT
is 1024, and the window overlap is 1000. We define that the
Spðt, f Þ is the spectrogram for signal sðtÞ:

Sp t, fð Þ = STFTs t, fð Þj j2: ð19Þ

The STFT and Spðt, f Þ for Chirp-BPSK are expressed as
(Appendix B):

STFTChirp‐BPSK t, fð Þ = 2 ⋅ σ ⋅
ffiffiffi
π

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ⋅ π ⋅ σ2 ⋅ μð Þ2 + 1

q ð
sChirp‐BPSK τð Þ

⋅w∗ τ − tð Þ ⋅ exp −j ⋅ 2π ⋅ f ⋅ tð Þdτ,
ð20Þ

Sp t, fð Þ = A2 exp
2 ⋅ π ⋅ σ f −ð u ⋅ t +∑N

i=1u t − iTbð Þ ⋅ bi/4Tb

� 	h i
2

2 ⋅ π ⋅ σ2 ⋅ μð Þ2 + 1

8<
:

9=
;:

ð21Þ
The time-frequency function of Chirp -BPSK is

f = u ⋅ t + 〠
N

i=1
u t − iTbð Þ ⋅ bi

4Tb
: ð22Þ

If the i-th symbol is -1, the phase shift is π/2 during the
duration of the symbol; while the i-th symbol is 1, the
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corresponding phase shift is −π/2. Spectral energy is mainly
distributed between lines f = u ⋅ t − ð1/4TbÞ and f = u ⋅ t +
ð1/4TbÞ. When the symbol varies between -1 and +1, the
signal is affected by the shift cumulative term ∑N

i=1uðt − iTbÞ
⋅ ðbi/4TbÞ, which leads to the diffusion of the AF. Conse-
quently, the radar performance of range resolution and
velocity resolution decreases. With the communication
rate of the Chirp-BPSK signal increasing, the more time-
frequency diffusions occur.

According to (21) and (22), while the bi = 0, the Spðt, f Þ
and time-frequency equation of Chirp signal are derived as:

Sp t, fð Þ = A2 ⋅ exp
2 ⋅ π ⋅ σ f − u ⋅ tð Þ½ �2
2 ⋅ π ⋅ σ2 ⋅ μð Þ2 + 1

( )
, ð23Þ

f = u ⋅ t: ð24Þ

For the Chirp signal, the spectral energy is linearly dis-
tributed, which leads to the linear distribution of the AF.
According to (21) and (22), the Spðt, f Þ and time-frequency
equation of our JRC signal are

Sp t, fð Þ = A2 exp
2 ⋅ π ⋅ σ f − u ⋅ t +∑NM

k=1 uc t − kTcð Þ ⋅ bk/2 ⋅ L ⋅ Tc

�� 	h i2
2 ⋅ π ⋅ σ2 ⋅ μð Þ2 + 1

8><
>:

9>=
>;,

ð25Þ

f = u ⋅ t + 〠
NM

k=1
uc t − kTcð Þ ⋅ bk

2 ⋅ L ⋅ Tc
: ð26Þ

If the k-th symbol is -1, the phase shift is −π/L during the
duration of the symbol; while the k-th symbol is 1, the corre-
sponding phase shift is π/L. The time-frequency formula of
the JRC signal has a frequency shift term ∑NM

k=1ucðt − kTcÞ
⋅ ðbk/2 ⋅ L ⋅ TcÞ. However, when L is greater than 2, the
accumulation is smaller than the Chirp-BPSK signal. On
the other hand, the data after the spread spectrum is a
bit with a value of +1 or -1, which shows the random dis-
tribution characteristics of spread spectrum code. The
probability of +1 or -1 appears in the sequence, and the
sum of sequences approaches null.

The better the random performance of spread spectrum
code is, the more approximate its cumulative sum is null.
The effect makes the frequency accumulation approach to
null, so that the main energy of the JRC signal time-
frequency diagram tends to be on the straight line f = u ⋅ t.
Therefore, the AF distribution of the JRC signal is less diffu-
sion than the AF of the Chirp-BPSK signal. At the same time,
when the amount of communication data carried by the JRC
signal increases, it has no effect on the accumulation of
frequency shift in the time-frequency formula, and the AF
characteristics of the JRC signal remain unchanged. So the
JRC signal has better radar performance.

5. Simulation and Discussions

In order to illuminate the viewpoints in Section 4, we employ
four kinds of signals (Chirp signal, Chirp-BPSK signal,
Chirp-MSK signal, and our JRC signal) to our numerical
simulation. The Chirp-MSK signal was adopted to construct
a joint radar-communication signal for the perfect spectrum
characteristics, attributing to the continuous phase of MSK.
The spectrum equation, time-frequency analyse, and AF
equation of Chirp-MSK signal are beyond the scope of this
article, which are discussed in detail in [13–17]. Compared
with the Chirp-BPSK signal and Chirp-MSK signal [13],
our JRC signal has better performance in radar detection in
theory.

The simulation parameters of the above signals are sup-
posed as Table 1. TheM bits of hybrid CSSC designed in Sec-
tion 3 are used as the spreading codes; the improved BPSK
modulation is used instead of BPSK in the JRC signal. The
Chirp-BPSK signal, Chirp-MSK signal, and the JRC signal
can transmit N communication bits.

5.1. Computational Complexity. According to (8), the com-
putational complexity of our JRC method is mainly contrib-
uted by creating M bits of hybrid CSSC and transmitting N
communication bits. Reviewing (9) and (10), we need to per-
form the xn, yn, and zn to obtain the hybrid CSSC, so the
computational complexity of creatingM bits of hybrid CSSC
is Οð3MÞ. Another complexity operation is embedding N
communication bits to one Chirp signal, the computational
complexity is ΟðNÞ. We obtain the computational complex-
ity of our JRC method isΟð3MNÞ; the whole complexity is
related to the length of hybrid CSSC and count of communi-
cation bits.

5.2. Spectrum Performance. The spectrum function of the
conventional Chirp signal is made up of Fresnel functions;
most of the spectrum energy is concentrated in the narrow
Chirp signal bandwidth. Modulation of communication data

Table 1: Simulation parameters.

Parameter Value

T 20us
B 10MHz
f s 500MHz
u 0:5 × 1012

M 127

N 50, 100, 200

θi π/2
θk π/6
L 6

Tb T/N
Tc Tb/M
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will lead to energy leakage and spectrum distortion.
Figures 4–6 plot the spectrum functions of Chirp signal,
Chirp-BPSK signal, Chirp-MSK signal [13], and JRC signal.
As shown in Figures 4–6, while carrying the communication
bits, the spectrum of Chirp-BPSK signal, Chirp-MSK signal,

and JRC signal inevitably have diffusion and fluctuation.
The more communication bits, the more spectrum expan-
sion and energy leakage. Compared to Chirp-MSK and
JRC, Chirp-BPSK has more spectrum expansion, more
energy leakage, larger amplitude fluctuation, and larger
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Figure 4: Comparison of spectrums for Chirp signal and Chirp-BPSK signal: (a) Chirp and Chirp-BPSK with 50-bit data; (b) Chirp and
Chirp-BPSK with 100-bit data.
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interference. As mentioned continuous phase of MSK, the
spectrum function of Chirp-MSK has excellent perfor-
mance in the three signals. And the spectrum leakage
and amplitude fluctuation of the JRC signal are improved

at the base of Chirp-BPSK. We consider the comparing
results; the JRC signal is better than the Chirp-BPSK sig-
nal and worse than the Chirp-MSK signal in terms of
communication performance.
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Figure 5: Comparison of spectrums for Chirp signal and Chirp-MSK signal [13]: (a) Chirp and Chirp-MSK with 50-bit data; (b) Chirp and
Chirp-MSK with 100-bit data.
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5.3. Time-Frequency Performance. Time-frequency analysis
graphs for Chirp signal, Chirp-BPSK signal, Chirp-MSK
signal, and JRC signal are shown in Figures 7 and 8. As
shown in Figure 7, main energy of the Chirp signal and
JRC tend to be on the straight line f = u ⋅ t, while the main
energy of the Chirp-BPSK and Chirp-MSK signal is obvi-
ously diffused, which lead to the different AF characters of

the four signals. As shown in Figure 8, carrying more
communication bits, the main energy of the Chirp-MSK
signal has more expansion and diffusion, while the main
energy of the JRC signal also tends to be on the straight
line f = u ⋅ t. So the JRC signal has excellent performance
among the three signals in terms of time-frequency
character.
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Figure 6: Comparison of spectrums for Chirp signal and JRC signal: (a) Chirp and JRC with 50-bit data; (b) Chirp and JRC with 100-bit data.
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Figure 7: Continued.
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5.4. Radar Performance. Now, we focus on the radar detec-
tion performance, mainly investigating the AF characters of
signals. The AFs of Chirp signal, Chirp-BPSK signal, Chirp-
MSK signal, and JRC signal are simulated; the top view
results of AF are shown in Figures 9 and 10. As shown in
Figure 9, the AF of the Chirp signal is a standard bevel blade.
Because of the embedded communication data, the phase

shift leads to the sharp deterioration of the AF of the
Chirp-BPSK signal and Chirp-MSK signal, while the AF of
the JRC signal retains the characteristics of the Chirp signal.
When the Chirp-BPSK signal and Chirp-MSK signal are used
for radar detection, the radar performance decreases signifi-
cantly, the range detection performance becomes worse,
and there are more fluctuations in the Doppler domain. After
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Figure 7: Comparison of time-frequency analysis graphs for different signals: (a) Chirp signal; (b) Chirp-BPSK signal with 50-bit data; (c)
Chirp-MSK signal [13] with 50-bit data; (d) JRC signal with 50-bit data.

13Wireless Communications and Mobile Computing



10
×107

×10–5

9

8

7

6

5

4

3

2

1

0

Fr
eq

ue
nc

y 
(H

z)

Time (s)
0.5 1 1.5 20

–80

–100

–120

–140

–160

–180

(a)

10
×107

×10–5

9

8

7

6

5

4

3

2

1

0

Fr
eq

ue
nc

y 
(H

z)

Time (s)
0.5 1 1.5 20

–80

–100

–120

–140

–160

–180

–200

(b)

Figure 8: Continued.

14 Wireless Communications and Mobile Computing



the JRC signal is designed with communication information,
by improving the BPSK modulation and spread spectrum
technology, the phase shift is reduced and the loss of BER is
compensated.

We consider the AF characteristics of the JRC signal in
depth; the AFs of JRC and Chirp-MSK signal are simulated
when the communication rate varies, while assuming the

other parameters remain unchanged. When the communica-
tion rate is enhanced, the simulation results of the Chirp-
MSK signal and JRC signal are shown in Figure 10. As shown
in Figure 10, the top view of AF of the JRC signal retains the
characteristics of the Chirp signal pulse while the top view of
AF of Chirp-MSK signal has more expansion and diffusion.
Because the phase shift is tiny, when the communication rate
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Figure 8: Comparison of time-frequency analysis graphs for Chirp-MSK signal [13] and JRC signal: (a) Chirp-MSK signal with 100-bit data;
(b) Chirp-MSK signal with 200-bit data. (c) JRC signal with 100 bits data. (d) JRC signal with 200-bit data.
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of the JRC signal increases, the influence on the delay charac-
teristics and Doppler characteristics can be ignored, and the
overall detection performance will not be affected. The per-
formance analysis results in Section 4 and Section 5.3 are
verified.

In this paper, the JRC signal can effectively solve the
problem of low communication throughput of the integra-
tion signal of radar and communication. Finally, it is clear
that our proposed method is better than the Chirp-BPSK sig-

nal and Chirp-MSK signal in joint radar-communication
scenarios.

6. Conclusions

Prior JRC signals bring many advantages, but also drawback
the radar detection performance. In this paper, a novel JRC
method based on hybrid CSSC and improved BPSK modula-
tion has been proposed to solve these problems. Using a
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Figure 9: Top view of AF for different signals: (a) Chirp signal; (b) Chirp-BPSK signal with 50 bit data; (c) Chirp-MSK signal [13] with 50 bit
data; (d) JRC signal with 50 bit data.
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hybrid CSSC structure, the proposed scheme improves the
anti-interference and increases the communication data. In
the performance analysis of the JRC signal, it is known
that the improved phase modulation mode and pseudo-
random characteristics of hybrid CSSC eliminate the prob-
lem of phase shift and accumulation. The JRC signal with
excellent spectrum characteristics and AF characteristics,

whose performance is better than the performance of the
Chirp-BPSK signal and Chirp-MSK signal. Through com-
puter simulation, compared with Chirp-BPSK signal and
Chirp-MSK signal, our proposed JRC signal can transmit
communication data with tiny spectral distortion, high
range-Doppler resolution, and can effectively solve the
problem of low communication rate.

–2 –1.5 –1 –0.5 0 0.5 1 1.5 2
Time (s)

–1

–0.8

–0.6

–0.4

–0.2

0

0.2

0.4

0.6

0.8

1

Fr
eq

ue
nc

y 
(H

z)

×107

×105

(c)

–2 –1.5 –1 –0.5 0 0.5 1 1.5 2
Time (s)

–1

–0.8

–0.6

–0.4

–0.2

0

0.2

0.4

0.6

0.8

1

Fr
eq

ue
nc

y 
(H

z)

×107

×10–5

(d)

Figure 10: Top view of AF for Chirp-MSK signal [13] and JRC with different data: (a) Chirp-MSK signal with 100 bits; (b) Chirp-MSK signal
with 200 bits; (c) JRC signal with 100 bits; (d) JRC signal with 200 bits.
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Appendix

A. Spectrum Equation of Chirp-BPSK

In the following, the spectrum equation of Chirp-BPSK is
derived as:

SChirp‐BPSK fð Þ =
ð∞
−∞

sChirp‐BPSK tð Þ ⋅ exp −j ⋅ 2 ⋅ π ⋅ f ⋅ tð Þdt

=
ð∞
−∞

〠
N

i=1
u t − iTbð Þ ⋅ exp j ⋅ π ⋅ u ⋅ t2 + jθi

� �
⋅ exp −j ⋅ 2 ⋅ π ⋅ f ⋅ tð Þdt

= 〠
N

i=1

ð∞
−∞

u t − iTbð Þ ⋅ exp j ⋅ π ⋅ u ⋅ t2 + jθi
� �

⋅ exp −j ⋅ 2 ⋅ π ⋅ f ⋅ tð Þdt

= 〠
N

i=1

ðTb

i−1ð ÞTb

exp j ⋅ π ⋅ u ⋅ t2 + j ⋅ θi − j ⋅ 2 ⋅ π ⋅ f ⋅ t
� �

dt

= 〠
N

i=1
exp j ⋅ θið Þ

ðTb

i−1ð ÞTb

exp j ⋅ π ⋅ u ⋅ t2 − j ⋅ 2 ⋅ π ⋅ f ⋅ t
� �

dt

= 〠
N

i=1
exp j ⋅ θið Þ

ðTb

i−1ð ÞTb

exp j ⋅ π ⋅ u ⋅ t2 −
2 ⋅ f ⋅ t

u

� ��
dt

= 〠
N

i=1
exp j ⋅ θið Þ

ðTb

i−1ð ÞTb

exp j ⋅ π ⋅ u ⋅ t2 −
2 ⋅ f ⋅ t

u

��

+
f
u

� �2
−

f
u

� �2
!
dt = 〠

N

i=1
exp j ⋅ θi − j ⋅ π ⋅ u ⋅

f
u

� �2
 !

�
ðTb

i−1ð ÞTb

exp j ⋅ π ⋅ u ⋅ t2 −
2 ⋅ f ⋅ t

u
+

f
u

� �2
  !

dt

= 〠
N

i=1
exp j ⋅ θi − j ⋅ π ⋅

f 2

u

 !ðTb

i−1ð ÞTb

� exp j ⋅ π ⋅ u ⋅ t −
f
u

� �2
 !

dt:

ðA:1Þ

We assume ðv2/2Þ = u ⋅ ðt − ð f /uÞÞ2, (A.1) can be
expressed as:

SChirp‐BPSK fð Þ = 1ffiffiffiffiffiffiffiffi
2 ⋅ u

p 〠
N

i=1
exp j ⋅ θi − j ⋅ π ⋅

f 2

u

 !

�
ð ffiffiffiffi2up

i⋅Tb−
f
uð Þffiffiffiffi

2u
p

i−1ð ÞTb−
f
uð Þ
exp j ⋅ π ⋅ u ⋅

v2

2

� �
dt,

ðA:2Þ

where x3 =
ffiffiffiffiffiffiffiffi
2 ⋅ u

p ðði − 1ÞTb − f /uÞ, x4 =
ffiffiffiffiffiffiffiffi
2 ⋅ u

p ði ⋅ Tb − f /uÞ,
and θi = ±π/2, so (A.1) can be expressed as:

SChirp‐BPSK fð Þ = 1ffiffiffiffiffiffiffiffi
2 ⋅ u

p 〠
N

i=1
exp j ⋅ θi − j ⋅ π ⋅

f 2

u

 !

� C x4ð Þ − C x3ð Þð Þ + j ⋅ S x4ð Þ − S x3ð Þð Þ½ �:
ðA:3Þ

B. Equations of Time-Frequency Analysis

In the section, the time-frequency analysis equations are
derived. The Chirp-BPSK waveform withN bits is defined as:

sChirp‐BPSK tð Þ = 〠
N

i

u t − iTbð Þ ⋅ exp j ⋅ π ⋅ u ⋅ t2 + θi
� �� �

:

ðB:1Þ

For the i-th bit, the Chirp-BPSK can be written as
[10–12]:

si tð Þ = u t − iTbð Þ ⋅ exp j ⋅ π u ⋅ t2 +
t ⋅ bi
2 ⋅ Tb

� �� �
, ðB:2Þ

The Chirp-BPSK with N bits data is rewritten as:

sChirp‐BPSK tð Þ = 〠
N

i

u t − iTbð Þ ⋅ exp j ⋅ π ⋅ u ⋅ t2 +
t ⋅ bi
2 ⋅ Tb

� �� �
:

ðB:3Þ

The STFT function of Chirp-BPSK is derived as:

STFTy t, fð Þ =
ð∞
‐∞

〠
N

i=1
u τ − iTbð Þ ⋅ exp j ⋅ π u ⋅ τ2 + τ ⋅ bi/ 2 ⋅ Tbð Þ�� �

⋅w∗ τ − tð Þ ⋅ exp −j ⋅ 2 ⋅ π ⋅ f ⋅ τð Þdτ

=
ð∞
‐∞

〠
N

i=1
u τ − iTbð Þ ⋅ exp jð ⋅ π u ⋅ τ2 + u ⋅ t2

�
+ u ⋅ 2 ⋅ t ⋅ τ − u ⋅ 2 ⋅ t ⋅ τ − u ⋅ t2Þ
⋅ exp −j ⋅ π ⋅

τ ⋅ bi
2 ⋅ Tb

� �
⋅w∗ τ − tð Þ

⋅ exp −j ⋅ 2 ⋅ π ⋅ f ⋅ τð Þdτ

= exp −j ⋅ π ⋅ u ⋅ t2
� �ð∞

‐∞
〠
N

i=1
u τ − iTbð Þ

⋅ exp −j ⋅ π ⋅
τ ⋅ bi
2 ⋅ Tb

� �
⋅ exp j ⋅ π ⋅ u ⋅ τ − tð Þ2� �

⋅ exp j ⋅ π ⋅ u ⋅ 2 ⋅ t ⋅ τð Þ ⋅w τ − tð Þ
⋅ exp −j ⋅ 2 ⋅ π ⋅ f ⋅ τð Þdτ

= exp −j ⋅ π ⋅ u ⋅ t2
� �

〠
N

i=1
u τ−iTbð Þ

ð∞
−∞

� exp −j ⋅ π ⋅
τ ⋅ bi
2 ⋅ Tb

� �
⋅ exp j ⋅ π ⋅ u ⋅ τ − tð Þ2� �

⋅ exp j ⋅ π ⋅ u ⋅ 2 ⋅ t ⋅ τð Þ ⋅w τ − tð Þ
⋅ exp −j ⋅ 2 ⋅ π ⋅ f ⋅ τð Þdτ,

ðB:4Þ

We assume wðτÞ is the Gauss window function, and
we define the function:
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B fð Þ =
ð∞
‐∞

exp j ⋅ π ⋅ u ⋅ τ2
� �

⋅w τð Þ ⋅ exp −j ⋅ 2π ⋅ f ⋅ τð Þdτ:

ðB:5Þ

TheBð f Þ can be expressed as Fourier transmit of win-
dowed Chirp signal. The above equations are time shift
and frequency shift operations for the windowed Chirp
signal.

The time shift and frequency shift for Fourier formulas
are as follows:

s tð Þ↔ S fð Þ,
s t − t0ð Þ↔ S fð Þ ⋅ exp −j ⋅ 2π ⋅ f ⋅ t0ð Þ,
s tð Þ exp j ⋅ 2π ⋅ f0 ⋅ tð Þ↔ S f − f0ð Þ:

8>><
>>: ðB:6Þ

The STFTyðt, f Þ is derived as:

STFTy t, fð Þ = exp −j ⋅ π ⋅ u ⋅ t ⋅ t + 2fð Þð Þ〠
N

i=1
u τ−iTbð Þ

ð∞
−∞

� exp j ⋅ π ⋅ u ⋅ τ − tð Þ2� �
⋅ exp j ⋅ π ⋅ 2 ⋅ τ u ⋅ t +

bi
4Tb

� �� �
⋅w τ − tð Þ ⋅ exp −j ⋅ 2 ⋅ π ⋅ f ⋅ τ − tð Þð Þdτ

= exp −j ⋅ π ⋅ u ⋅ t ⋅ t + 2fð Þð Þ〠
N

i=1
u τ − iTbð Þ

⋅ B f − u ⋅ t +
bi
4Tb

� �� �

⋅ exp −j ⋅ 2 ⋅ π ⋅ t ⋅ f − u ⋅ t +
bi
4Tb

� �� �� �
:

ðB:7Þ

The Gauss window function is defined as wðtÞ =
exp ð−t2/2 ⋅ σ2Þ, while σ is constant. We get the equation:

B fð Þ =
ð∞
‐∞

exp j ⋅ π ⋅ u ⋅ τ2
� �

⋅ exp
−τ2

2 ⋅ σ2

� �
⋅ exp −j ⋅ 2π ⋅ f ⋅ τð Þdτ:

ðB:8Þ

The phase of Bð f Þ is

Φ = j ⋅ π ⋅ u ⋅ τ2 −
τ2

2 ⋅ σ2 − j ⋅ 2π ⋅ f ⋅ τ: ðB:9Þ

We get the stationary phase for letting the first derivative
of Φ equal null [13, 14]:

dΦ
dτ

= 2 ⋅ j ⋅ π ⋅ u ⋅ τ −
τ

σ2 − j ⋅ 2π ⋅ f = 0, ðB:10Þ

τ∗ =
j ⋅ 2π ⋅ f

2 ⋅ j ⋅ π ⋅ u − 1/σ2
: ðB:11Þ

Substitute (B.11) into (B.8), we get equation (B.12).

B fð Þ = 2 ⋅
ffiffiffi
π

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ⋅ π ⋅ uð Þ2 + 1/σ4ð Þ

q ⋅ exp −
1
2
⋅

2 ⋅ j ⋅ π ⋅ fð Þ2
2 ⋅ j ⋅ π ⋅ u − 1/σ2

 !

=
2 ⋅ σ2 ⋅

ffiffiffi
π

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ⋅ π ⋅ σ2 ⋅ uð Þ2 + 1

q

⋅ exp −j ⋅
π ⋅ u ⋅ 2 ⋅ π ⋅ fð Þ2
2 ⋅ j ⋅ π ⋅ σ2 ⋅ uð Þ2 + 1

+
2 ⋅ σ ⋅ π ⋅ fð Þ2

2 ⋅ j ⋅ π ⋅ σ2 ⋅ uð Þ2 + 1

 !
:

ðB:12Þ

Substitute (B.12) into (B.7), we get the equations (B.13).

STFTy t, fð Þ = 2 ⋅ σ2 ⋅
ffiffiffi
π

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ⋅ π ⋅ u ⋅ σ2ð Þ2 + 1

q exp −j ⋅ π ⋅ u ⋅ t ⋅ t + 2fð Þð Þ

�〠
N

i=1
u τ − iTbð Þ exp −j ⋅ π ⋅ 2 ⋅ t f − u ⋅ t +

bi
4Tb

� �� ��

⋅ exp
2 ⋅ σ ⋅ π f − u ⋅ t + bi/4Tbð Þð Þð Þð Þ2

2 ⋅ π ⋅ σ2 ⋅ uð Þ2 + 1

"

−
j ⋅ π ⋅ u ⋅ 2 ⋅ π f − u ⋅ t + bi/4Tbð Þð Þð Þð Þ2

2 ⋅ π ⋅ σ2 ⋅ uð Þ2 + 1

#
:

ðB:13Þ

The spectrogram for the Chirp-BPSK signal is derived
as [13]:

Sp t, fð Þ = A2 exp
2 ⋅ π ⋅ σ f − u ⋅ t +∑N

i=1u t − iTbð Þ ⋅ bi/4Tb

�� 	h i2
2 ⋅ π ⋅ σ2 ⋅ μð Þ2 + 1

8><
>:

9>=
>;:

ðB:14Þ

where A2 is the amplitude of the spectrogram.
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