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In filter bank multicarrier with offset quadrature amplitude modulation (FBMC/OQAM) systems, a large pilot overhead is required
due to the existence of the imaginary interference. In this paper, we present an approach to reduce the pilot overhead of channel
estimation. A part of pilot overhead is used for transmitting data, and compensating symbols are required and designed to
remove the imaginary interference. It is worthwhile to point out that the power of compensating symbols can be helpful for data
recovery; hence, the proposed approach decreases the overhead of pilots significantly without the cost of additional pilot energy.
In addition, the proposed scheme is extended into multiple input multiple output systems without the performance loss.
Compared with the conventional preamble consisting of 3 columns symbols, the pilot overhead is equivalent to 2 column
symbols in the proposed preamble. To verify the proposed preamble, numerical simulations are carried out with respects to bit
error ratio.

1. Introduction

Currently, filter bank multicarrier with offset quadrature
amplitude modulation (FBMC/OQAM) has been considered
as a potential alternative [1–4] to the conventional orthogo-
nal frequency division multiplexing (OFDM). In the past sev-
eral years, FBMC/OQAM and other filter-based waveforms
have been studied to overcome the disadvantages of OFDM.
This paper focuses on the FBMC/OQAM technique and
presents an effective solution to the channel estimation with
low pilot overhead.

Unlike in OFDM, channel estimation in FBMC/OQAM
is not a straightforward mission, which is related to that the
waveform synthesis and analysis of FBMC/OQAM are not
same as that of OFDM. Since the orthogonality condition
only is met in real field [2, 5], FBMC/OQAM systems trans-
mit real-valued symbols obtained by the real and imaginary

parts of complex-valued QAM symbols, and there exists
imaginary interferences among the transmitted real-valued
symbols, called the intrinsic imaginary interference [6]. For
the channel estimation, the imaginary interference has a cru-
cial effect on the pilot design. The imaginary interference has
to be eliminated to ensure the good system performance [7].
In particular, while in OFDM receiver data/pilot symbols
that are perfectly separated after applying the FFT, the signal
samples from the output of the analysis filter in an FBMC/O-
QAM receiver are subject to intersymbol interference (ISI),
both along the time and frequency/subcarriers. ISI-free sym-
bols could be achieved after the channel equalization and the
operation of taking the real parts. In the absence of the chan-
nel, ISI appears as an imaginary component that adds to the
real-valued data symbols which are carried by the FBMC/O-
QAM waveform, which has to be considered in the pilot
design.
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To avert the imaginary interference, a direct method is
to disable the symbols surrounding the pilots, which results
in a reduced spectral efficiency. By applying the following
method, this spectral efficiency loss could be avoid [8].
One dummy symbol is set adjacent to the pilot to eliminate
the imaginary interference of the FBMC/OQAM system.
This dummy symbol was then called auxiliary pilot (AP)
in [9]. Although it is helpful to remove the imaginary inter-
ference to pilots, the AP method effectively increases the
transmit power. A more complex approach, but more effi-
cient in terms of transmit power, was proposed in [10].
The data symbols surrounding pilots are performed by a
linear coding so that the data symbols do not produce any
imaginary interference. Nevertheless, to completely remove
the imaginary interference, a long code length is required
in the coding scheme, which in turn increases a large com-
plexity at both of the transmitter and the receiver. In addi-
tion, it also introduces other complications, which are
discussed in [11]. In [12], the authors presented the inter-
ference approximation method (IAM), in which it was
revealed that the channel estimation performance is decided
by the so-called pseudopilot power consisting of pilot and
the imaginary interference from adjacent data. Afterwards,
the modified versions of IAM were presented to improve
the pseudopilot power by employing imaginary-valued
pilots, i.e., IAM-C [13] and IAM-I [14]. However, it should
be noted that the existing IAM-based methods require 3
columns real-valued symbols as pilot overhead to achieve
the channel estimation. To reduce the pilot overhead of
IAM-based schemes, the iterative algorithm was proposed
to eliminate the imaginary interference for channel estima-
tion [15]. Nevertheless, it suffers from the problems of high
computational complexity. In [16], the authors proposed
the pairs of the real pilots (POP) method, with only 2
columns pilots. However, by reason of the bad ability of
against noise, the POP method exhibits poor channel
estimation performance compared with the conventional
IAM-based methods.

In this paper, we present an approach to reduce the
pilot overhead of channel estimation in FBMC/OQAM sys-
tems. Compared with the conventional pilot structures, a
part of pilot overhead is used for transmitting data, and
compensating symbols are required and designed to elimi-
nate the imaginary interference from data. Note that it is
proven that the power of compensating symbols can be
helpful for data recovery; hence, the proposed approach
decreases the overhead of pilots significantly without the
cost of additional pilot energy. Compared with the conven-
tional methods with 3 columns pilots, the proposed scheme
only requires 2 columns pilots for the channel estimation.
In addition, the proposed approach is extended into multi-
ple input multiple output- (MIMO-) based FBMC (MIMO-
FBMC) systems.

The rest of this paper is organized as follows. The IAM
method is briefly introduced in Section 2. The proposed
approach is presented in Section 3, followed by the corre-
sponding algorithm. Then, the proposed scheme is extended
into MIMO-FBMC systems in Section 4. Section 5 shows the
simulations, and Section 6 is the conclusions.

2. Channel Estimation with the IAM Method in
FBMC/OQAM Systems

2.1. SystemModel. As depicted in Figure 1, the diagram block
of FBMC/OQAM transceiver is presented, in which M sub-
carriers are considered in the FBMC/OQAM system with
the subcarrier spacing 1/M. Note that the complex-valued
data symbols have the interval of M samples in time, and
by partitioning each complex-valued symbol, a pair of PAM
symbols are obtained. The PAM symbols are denoted by
dm,n, with m the subchannel index and n the time index. In
addition, dm,2�n and dm,2�n+1, i.e., the real and imaginary parts
of a QAM symbol, have the interval of M/2 samples in time.
g½l� is the prototype filter and spans over the time interval 0
≤ l ≤ KM − 1, where K is the overlapping factor and is
supposed to be a positive integer. It is further assumed that
the filter g½l� is even and symmetric around its center, hence,
g½l� = g½KM − 1 − l� for 0 ≤ l ≤ KM − 1.

Following Figure 1, the transmitted signal is [17]

s l½ � = 〠
M−1

m=0
〠
n∈ℤ

dm,ng l − n
M
2

� �
ej2πml/Mejπ m+nð Þ/2, ð1Þ

where M stands for the subcarrier number. dm,n repre-
sents one transmitted symbol of position ðm, nÞ, with only
real value.

Then, the signal at the receive antenna is obtained

r k½ � = h l½ � ∗ s l½ � + η l½ �, ð2Þ

where the sign∗ is the convolution operator. h½l� represents
themultipath channel, and there exists a channel noise η½l�, sat-
isfying the Gaussian distribution with variance σ2 [18–20].

Then, demodulations at the receiver can be written as

d̂m,n = 〠
∞

l=−∞
r l½ �g l − n

M
2

� �
e−j2πml/Me−jπ m+nð Þ/2: ð3Þ

Then, an operator of taking real part is required.

R d̂m,n
n o

= dm,n: ð4Þ

Note that channel estimation is necessary in the
FBMC/OQAM system under the multipath channel.

2.2. The IAM Method. In [12], the IAM method with 3 col-
umn pilots has been presented for the channel estimation
in FBMC/OQAM systems. The estimation model of IAM
can be obtained [12]:

d̂m,n ≈ hm,n dm,n + d ∗ð Þ
m,n

� �
+ ηm,n, ð5Þ

where d̂m,n is the demodulation at the receiver of
FBMC/OQAM. hm,n stands for frequency-domain channel
at m-th subcarrier, which is supposed quasi-invariant in the
time domain in this paper, i.e.,
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hm,n ≈ hm,0 = 〠
L−1

k=0
h k½ �e−2jπmk/M , ð6Þ

with the maximum channel delay spread of L. The imag-
inary interference dð∗Þm,n is written as

d ∗ð Þ
m,n =〠

Ω

dm,nξ
m,n
m+p,n+q, ð7Þ

with Ω = fðp, qÞ ∣ jpj, jqj ≤ 1andðp, qÞ ≠ ð0, 0Þg, and the
imaginary interference factor, ξm,n

m+p,n+q, is defined as

ξm,n
m+p,n+q = ξ0,0p,q = 〠

∞

l=−∞
g l½ �g l + q

M
2

� �
ej2πpl/Mejπ p+qð Þ/2: ð8Þ

And the noise term ηm,n is

ηm,n = 〠
∞

l=−∞
η l½ �g l − n

M
2

� �
e−j2πml/Me−jπ m+nð Þ/2: ð9Þ

Then, the IAM channel estimation is written as [12]

ĥm,n =
d̂m,n

dm,n + d ∗ð Þ
m,n

= hm,n +
ηm,n

dm,n + d ∗ð Þ
m,n

: ð10Þ

Figure 2(a) depicts the existing preamble of IAM, i.e.,
dm,0 = dm,2 = 0 with m = 0, 1,⋯,M − 1, d4l,1 = d4l+1,1 = 1,
and d4l+2,1 = d4l+3,1 = −1 with l = 0, 1,⋯,M/4 − 1. Note that
it is well known that the interval of an FBMC/OQAM symbol
is only half of that of an OFDM symbol. Therefore, the pilot
overhead in FBMC/OQAM systems is 1.5 times of that clas-
sical OFDM systems.

2.3. POP Method. The POP method is another preamble-
based channel estimation method in [16]. As shown in
Figure 2(b), only two columns of real-valued pilots are
required in the POP method, i.e., d2k,0 = 1, d2k+1,1 = −1 with
k = 0, 1,⋯,M/2 − 1, and dm,1 = 0 with m = 0, 1,⋯,M − 1.

Suppose ðm1, n1Þ, ðm2, n2Þ is the time-frequency posi-
tions of two symbols. The channel estimation by POP can
be written as
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Figure 1: The FBMC/OQAM system diagram.
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Figure 2: The conventional preamble and the proposed preamble in FBMC/OQAM.

3Wireless Communications and Mobile Computing



R hm1,n1
� �

=
R d̂m1,n1

� �
+ C ·I d̂m1,n1

� �
dm1,n1

,

I hm1,n1
� �

= C ·R hm1,n1
� �

,

8>><
>>: ð11Þ

where Rð·Þ and Ið·Þ are the operators of taking the real
part and the imaginary part, respectively. C is the ratio
between the imaginary part and the real part of hm1,n1 ,

C =
dm2,n2 ·R d̂m1,n1

� �
− dm1,n1 ·R d̂m2,n2

� �
dm1,n1 ·I d̂m2,n2

� �
− dm2,n2 ·I d̂m1,n1

� � : ð12Þ

Then, the channel coefficients have been estimated. This
approach does not require any knowledge of the prototype
function and could be adopted as preamble-based method
and also as a scattered-based channel estimation method.

3. Proposed Channel Estimation Scheme for
FBMC/OQAM Systems

3.1. Preamble Structure of the Proposed Scheme. Figure 3
depicts the proposed preamble structure, where dm,1,m = 0,
1,⋯,M − 1 are pilot symbols. Different from Figure 2(a), a
part time-frequency resources of the first and the third col-
umns are used to transmit additional data symbols (ADS),
i.e., u = ½u0, x1,⋯,uM−1�T with u2m = a2m,2 and u2m+1 =
a2m+1,0. To eliminate the imaginary interference, compensat-

ing pilot symbols (CPS) are required, i.e., v =
½v0, v1,⋯,vM−1�T with v2m = a2m,0 and v2m+1 = a2m+1,2. Accord-
ing to the criteria that the imaginary interferences from ADS
and CPS should be mutually canceling, v can be designed by

ΦHu +ΩHv = 0, ð13Þ

where H represents the diagonal matrix with m-th diago-
nal element hm,0, and

Φ =

ξ0,10,2 ξ0,11,0 ξ0,12,2 ⋯ ξ0,1M−1,0

ξ1,10,2 ξ1,11,0 ξ1,12,2 ⋯ ξ1,1M−1,0

ξ2,10,2 ξ2,11,0 ξ2,12,2 ⋯ ξ2,1M−1,0

⋮ ⋮ ⋮ ⋱ ⋮

ξM−1,1
0,2 ξM−1,1

1,0 ξM−1,1
2,2 ⋯ ξM−1,1

M−1,0

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA
, ð14Þ

Ω =

ξ0,10,0 ξ0,11,2 ξ0,10,2 ⋯ ξ0,1M−1,2

ξ1,10,0 ξ1,11,2 ξ1,12,0 ⋯ ξ1,1M−1,2

ξ2,10,0 ξ2,11,2 ξ2,12,0 ⋯ ξ2,1M−1,2

⋮ ⋮ ⋮ ⋱ ⋮

ξM−1,1
0,0 ξM−1,1

1,2 ξM−1,1
2,0 ⋯ ξM−1,1

M−1,2

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA
: ð15Þ

Then, it is obtained as

v = −H−1Ω−1ΦHu: ð16Þ

It should be noted that (16) cannot be used to design CPS
directly due to the fact that it is difficult to obtain H at the
transmitter.

It is proven that Ω−1Φ is a unitary matrix in the appen-
dix. Let αmn be the ðm, nÞ-th entry of Ω−1Φ, and it can be
obtained as

〠
M−1

n=0
αmnj j2 = 1,

〠
n

αmnj j2 ≈ 0:9991, ∣m − n∣ ≤ 3, ∣m − n∣ ≥M − 3:

8>>><
>>>: ð17Þ

Thus, it can be concluded that αmn ≈ 0 for M − 3 > ∣m −
n ∣ >3.

In addition, define C =H−1Ω−1ΦH, and its ðm, nÞ-th ele-
ment is Cmn = ðhm,0/hn,0Þβmn, which is close to zero for M
− 3 > ∣m − n ∣ >3. Then, it can be assumed that Hm,0/Hn,0 ≈
1 for ∣m − n ∣ ≤3 or ∣m − n ∣ ≥M − 3. Therefore, Cmn ≈ βmn
and v can be obtained by

v = −Ω−1Φu: ð18Þ

3.2. Data Recovery of ADS. In this subsection, it is proven that
the CPS is helpful for data recovery of ADS. Therefore, the
ADS has the similar ability to fight against the noise com-
pared with data symbols as we can see below.

Data symbols

: Compensating pilot symbols (CPS)

: Additional data symbols (ADS)
: Pilot symbols

Time index
0 1 2

0
1
2

m – 1

m + 1

Fr
eq

ue
nc

y 
in

de
x m

Figure 3: The proposed pilot structure in FBMC/OQAM.
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According to (5), the demodulation of v and u is

u =H u + u ∗ð Þ
� �

+ ηu,

v =H v + v ∗ð Þ
� �

+ ηv ,

8><
>: ð19Þ

where uð∗Þ and vð∗Þ are the imaginary interference,

respectively, i.e., uð∗Þ = ½uð∗Þ0 , uð∗Þ1 ,⋯,uð∗ÞM−1�
T
, in which uð∗Þ2k =

dð∗Þ2k,2 and uð∗Þ2k+1 = dð∗Þ2k+1,0, vð∗Þ = ½vð∗Þ0 , vð∗Þ1 ,⋯,vð∗ÞM−1�
T
, in which

vð∗Þ2k = dð∗Þ2k,0 and vð∗Þ2k+1 = dð∗Þ2k+1,2. η
u = ½ηu0 , ηu1 , ηu3 ,⋯,ηuM−1�T with

ηu2i = η2i,2 and ηu2i+1 = η2i+1,0. ηv = ½ηv0, ηv1, ηv2,⋯,ηvM−1�T with
ηv2i = η2i,0 and ηv2i+1 = η2i+1,1.

According to (18), we have

u = −Ω−1Φ
� �−1

v: ð20Þ

Let u = ð−Ω−1ΦÞ−1v, and it is obtained

u = −Ω−1Φ
� �−1

H v + v ∗ð Þ
� �

+ −Ω−1Φ
� �−1

ηv

= −Ω−1Φ
� �−1

H v + v ∗ð Þ
� �

+ ~η:
ð21Þ

When the channel noise vanishes, we have RðH−1uÞ ≈
ð−Ω−1ΦÞ−1v = u =RðH−1uÞ. Then, 1/2u + 1/2u will be the
input of channel equalizer instead of u, since the noise vari-
ance will be reduced half after the linear combination. By this

way, the ADS has similar capability to fight against the noise
compared with the data symbols.

4. Channel Estimation in MIMO-FBMC

In this section, the proposed scheme in Section 3 can be easily
extended into MIMO-FBMC systems with Nt transmit
antennas and Nr receive antennas, as shown in Figure 4.
Denote the symbol of the t-th transmit antenna as dtm,n,
and let hr,tm be the channel frequency response between the r
-th receive antenna and the t-th transmit antenna at the m
-th subcarrier.

Without loss of generality, Nt is set to 2 in this section for
simplicity. As is well known, the imaginary interference
exists among the FBMC/OQAM symbols [12]. When there
exists the imaginary interference between different antennas,
it is difficult for one user to perform the channel estimation
since the imaginary interference from other users is not avail-
able. Therefore, the key of the preamble design in MIMO-
FBMC systems is the imaginary interference cancelation
between antennas. Figure 5(a) depicts the conventional pre-
ambles on the two transmit antennas in MIMO-FBMC sys-
tems. Zeros are placed in the first and third columns to
avert imaginary interference from data. It should be noted
that nonzero pilots only locate in a part of subcarriers to
ensure no imaginary interference between antennas, i.e., d4p
, p = 0, 1,⋯,M/4 − 1 is a nonzero pilot for the first transmit
antenna, and d4p+2, p = 0, 1,⋯,M/4 − 1 is a nonzero pilot
for the second transmit antenna. In our proposed preambles,
in Figure 5(b), the nonzero pilots in the second column are
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Figure 5: Proposed preamble in MIMO-FBMC systems.
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the same as the conventional preambles. Differently, half of
subcarriers in the first and third columns are placed by data
symbols, improving the spectral efficiency. To eliminate the
imaginary interference, compensating pilot symbols are
required and designed according to (16) in Section 3. There-
fore, compared with the conventional preambles, the pilot
overhead of the proposed preamble is reduced by 1/3.

At the receiver, the demodulation of the r-th receive
antenna is obtained

yrm0,n0 = 〠
Nt

t=1
hr,tm0

dtm0,n0 +〠hr,tm dtm,nξ
m0,n0
m,n|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

Itm0,n0

2
66664

3
77775 + ηrm0,n0 , ð22Þ

where noise ηrm0,n0 satisfies the Gaussian distribution with

mean 0 and variance σ2. Itm0,n0 is the imaginary interference

term to the transmit symbol dtm0,n0 .
As mentioned above, the imaginary interference between

antennas can be removed completely. Then, for the proposed
preambles in Figure 5(b), equation (22) can be rewritten as

yr4p,1 = hr,14p d
1
4p,1 + ηr4p,1,

yr4p+2,1 = hr,24p+2d
2
4p+2,1 + ηr4p+2,1,

ð23Þ

p = 0, 1,⋯,M/4 − 1: ð24Þ
Accordingly, the channel estimation in MIMO-FBMC

systems can be obtained as

hr,14p =
yr4p,1
d14p,1

, ð25Þ

hr,24p+2 =
yr4p+2,1
d24p+2,1

, p = 0, 1,⋯,M/4 − 1: ð26Þ

Then, the simple linear interpolation is performed on hr,14p
and hr,24p+2 to obtain the channel estimation of all subcarriers,
respectively. It should be noted that our proposed approach
could decrease the overhead of pilots significantly without
the cost of additional pilot energy. Although the CPS symbols
consume energy, it will be completely used for symbol recov-
ery as presented in Subsection 3.2.

5. Simulation Results

In this section, we evaluate the performance of the proposed
channel estimation approaches that are presented in this
paper through computer simulations. The FBMC/OQAM
system employs the PHYDYAS filter [17] and the overlap
parameter K = 4. The multipath channel model is simulated,
i.e., SUI proposed by the IEEE 802.16 broadband wireless
access working group [21]. In simulations, the following
parameters are considered.

(i) Subcarrier number: 2048

(ii) Sampling rate (MHz): 30:72
(iii) Path number: 3
(iv) Delay of path (μs): 0, 0,4, 0.9
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 (d
B)

Proposed scheme
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Existing POP

Figure 6: MSE of the proposed scheme.
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(v) Power delay profile (dB): 0, -5, -10

(vi) Modulation: 4QAM

(vii) Channel coding: convolutional coding [12]

For comparison, we also give the performance of POP
[16], which only requires two columns of pilots.

Figures 6 and 7 show the MSE and BER performances of
the proposed approach. It can be easily seen that obvious
performance loss is observed in the conventional POP
method. As presented in [16], the performance of POP
depends on a random power that could be close to zero
sometimes, leading to a poor performance. In addition,
the proposed scheme can achieve the same MSE and BER

0 2 4 6 8 10
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100
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Figure 7: BER of the proposed scheme.
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Figure 8: BER of the proposed scheme in MIMO-FBMC with 2 transmit antennas and 2 receive antennas.
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performances as the IAM method, which indicates that the
imaginary interference between pilots and data symbols can
be eliminated completely in the proposed scheme. It should
be noted that only two columns pilots are needed in the
proposed scheme, while the conventional preamble requires
three columns of pilots. Therefore, better spectral efficiency
can be achieved by our proposed channel estimation
approach.

Figure 8 shows BER of the proposed approach in
MIMO-FBMC systems, in which both of Nt and Nr are
set to 2. The proposed 2-column preamble can achieve
similar BER compared to the conventional 3-column
preamble, which demonstrates the effectiveness of the pro-
posed scheme. It should be noted that our proposed
scheme can reduce the pilot overhead significantly without
the cost of additional pilot energy. Although the CPS sym-
bols consume energy as shown in Figures 3 and 5, it will
be completely used for symbol recovery as presented in
Subsection 3.2.

6. Conclusions

In this paper, an approach was presented for the pilot over-
head reduction in the channel estimation of FBMC/OQAM
systems. Compared with the conventional methods with 3
columns pilots, the proposed scheme only requires 2 column
pilots. In addition, the proposed approach was also extended
into MIMO-FBMC systems. It was also proven that our
proposed approach could decrease the overhead of pilots
significantly without the cost of additional pilot energy and
performance loss. Simulations have been done to verify the
effectiveness of the proposed approach.

Appendix

From (8), we have ζ0,00,1 = −ζ0,00,−1 = g and ζ0,01,1 = ζ0,01,−1 = ζ0,0−1,1
= ζ0,0−1,−1 = ζ0,0M−1,−1 = ζ0,0−M+1,1 = f where g, f are imaginary-
valued and constant. Furthermore, when M − 1 > ∣p ∣ >1
or ∣q ∣ >1, ζm,n

m+p,n+q ≈ 0 [12]. Thus, (14) and (15) can be
rewritten as

Φ =

g f 0 0 0 ⋯ 0 f

f −g f 0 0 ⋯ 0 0
0 f g f 0 ⋯ 0 0
0 0 f −g f ⋯ 0 0
0 0 0 f g ⋯ 0 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮

0 0 0 0 0 ⋯ g f

f 0 0 0 0 ⋯ f −g

0
BBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCA

, ðA:1Þ

Ω =

−g f 0 0 0 ⋯ 0 f

f g f 0 0 ⋯ 0 0
0 f −g f 0 ⋯ 0 0
0 0 f g f ⋯ 0 0
0 0 0 f −g ⋯ 0 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮

0 0 0 0 0 ⋯ −g f

f 0 0 0 0 ⋯ f g

0
BBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCA

, ðA:2Þ

respectively.
In addition, let

G =

g 0 0 0 0 ⋯ 0 0
0 −g 0 0 0 ⋯ 0 0
0 0 g 0 0 ⋯ 0 0
0 0 0 −g 0 ⋯ 0 0
0 0 0 0 g ⋯ 0 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮

0 0 0 0 0 ⋯ g 0
0 0 0 0 0 ⋯ 0 −g

0
BBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCA

, ðA:3Þ

denote anM ×M diagonal matrix and F =Φ −G. There-
fore, we have

Φ = F +G,
Ω = F −G:

(
ðA:4Þ

Note that G† = −G and F† = −F since both of g and f are
imaginary-valued, where ð·Þ† is the Hermitian transpose
operation. For the even subcarrier M, it can be easily
obtained FG + GF = 0 where 0 is the zero matrix. Then, we
have

FF + GG = FF +GG,
FF +GG + FG +GF = FF +GG − FG − GF,

F +Gð Þ F +Gð Þ = F − Gð Þ F −Gð Þ,
F +Gð Þ F −Gð Þ−1 = F + Gð Þ−1 F − Gð Þ,

ΦΩ−1 =Φ−1Ω:

ðA:5Þ

Based on the equations ðΩ−1ΦÞ† =Φ†ðΩ†Þ−1 =ΦΩ−1

and ðΩ−1ΦÞ−1 =Φ−1Ω, we have

Ω−1Φ
� �† = Ω−1Φ

� �−1
: ðA:6Þ
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Then,

Ω−1Φ
� �† Ω−1Φ

� �
= Ω−1Φ
� �

Ω−1Φ
� �† = I: ðA:7Þ

Finally, we can obtain that Ω−1Φ is a unitary matrix.
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