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The Quasi-Aﬃne Transformation Evolutionary (QUATRE) algorithm is a swarm-based collaborative optimization algorithm,
which has drawn attention from researchers due to its simple structure, easy implementation, and powerful performance.
However, it needs to be improved regarding the exploration, especially in the late stage of evolution, and the problem of easy
falling into a local optimal solution. This paper proposes an improved algorithm named Quasi-Aﬃne Transformation
Evolutionary with double excellent guidance (QUATRE-DEG). The algorithm uses not only the global optimal solution but also
the global suboptimal solution to guide the individual evolution. We establish a model to determine the guiding force by the
distance between the global optimal position and the suboptimal position and propose a new mutation strategy through the
double population structure. The optimization of population structure and the improvement of operation mechanisms bring
more exploration for the algorithm. To optimize the algorithm, the experiments on parameter settings were made to determine
the size of the subpopulation and to achieve a balance between exploration and development. The performance of QUATREDEG algorithm is evaluated under CEC2013 and CEC2014 test suites. Through comparison and analysis with some ABC
variants known for their strong exploration ability and advanced QUATRE variants, the competitiveness of the proposed
QUATRE-DEG algorithm is validated.

1. Introduction
Optimization problems have been a hot research ﬁeld since
optimization solutions are crucial to various engineering
practices. Scientiﬁc theories have indicated that appropriate
optimization methods applied in diﬀerent ﬁelds [1–7] will
bring signiﬁcant beneﬁts. Accordingly, powerful and eﬃcient
algorithms have drawn the attention of researchers in diﬀerent application ﬁelds.
Inspired by the laws of the biological community and
natural world, various intelligent optimization algorithms
have been proposed. At the early stages, evolutionary algorithms were ﬁrst developed, such as the Genetic Algorithm
(GA) [8] and Diﬀerential Evolution (DE) algorithm [9].
Genetic Algorithm is a global optimization algorithm developed by imitating the genetic and evolutionary characteristics of organisms. The core idea of the algorithm is
“survival of the ﬁttest in natural selection.” The other algo-

rithm, Diﬀerential Evolution, is also an eﬃcient evolutionary
algorithm. In its process of searching, the better individuals
are continuously selected with the cooperation and competition among particles in the population to ﬁnd the optimal
solution. At the later stages, numerous swarm intelligence
algorithms inspired by biology emerged. Particle Swarm
Optimization (PSO) [10] is an optimization algorithm proposed by observing the living habits of birds. The algorithm
imitates the behavior of continuous migration and clustering
in the process of searching foods. It has the characteristics of
simple structure and easy implementation. The artiﬁcial bee
colony (ABC) algorithm [11] is a swarm intelligence algorithm ﬁrstly proposed by Karabora in 2005, inspired by the
bee colony behavior of honey source searching. Compared
with the premature convergence of PSO, the ABC algorithm
is relatively mature in the application of swarm intelligence
because of its strong searching ability. In recent years, with
the development of computational intelligence, many novel
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global optimization algorithms have been proposed, such as
Multiverse Optimizer (MVO) [12] algorithm, grasshopper
optimization algorithm (GOA) [13], and Quasi-Aﬃne
Transformation Evolutionary (QUATRE) algorithm [14].
These algorithms also have a simple structure and excellent
performance.
It is well known that particle exploitability and exploratory are considered of equivalent importance in swarm
intelligence algorithms, and they should be treated equally
in the process of updating particle position. QUATRE algorithm is evolved from DE algorithm. It solves the position
deviation problem of DE algorithm and has a stronger development ability. But it is slightly insuﬃcient in search performance. In this paper, a new QUATRE-DEG algorithm is
proposed, which divides the population into two subpopulations to increase the diversity of the population and uses the
positions of the global optimal individual and the global suboptimal individual to establish the guiding force model, which
improves the original mutation strategy and enhances the
searching ability of the algorithm. The performance of the
proposed QUATRE-DEG algorithm is veriﬁed by the experiments on CEC2013 benchmark set [15] and CEC2014 benchmark set [16]. The speciﬁc contributions of this paper are as
follows:
(1) The two-population structure of mutation in two
central regions is proposed, which maintains the
diversity of particles, so that more benchmark environments can be explored
(2) The gravity model based on the relationship between
the global optimal solution and the global suboptimal
solution is established and applied to the new operation strategy, so as to enhance the information interaction between the excellent individuals
(3) In the benchmark set of CEC2013 and CEC2014,
some famous ABC variants and advanced QUATRE
variants are compared and analyzed with our
QUATRE-DEG algorithm. The results show that
the performance of the new QUATRE-DEG algorithm is competitive
The next few sections are arranged as follows. The second
section reviews the development of QUATRE and ABC algorithms. The third section mainly introduces the QUATREDEG algorithm proposed in this paper. In the fourth section,
the performance of the QUATRE-DEG algorithm is evaluated by using CEC2013 and CEC2014 benchmarks, respectively. The ﬁnal section provides the summary.

2. Related Works
QUATRE is a relatively new global optimization algorithm
ﬁrst proposed in 2016. The term QUATRE is the abbreviation of Quasi-Aﬃne Transformation Evolution. The algorithm is based on the DE algorithm and uses particle
cooperative evolution in the update process. It replaces the
parameter CR in the DE algorithm with a new collaborative
search matrix M, which solves the position deviation prob-

lem in the DE algorithm. It is a powerful and simple optimization algorithm. Its operation mechanism is shown in the
following formula:
(

B = X gbest,G + F∙ðX r1,G − X r2,G Þ

ð1Þ
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where F is an adjustable mutation size factor. In the original
QUATRE algorithm, its optimal value is 0.7. X gbest,G is a
global optimal matrix, and all row vectors consist of global
optimal individuals. X r1,G and X r2,G are all randomly generated matrices. They are generated by randomly replacing
the row vector of X, but the total elements remain
unchanged. The M is a cooperative search matrix, which is
the key to the evolutionary performance of the algorithm.
The required M matrix can be generated in three steps.
Firstly, the lower triangular matrix is initialized, and the elements in the matrix are 0 or 1. Then, all the elements in the
row vector of the matrix are randomly displaced. Finally,
the M matrix can be obtained by randomly displacing the
 is the binary inverse operation
row vector in the matrix. M
of all elements in M, and ⊗ represents the component
multiplication.
The QUATRE algorithm has the characteristics of fewer
control parameters, simple to use, and powerful performance,
which attracts more and more scholars to study it. Several
successful variants have been proposed [17–21], including
the competition-based QUATRE algorithm (C-QUATRE)
[22] which employs a pairing competition. The winning individuals are directly retained to the next generation, while the
losers need to evolve like the original QUATRE algorithm. It
eﬀectively improves the performance of the algorithm. Like
the DE algorithm, the QUATRE has the disadvantages of
premature convergence and easy to fall into a local optimal
solution. The diversity of particles can eﬀectively reduce premature convergence, but the convergence of particles is also
important, so ﬁnding the balance between particle convergence and diversity is the key. A new sorting-based QUATRE
algorithm (S-QUATRE) [23] was proposed, which not only
keeps the convergence of particles but also enhances the
diversity of particles. Its main improvement scheme is to
divide the population into better and worse groups by sorting
strategy and to evolve the individuals in the worse group,
which improves the search performance of the algorithm. In
addition, the performance of the algorithm is greatly aﬀected
by the disturbance strategy and the parameters of the
disturbance. For example, in QUATRE, a larger disturbance
factor F will enhance the algorithm in search, while a smaller
one will pay more attention to development. In [24], the BPQUATRE algorithm is proposed and the original population
is divided into diﬀerent subpopulations by a new sorting
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Initialization: preset maximum number of iterations G, the number of individuals SN, dimension D, and parameters a1 , a2 , z.
Generate the initial population X, to calculate the ﬁtness of all individuals and get the optimal individual xgbest and the suboptimal
individual xsbest .
According to Eq. (3), individuals are divided into two ﬁxed subpopulations X 1 and X 2 and generate the corresponding global optimal
matrix X gbest,G and global suboptimal matrix X sbest,G .
for g = 1 to G
 matrix.
Randomly generate the matrix M according to Eq. (2), then generate the M
Calculate the Euclidean distance d gs between the global optimal individual and the global suboptimal individual.
Calculate the guiding force AFgs,G through Eq. (4).
Generate the matrix B by Eq. (5).
Evolve individuals in each group using Eq. (6).
Calculate the ﬁtness value of each individual.
for i = 1 to SN
if f ðxiÞ < = f ðxpbesti Þ
xpbesti = xi
end if
end for
Update the current optimal individual xgbest and the current suboptimal individual xsbest .
Generate the new global optimal matrix X gbest,G and global suboptimal matrix X sbest,G .
end for
Output: Individual of global optimal solution xgbest and global optimal value f ðxgbest Þ.
Algorithm 1: QUATRE-DEG.

strategy. Diﬀerent subpopulations use diﬀerent disturbance
modes, and the linear descent parameter F is used to enhance
the global optimization ability of the algorithm.

3. Proposed Approach
The original QUATRE algorithm has an inherent shortcoming of paying too much attention to development, which
makes it easy to fall into the local optimal solution. The diversity of the population can make up for this shortcoming and
enhance the search algorithm. In the iterative process, the
global optimal solution of each iteration is widely used in
the operation mechanism of a large number of algorithms.
It can greatly enhance the convergence of the algorithm,
make it easier to ﬁnd the real global optimal, and also can
improve the operation speed of the algorithm. And the excellent individuals in each iteration are also worthy of reasonable utilization, such as the global suboptimal solution. In
this study, we propose a new QUATRE algorithm based on
double excellent guidance (QUATRE-DEG) which divides
the population into two subgroups, including the optimal
guided group and the suboptimal guided group. It makes
the possible to use the global suboptimal solution to enhance
the performance of the algorithm. The details of the new
QUATRE algorithm are as follows.
3.1. Initialization. Generate a new population and obtain the
current optimal solution and suboptimal solution, as well as
set a maximum number of iterations.
3.2. Double Population Structure. Firstly, all individuals are
divided into two ﬁxed subpopulations, including the optimal
solution population X 1 and suboptimal solution population

X 2 . The number of individuals of optimal solution population and suboptimal solution population is determined by
Eq. (3). In the population of optimal solution, B in Eq. (1) still
takes the location of the optimal solution xgbest as the center
for mutation strategy. But in the population of suboptimal
solution, B is the mutation centered on the position of suboptimal solution xsbest . In this way, the individuals in the population will search in two central regions in each iteration, so
as to explore more environment regions.
(

SNg = ð1 − z Þ ∗ SN,
SNs = z ∗ SN,

ð3Þ

where SN is the total population and z is the parameter which
are used to determine the individual number SNg of the optimal solution population and SNs of the suboptimal solution
population.
3.3. Relation between Optimal Solution and Suboptimal
Solution. For the global optimization algorithm, the task is
to ﬁnd the global optimal solution. In the process of updating
and iteration, excellent individuals can play an important
role. It should be concerned that the neighborhood of the
current global optimal solution may not be better than the
one of the global suboptimal solution, which means that both
the global suboptimal solution and the global optimal solution contain extremely valuable information. If the information can be shared between them, it can enhance the
performance of the algorithm, since there is a strong information interaction between individuals in the grasshopper
optimization algorithm (GOA). Inspired by the GOA, this
study proposes a model to determine the guiding force
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Table 1: Comparison on 10D optimization under CEC2013 test suite with diﬀerent values of parameter z.

QUATRE-DEG
f

z = 0:1
Mean/std

z = 0:2
Mean/std

z = 0:3
Mean/std

z = 0:4
Mean/std

z = 0:5
Mean/std

z = 0:6
Mean/std

5.90E-04/1.2E-04

5.97E-04/7.9E-05

6.20E-04/1.2E-04

6.21E-04/6.9E-05

6.73E-04/1.0E-04

f a1

5.80E-04/8.5E-05

f a2

2.68E+05/1.1E+05 3.40E+05/1.1E+05 4.23E+05/1.9E+05 2.63E+05/1.6E+05 3.29E+05/1.1E+05 3.55E+05/1.4E+05

f a3

9.18E+06/2.6E+07 5.44E+05/1.0E+06 6.73E+05/1.0E+06 2.89E+05/5.4E+05 3.20E+05/4.9E+05 2.02E+06/3.2E+06

f a4

2.01E+01/1.5E+01 2.48E+01/1.8E+01 1.79E+01/1.1E+01 2.77E+01/1.7E+01 2.12E+01/1.5E+01 3.45E+01/2.8E+01

f a5

2.82E-04/6.7E-05

f a6

6.98E+00/1.0E+01 9.43E+00/1.1E+01 3.35E+00/1.4E+00 4.92E+00/7.5E+00 4.47E+00/7.7E+00 4.97E+00/7.6E+00

f a7

1.67E+01/8.5E+00 1.80E+01/1.4E+01 1.86E+01/1.0E+01 2.19E+01/1.5E+01 1.89E+01/1.2E+01 1.30E+01/1.2E+01

f a8

2.10E+01/5.3E-02 2.09E+01/7.2E-02 2.10E+01/6.0E-02 2.10E+01/5.1E-02 2.09E+01/5.9E-02 2.10E+01/3.1E-02

f a9

1.58E+01/2.9E+00 1.41E+01/5.5E+00 1.67E+01/5.9E+00 1.71E+01/4.6E+00 1.79E+01/3.9E+00 1.42E+01/5.2E+00

f a10

6.09E-02/1.4E-02

f a11

2.23E+01/5.0E+00 2.62E+01/8.8E+00 2.39E+01/7.5E+00 2.03E+01/5.9E+00 1.87E+01/3.8E+00 2.05E+01/6.7E+00

f a12

6.10E+01/9.1E+00 5.16E+01/1.5E+01 6.41E+01/1.5E+01 5.51E+01/1.6E+01 5.64E+01/2.0E+01 5.35E+01/1.5E+01

f a13

1.22E+02/3.1E+01 1.16E+02/3.1E+01 9.83E+01/3.3E+01 1.13E+02/2.9E+01 1.21E+02/3.4E+01 1.03E+02/3.5E+01

f a14

7.67E+02/1.9E+02 6.38E+02/2.2E+02 6.50E+02/1.7E+02 7.10E+02/1.4E+02 7.66E+02/2.5E+02 7.07E+02/2.5E+02

f a15

3.57E+03/5.9E+02 3.85E+03/6.2E+02 3.46E+03/6.8E+02 4.02E+03/5.2E+02 3.75E+03/7.2E+02 3.92E+03/5.5E+02

2.93E-04/3.8E-05

5.72E-02/1.4E-02

2.99E-04/4.7E-05

5.72E-02/1.4E-02

2.80E-04/3.5E-05

5.68E-02/1.6E-02

3.30E-04/6.2E-05

6.47E-02/1.4E-02

3.72E-04/7.1E-05

5.88E-02/1.0E-02

f a16

3.11E-01/2.0E-01

f a17

5.41E+01/4.8E+00 5.15E+01/6.2E+00 4.89E+01/3.5E+00 5.02E+01/6.1E+00 4.59E+01/4.6E+00 4.63E+01/5.3E+00

f a18

8.44E+01/2.0E+01 8.87E+01/1.7E+01 8.49E+01/1.0E+01 7.62E+01/1.8E+01 8.12E+01/1.1E+01 7.65E+01/1.0E+01

f a19

3.04E+00/7.1E-01 2.49E+00/2.9E-01 3.05E+00/5.8E-01 2.19E+00/5.3E-01 2.49E+00/4.6E-01 2.41E+00/5.0E-01

3.34E-01/1.1E-01

3.59E-01/1.2E-01

3.40E-01/1.0E-01

3.20E-01/1.5E-01

2.42E-01/1.1E-01

f a20

1.16E+01/5.5E-01 1.17E+01/4.9E-01 1.17E+01/3.4E-01 1.12E+01/6.4E-01 1.13E+01/4.8E-01 1.14E+01/6.0E-01

f a21

2.75E+02/7.7E+01 3.18E+02/1.1E+02 3.33E+02/8.2E+01 3.33E+02/8.2E+01 3.28E+02/1.0E+02 2.65E+02/8.0E+01

f a22

1.09E+03/2.5E+02 6.64E+02/2.7E+02 6.45E+02/1.3E+02 7.37E+02/2.1E+02 6.98E+02/1.6E+02 5.98E+02/2.5E+02

f a23

3.86E+03/4.1E+02 4.10E+03/5.3E+02 3.96E+03/2.9E+02 3.90E+03/8.2E+02 3.93E+03/4.9E+02 4.08E+03/8.0E+02

f a24

2.33E+02/1.2E+01 2.30E+02/1.2E+01 2.37E+02/8.2E+00 2.24E+02/1.4E+01 2.29E+02/1.6E+01 2.25E+02/1.3E+01

f a25

2.60E+02/9.5E+00 2.54E+02/7.2E+00 2.55E+02/3.5E+00 2.54E+02/8.0E+00 2.50E+02/7.8E+00 2.52E+02/9.3E+00

f a26

2.69E+02/7.2E+01 2.38E+02/6.1E+01 2.13E+02/4.0E+01 2.51E+02/6.5E+01 2.23E+02/4.7E+01 2.27E+02/5.6E+01

f a27

6.49E+02/1.0E+02 6.39E+02/7.1E+01 6.61E+02/1.3E+02 6.10E+02/5.8E+01 6.11E+02/7.3E+01 6.50E+02/7.7E+01

f a28

3.97E+02/3.0E+02 3.01E+02/5.1E-02 3.01E+02/6.9E-02 3.01E+02/9.1E-02 3.01E+02/5.2E-02 3.01E+02/1.1E-01

Best quantity

2

4

5

between the global optimal solution and the global suboptimal
solution by the distance between them, as shown in Eq. (4).
8
f ðr Þ = a1 ∗ e−r/a2 − e−r ,
>
>
>
>
>
>
d gs
<
,
r=
D
+2
>
>
>
xgbest − xsbest
>
1
>
>
,
: AFgs = 2 ∗ ðub − lbÞ ∗ f ðr Þ ∗
d gs

ð4Þ

where d gs is the Euclidean distance between the global optimal
solution and the global suboptimal solution and D represents
the dimension. In the function of f ðrÞ, the parameter values
of a1 and a2 are recommended to be set to 0.5 and 1.5,

9

4

4

respectively. The AFsg represents the attraction of the global
optimal solution to the global suboptimal solution. The ub
and lb represent the upper and lower bounds of the search
space, respectively. In the f ðrÞ function, when r is equal to
2.079, the function value is 0, and when r value increases,
the function value will ﬁrst increase to the maximum value
of 0.02 and then gradually decrease to 0. A distance-based
attractiveness model is constructed by using the characteristics
of f ðrÞ. When the distance between the global optimal solution and the global suboptimal solution is close, the attractiveness AFgs of the global optimal solution and the global
suboptimal solution is positively correlated with the distance
d gs . However, when the distance between the global optimal
solution and the global suboptimal solution is far, the attraction AFgs is negatively correlated with the distance d gs .
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Table 2: Comparison on 10D optimization under CEC2013 test suite with diﬀerent algorithms.
Algorithms
f
f a1

QUATRE-DEG
Mean/std

C-QUATRE
Mean/std

QUATRE
Mean/std

MABC
Mean/std

IABC
Mean/std

1.32E-04/5.1E-05

0.00E+00/0.0E+00(>)

0.00E+00/0.0E+00(>)

0.00E+00/0.0E+00(>)

0.00E+00/0.0E+00(>)

f a2

8.42E-01/7.4E-01

1.98E-04/1.4E-03(>)

5.29E-03/1.8E-02(>)

1.48E+06/5.5E+05(<)

1.51E+06/6.6E+05(<)

f a3

7.64E+01/8.7E+01

5.60E-01/1.7E+00(>)

1.63E-01/8.9E-01(>)

7.18E+06/6.5E+06(<)

5.54E+07/3.6E+07(<)

f a4

1.82E-02/8.3E-03

6.92E-10/1.4E-09(>)

4.53E-07/8.7E-07(>)

1.27E+04/3.3E+03(<)

5.63E+03/1.7E+03(<)

f a5

7.75E-05/3.5E-05

0.00E+00/0.0E+00(>)

0.00E+00/0.0E+00(>)

0.00E+00/0.0E+00(>)

0.00E+00/0.0E+00(>)

f a6

4.90E+00/4.9E+00

3.17E+00/4.6E+00(>)

5.26E+00/1.0E+01(<)

4.87E+00/3.6E+00(>)

3.22E+00/4.2E+00(>)

f a7

6.14E-01/2.1E+00

2.37E+00/9.4E+00(<)

7.23E-01/2.2E+00(<)

1.54E+01/3.3E+00(<)

1.89E+01/4.8E+00(<)
2.04E+01/7.7E-02(<)

f a8

2.03E+01/9.1E-02

2.05E+01/9.7E-02(<)

2.05E+01/8.8E-02(<)

2.04E+01/8.2E-02(<)

f a9

1.71E+00/1.2E+00

1.74E+00/1.3E+00(<)

1.98E+00/1.3E+00(<)

5.05E+00/5.8E-01(<)

4.15E+00/7.8E-01(<)

f a10

1.73E-01/7.6E-02

1.75E-01/1.1E-01(<)

1.82E-01/1.2E-01(<)

7.61E-01/1.6E-01(<)

1.03E+00/2.2E-01(<)

f a11

2.56E+00/1.7E+00

2.98E+00/1.6E+00(<)

2.75E+00/1.7E+00(<)

0.00E+00/0.0E+00(>)

0.00E+00/0.0E+00(>)

f a12

1.23E+01/5.5E+00

1.47E+01/7.9E+00(<)

1.38E+01/5.9E+00(<)

1.77E+01/4.2E+00(<)

1.57E+01/4.6E+00(<)

f a13

1.75E+01/8.1E+00

2.16E+01/7.3E+00(<)

2.21E+01/8.5E+00(<)

1.90E+01/4.5E+00(<)

1.77E+01/5.1E+00(<)

f a14

6.05E+01/7.3E+01

9.90E+01/9.7E+01(<)

9.80E+01/8.3E+01(<)

3.89E+01/2.7E+01(>)

6.99E+00/4.2E+00(<)

f a15

8.24E+02/2.7E+02

1.08E+03/3.0E+02(<)

9.81E+02/3.0E+02(<)

1.12E+03/1.6E+02(<)

7.15E+02/1.8E+02(>)

f a16

1.15E-01/1.0E-01

1.27E+00/3.4E-01(<)

1.19E+00/3.7E-01(<)

1.04E+00/1.6E-01(<)

1.01E+00/1.6E-01(<)

f a17

1.03E+01/3.1E+00

1.01E+01/4.0E+00(>)

1.12E+01/2.5E+00(<)

1.22E+01/5.7E-01(<)

1.01E+01/1.3E-02(>)

f a18

2.25E+01/5.7E+00

3.27E+01/9.0E+00(<)

3.10E+01/7.0E+00(<)

3.70E+01/3.3E+00(<)

3.42E+01/5.8E+00(<)

f a19

5.23E-01/1.9E-01

6.87E-01/2.0E-01(<)

6.64E-01/2.7E-01(<)

5.24E-01/1.9E-01(<)

5.78E-01/1.8E-01(<)

f a20

2.78E+00/5.7E-01

3.04E+00/5.4E-01(<)

2.92E+00/6.0E-01(<)

3.21E+00/2.3E-01(<)

2.79E+00/3.1E-01(<)

f a21

3.88E+02/4.8E+01

3.57E+02/9.0E+01(>)

3.79E+02/6.1E+01(>)

2.41E+02/9.6E+01(>)

3.68E+02/8.6E+01(>)

f a22

1.40E+02/1.0E+02

1.74E+02/9.3E+01(<)

1.96E+02/1.4E+02(<)

1.21E+02/6.5E+01(>)

3.80E+01/5.9E+01(>)

f a23

8.82E+02/3.3E+02

1.05E+03/3.5E+02(<)

9.66E+02/3.8E+02(<)

1.26E+03/1.5E+02(<)

9.46E+02/2.1E+02(<)

f a24

2.04E+02/5.2E+00

2.05E+02/4.7E+00(<)

2.06E+02/5.2E+00(<)

1.49E+02/9.1E+00(>)

1.38E+02/2.8E+01(>)

f a25

2.04E+02/3.8E+00

2.05E+02/4.3E+00(<)

2.00E+02/1.9E+01(>)

1.84E+02/1.4E+01(>)

1.91E+02/2.3E+01(>)

f a26

1.62E+02/4.4E+01

1.72E+02/5.9E+01(<)

1.75E+02/5.4E+01(<)

1.39E+02/7.7E+00(>)

1.32E+02/2.7E+01(>)

f a27

3.31E+02/2.9E+01

3.55E+02/9.0E+01(<)

3.37E+02/7.8E+01(<)

3.33E+02/3.2E+01(<)

3.45E+02 /3.8E+0(<)

f a28

2.89E+02/4.8E+01

2.84E+02/5.4E+01(>)

2.92E+02/5.2E+01(<)

2.43E+02/6.3E+01(>)

2.93E+02/1.6E+02(<)

19/0/9

21/0/7

17/0/11

16/0/12

w/t/l

3.4. Arithmetic Strategy. The model of AFgs,G establishes the
relationship between the global optimal solution and the
global suboptimal solution so that the algorithm can eﬀectively search the neighborhood between the global optimal
solution and the global suboptimal solution. The characteristics of the function f ðrÞ can help us balance the search and
development of the algorithm. The new arithmetic strategy
is shown in Eq. (5) and Eq. (6).
8
Bg = X gbest,G + F∙ðX r1,G − X r2,G Þ − AFgs,G ,
>
>
<
Bs = X sbest,G + F∙ðX r1,G − X r2,G Þ + AFgs,G ,
>
>


:
B = B g ; Bs ,

ð5Þ

(

X = ½X 1 ; X 2 ,
 ⊗ X + M ⊗ B,
X⟵M

ð6Þ

where X gbest,G and X sbest,G are the matrices generated, respectively, by taking the position coordinates of the global optimal solution and the global suboptimal solution as the row
vector elements, and the number of columns of the matrix
is determined by the number of individuals in the population. The AFgs,G matrix can be obtained by the same principle. As shown in Eq. (6), the matrix M and the crossover
strategy remain unchanged. The algorithm assigns individuals to two ﬁxed subpopulations to increase the diversity of
the population. Each subpopulation has diﬀerent operation
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Table 3: Comparison on 30D optimization under CEC2013 test suite with diﬀerent algorithms.

Algorithms
f

QUATRE-DEG
Mean/std

C- QUATRE
Mean/std

QUATRE
Mean/std

MABC
Mean/std

IABC
Mean/std

f a1

6.17E-04/1.1E-04

0.00E+00/0.0E+0(>)

2.23E-14/6.8E-1(>)

0.00E+00/0.0E+0(>)

0.00E+00/0.0E+0(>)

f a2

3.16E+05/1.5E+05

5.42E+05/2.8E+0(<)

2.60E+05/1.0E+0(>)

6.89E+07/1.3E+0(<)

2.13E+07/3.9E+0(<)

f a3

1.62E+06/4.2E+06

4.55E+05/1.8E+0(>)

2.41E+06/4.8E+0(<)

3.35E+09/8.6E+0(<)

4.53E+09/1.2E+0(<)

f a4

2.39E+01/1.6E+01

8.33E+01/4.9E+0(<)

1.59E+01/1.0E+0(>)

8.06E+04/1.0E+0(<)

4.69E+04/7.1E+0(<)

f a5

3.08E-04/5.0E-05

9.59E-14/4.2E-1(>)

1.11E-13/1.6E-1(>)

0.00E+00/0.0E+0(>)

0.00E+00/0.0E+0(>)

f a6

5.01E+00/8.0E+00

1.05E+01/1.3E+0(<)

6.51E+00/1.1E+0(<)

1.76E+01/8.9E+0(<)

3.59E+01/2.4E+0(<)

f a7

1.39E+01/1.0E+01

8.53E+00/7.8E+0(>)

2.17E+01/1.5E+0(<)

9.79E+01/8.1E+0(<)

9.64E+01/8.2E+0(<)

f a8

2.09E+01/5.6E-02

2.10E+01/5.9E-0(<)

2.10E+01/5.0E-0(<)

2.09E+01/5.3E-0(=)

2.09E+01/6.1E-0(=)

f a9

1.65E+01/5.3E+00

1.51E+01/5.6E+0(>)

1.69E+01/6.3E+0(<)

3.43E+01/1.2E+0(<)

2.92E+01/1.9E+0(<)

f a10

5.98E-02/1.4E-02

2.69E-02/1.7E-0(<)

2.48E-02/1.6E-0(>)

6.22E-01/5.0E-0(<)

2.25E+00/7.4E-0(<)

f a11

2.25E+01/5.6E+00

1.91E+01/5.1E+0(>)

2.69E+01/7.2E+0(<)

9.60E+01/8.0E+0(<)

0.00E+00/0.0E+0(>)

f a12

6.19E+01/1.9E+01

8.75E+01/2.4E+0(<)

7.87E+01/2.5E+0(<)

2.28E+02/1.2E+0(<)

2.84E+02/1.2E+0(<)

f a13

1.12E+02/2.8E+01

1.13E+02/3.0E+0(<)

1.25E+02/3.0E+0(<)

2.25E+02/1.4E+0(<)

2.83E+02/2.4E+0(<)

f a14

6.88E+02/2.7E+02

6.48E+02/2.8E+0(>)

8.74E+02/3.2E+0(<)

4.14E+03/2.8E+0(<)

9.08E+01/3.2E+0(>)

f a15

3.77E+03/6.1E+02

5.59E+03/8.8E+0(<)

5.23E+03/6.2E+0(<)

7.37E+03/2.9E+0(<)

5.00E+03/4.2E+0(<)

f a16

3.01E-01/1.6E-01

2.43E+00/3.6E-0(<)

2.51E+00/4.2E-0(<)

2.43E+00/2.7E-0(<)

2.20E+00/2.5E-0(<)

f a17

4.71E+01/4.9E+00

4.94E+01/5.5E+0(<)

5.46E+01/6.8E+0(<)

1.43E+02/8.9E+0(<)

3.08E+01/1.8E-0(>)

f a18

8.61E+01/2.5E+01

1.74E+02/2.3E+0(<)

1.69E+02/2.4E+0(<)

2.52E+02/9.2E+0(<)

3.30E+02/2.8E+0(<)

f a19

2.53E+00/5.5E-01

3.23E+00/7.4E-0(<)

3.47E+00/7.4E-0(<)

1.33E+01/1.0E+0(<)

2.75E+00/5.1E-0(<)

f a20

1.14E+01/6.0E-01

1.19E+01/5.6E-0(<)

1.18E+01/5.8E-0(<)

1.38E+01/2.7E-0(<)

1.30E+01/3.0E-0(<)

f a21

2.93E+02/7.5E+01

2.93E+02/8.8E+0(=)

2.84E+02/6.5E+0(>)

2.61E+02/4.9E+0(>)

3.28E+02/5.8E+0(<)

f a22

6.09E+02/2.6E+02

6.47E+02/2.4E+0(<)

8.62E+02/3.0E+0(<)

4.68E+03/2.2E+0(<)

1.23E+02/3.0E+0(>)

f a23

3.92E+03/7.6E+02

5.58E+03/6.3E+0(<)

5.37E+03/8.0E+0(<)

7.86E+03/3.0E+0(<)

5.82E+03/5.1E+0(<)

f a24

2.31E+02/1.1E+01

2.32E+02/1.4E+0(<)

2.37E+02/1.2E+0(<)

2.87E+02/3.4E+0(<)

2.53E+02/5.9E+0(<)

f a25

2.51E+02/7.4E+00

2.53E+02/7.0E+0(<)

2.59E+02/7.9E+0(<)

2.94E+02/4.2E+0(<)

2.63E+02/2.6E+0(<)

f a26

2.47E+02/6.5E+01

2.56E+02/6.5E+0(<)

2.58E+02/6.8E+0(<)

2.08E+02/1.5E+0(>)

2.00E+02/5.4E-0(>)

f a27

6.43E+02/1.1E+02

6.34E+02/1.0E+0(>)

6.51E+02/1.0E+0(<)

1.12E+03/1.5E+0(<)

8.71E+02/1.0E+0(<)

f a28

3.22E+02/1.5E+02

3.83E+02/2.9E+0(<)

3.16E+02/1.4E+0(>)

3.00E+02/3.4E-1(>)

2.80E+02/6.0E+0(>)

18/1/9

21/0/7

22/1/5

19/1/8

w/t/l

strategies and can share information in the process of searching. When searching with the global optimization as the center, it will be guided by the global suboptimal force; similarly,
when searching with the global suboptimal as the center, it
will be guided by the global optimal force. This expands the
algorithm’s search for excellent regions and avoids falling
into the local optimum. The double optimal guidance mechanism not only ensures the convergence of both global optimal position and global suboptimal position, but also brings
more exploration to benchmark environments. Accordingly,
the proposed algorithm can be an eﬀective approach to
enhance the search performance of the algorithm.
3.5. Algorithm Process. The process of QUATRE-DEG algorithm is given as follows.

4. Experiment and Analysis
In order to verify the performance of the algorithm, we carried out experiments with 58 real-parameter single objective
optimizations in the CEC2013 and CEC2014 test suites. All
benchmark functions are considered as black-box problems,
and the search range is set to [-100, 100]. In CEC2013, there
are 28 test functions, including unimodal functions (fa1-fa5),
basic multimodal functions (fa6-f20), and composition functions (fa21-fa28). In CEC2014, there are 30 test functions
including four diﬀerent categories: unimodal function (fb1fb3), simple multimodal function (fb4-fb16), hybrid function
1 (fb17-fb22), and composition function (fb23-fb30).
We have learned that the QUATRE algorithm focuses on
the development, but the search is slightly inadequate. Our

Wireless Communications and Mobile Computing

7

Table 4: Comparison on 50D optimization under CEC2013 test suite with diﬀerent algorithms.
Algorithms
f

QUATRE-DEG
Mean/std

C-QUATRE
Mean/std

QUATRE
Mean/std

MABC
Mean/std

IABC
Mean/std

2.27E-13/0.0E+00(>)

0.00E+00/0.0E+00(>)

0.00E+00/0.0E+00(>)

f a1

1.31E-03/1.4E-04

1.25E-13/1.1E-13(>)

f a2

1.06E+06/3.1E+05

8.70E+05/2.8E+05(>)

1.01E+06/4.3E+05(>)

2.99E+08/3.3E+07(<)

3.66E+07/5.6E+06(<)

f a3

1.76E+07/1.7E+07

3.27E+07/4.3E+07(<)

2.46E+07/3.1E+07(<)

5.73E+10/6.6E+09(<)

1.48E+10/2.3E+09(<)

f a4

1.45E+02/6.1E+01

8.71E+01/6.1E+01(>)

1.36E+02/8.2E+01(>)

1.54E+05/1.1E+04(<)

8.10E+04/8.9E+03(<)

f a5

1.78E-13/6.5E-14(>)

0.00E+00/0.0E+00(>)

0.00E+00/0.0E+00(>)

6.06E-04/8.1E-05

1.18E-13/2.2E-14(>)

f a6

4.36E+01/8.1E-01

4.39E+01/1.5E+00(<)

4.37E+01/8.0E-01(<)

4.45E+01/9.7E-01(<)

7.77E+01/2.2E+01(<)

f a7

4.42E+01/1.6E+01

4.32E+01/1.7E+01(>)

6.56E+01/2.6E+01(<)

1.79E+02/8.7E+00(<)

1.13E+02/7.7E+00(<)

2.11E+01/3.5E-02(=)

2.11E+01/5.0E-02(=)

f a8

2.11E+01/3.3E-02

2.12E+01/3.7E-02(<)

2.12E+01/3.1E-02(<)

f a9

3.58E+01/1.0E+01

3.72E+01/1.1E+01(<)

3.58E+01/1.1E+01(=)

6.89E+01/1.3E+00(<)

5.66E+01/2.4E+00(<)

f a10

1.08E-01/2.1E-02

6.63E-02/3.2E-02(>)

4.57E-02/2.8E-02(>)

3.30E+02/4.1E+01(<)

3.25E+00/6.0E-01(<)

f a11

6.59E+01/1.4E+01

7.60E+01/1.9E+01(<)

8.56E+01/1.6E+01(<)

2.91E+02/1.6E+01(<)

1.73E-01/6.1E-01(>)

f a12

1.06E+02/2.6E+01

1.84E+02/4.0E+01(<)

1.80E+02/4.7E+01(<)

4.83E+02/1.6E+01(<)

4.52E+02/3.4E+01(<)

f a13

2.24E+02/4.5E+01

2.58E+02/5.4E+01(<)

2.62E+02/4.2E+01(<)

4.84E+02/1.8E+01(<)

5.70E+02/4.0E+01(<)

f a14

1.67E+03/4.6E+02

2.29E+03/4.6E+02(<)

2.32E+03/4.8E+02(<)

9.50E+03/3.2E+02(<)

1.44E+02/5.8E+01(>)

f a15

7.13E+03/8.1E+02

1.14E+04/1.3E+03(<)

1.11E+04/1.0E+03(<)

1.42E+04/3.4E+02(<)

1.06E+04/6.4E+02(<)

f a16

5.13E-01/1.7E-01

3.34E+00/5.1E-01(<)

3.20E+00/5.3E-01(<)

3.38E+00/2.7E-01(<)

2.85E+00/3.2E-01(<)

f a17

1.12E+02/1.4E+01

1.39E+02/1.5E+01(<)

1.40E+02/1.6E+01(<)

3.61E+02/1.5E+01(<)

5.24E+01/7.5E-01(>)

f a18

1.47E+02/2.2E+01

3.58E+02/4.6E+01(<)

3.37E+02/3.9E+01(<)

5.30E+02/1.4E+01(<)

6.98E+02/5.0E+01(<)

f a19

6.17E+00/1.6E+00

8.69E+00/1.9E+00(<)

8.79E+00/1.9E+00(<)

3.63E+01/1.7E+00(<)

6.89E+00/7.3E-01(<)

f a20

2.10E+01/6.3E-01

2.18E+01/5.6E-01(<)

2.16E+01/7.2E-01(<)

2.38E+01/2.3E-01(<)

2.21E+01/4.3E-01(<)

f a21

7.23E+02/4.2E+02

6.85E+02/4.4E+02(>)

7.39E+02/4.3E+02(<)

9.43E+02/3.3E+02(<)

8.98E+02/1.2E+02(<)

f a22

1.95E+03/5.0E+02

2.27E+03/4.8E+02(<)

2.46E+03/5.0E+02(<)

9.99E+03/2.9E+02(<)

7.92E+01/5.7E+01(>)

f a23

7.60E+03/9.7E+02

1.13E+04/1.1E+03(<)

1.14E+04/1.2E+03(<)

1.49E+04/3.9E+02(<)

1.18E+04/7.0E+02(<)

f a24

2.72E+02/1.5E+01

2.73E+02/1.3E+01(<)

2.80E+02/1.1E+01(<)

3.72E+02/4.0E+00(<)

3.33E+02/1.0E+01(<)

f a25

3.06E+02/1.2E+01

3.13E+02/1.5E+01(<)

3.13E+02/1.0E+01(<)

3.92E+02/4.4E+00(<)

4.20E+02/1.2E+01(<)

f a26

3.63E+02/5.1E+01

3.65E+02/3.7E+01(<)

3.58E+02/6.0E+01(>)

2.35E+02/5.4E+00(>)

2.01E+02/1.5E-01(>)

f a27

1.04E+03/1.6E+02

1.08E+03/1.7E+02(<)

1.13E+03/1.5E+02(<)

2.03E+03/3.4E+01(<)

1.70E+03/7.6E+01(<)

f a28

8.13E+02/1.0E+03

9.90E+02/1.2E+03(<)

8.73E+02/1.1E+03(<)

4.23E+02/1.6E+02(>)

4.04E+02/2.8E+01(>)

21/0/7

21/1/6

23/1/4

19/1/8

w/t/l

QUATRE-DEG algorithm focuses on improving the search
ability of the algorithm to improve the overall performance
of the algorithm. In the experiments, to verify the overall performance of the algorithm, it is not only compared with the
advanced QUATRE variant but also with the famous variants
of the ABC algorithm, which is famous for its strong search
ability. The new QUATRE-DEG algorithm is a further
improvement of QUATRE algorithm, and the search strategy
of ABC algorithm determines its strong exploration performance. In QUATRE-DEG, the performance of the algorithm
is mainly improved by enhancing the exploration ability.
Therefore, we use some famous ABC variants and advanced
QUATRE variants to compare with our proposed algorithm
to verify that the performance of QUATRE-DEG is reliable.
The comparison includes the original QUATRE [14], CQUATRE [22], IABC [25], MABC [26], and QUATRE-

DEG algorithms. In all QUATRE-based algorithms, the population size is set to 100, while the population size of all ABC
algorithms is set to 50, and the parameter limit is set to D∗
SN/2, where D is the dimension size and SN is the population
size. In addition, in the QUATRE, C-QUATRE, and
QUATRE-DEG algorithms, the value of parameter F is set
to the recommended value of 0.7. In the IABC algorithm,
MR is set to 0.3.
The experiments were complete on Windows 10 Professional system with 8 GB RAM and Intel i5-4210 m processor.
The evaluation tool is MATLAB 2019a and the maxFES is set
to 10e4∗ D.
4.1. Parameter Setting. There is an important parameter z in
the QUATRE-DEG algorithm, which determines the size of
the population allocated to the global optimal and global
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Table 5: Comparison on 10D optimization under CEC2014 test suite with diﬀerent algorithms.

Algorithms
f

QUATRE-DEG
Mean/std

C-QUATRE
Mean/std

QUATRE
Mean/std

MABC
Mean/std

IABC
Mean/std

1.20E-10/1.8E-10(>)

6.59E-08/7.5E-08(>)

1.34E+05/6.7E+04(<)

3.14E+05/1.3E+05(<)

f b1

2.84E-01/2.0E-01

f b2

5.82E+00/2.9E+01

0.00E+00/0.0E+00(>)

0.00E+00/0.0E+00(>)

1.08E+02/1.5E+02(<)

4.47E+02/5.1E+02(<)

f b3

1.14E-03/3.8E-04

0.00E+00/0.0E+00(>)

0.00E+00/0.0E+00(>)

1.50E+02/2.5E+02(<)

1.44E+02/8.5E+01(<)

f b4

2.36E+01/1.6E+01

2.10E+01/1.7E+01(>)

2.17E+01/1.6E+01(>)

1.16E+00/1.4E+00(>)

1.12E+00/1.7E+00(>)

f b5

1.96E+01/2.8E+00

2.02E+01/5.5E-02(<)

1.90E+01/4.8E+00(>)

1.99E+01/1.2E+00(<)

1.40E+01/8.8E+00(>)

f b6

2.33E-01/3.6E-01

6.54E-01/7.8E-01(<)

4.09E-01/6.2E-01(<)

6.54E-01/4.2E-01(<)

3.61E-01/2.9E-01(<)

f b7

9.98E-02/4.8E-02

8.97E-02/6.8E-02(>)

1.03E-01/6.1E-02(<)

1.36E-02/1.5E-02(>)

1.36E-02/1.3E-02(>)

f b8

2.69E+00/1.5E+00

3.02E+00/1.4E+00(<)

3.06E+00/1.7E+00(<)

0.00E+00/0.0E+00(>)

0.00E+00/0.0E+00(>)

f b9

7.92E+00/4.1E+00

9.30E+00/4.0E+00(<)

9.35E+00/4.4E+00(<)

9.07E+00/2.0E+00(<)

5.25E+00/1.5E+00(>)

f b10

4.23E+01/6.4E+01

7.09E+01/7.5E+01(<)

6.07E+01/6.3E+01(<)

1.88E+00/2.9E+00(>)

1.63E-01/7.2E-02(>)

f b11

3.48E+02/2.1E+02

3.89E+02/1.9E+02(<)

3.32E+02/2.2E+02(>)

5.28E+02/1.1E+02(<)

1.50E+02/8.6E+01(>)

f b12

2.30E-02/2.6E-02

3.16E-01/1.8E-01(<)

2.75E-01/1.9E-01(<)

4.50E-01/1.1E-01(<)

3.56E-01/8.0E-02(<)

f b13

1.17E-01/3.2E-02

1.48E-01/7.8E-02(<)

1.48E-01/6.1E-02(<)

1.83E-01/3.1E-02(<)

1.71E-01/2.6E-02(<)

f b14

1.07E-01/4.2E-02

1.52E-01/5.9E-02(<)

1.58E-01/5.2E-02(<)

1.86E-01/3.1E-02(<)

1.44E-01/2.6E-02(<)

f b15

8.24E-01/2.7E-01

1.30E+00/4.5E-01(<)

1.06E+00/4.2E-01(<)

1.33E+00/2.2E-01(<)

1.00E+00/1.9E-01(<)

f b16

1.79E+00/5.6E-01

1.93E+00/5.5E-01(<)

1.94E+00/5.5E-01(<)

2.72E+00/1.6E-01(<)

1.80E+00/3.2E-01(<)

f b17

8.07E+01/7.4E+01

8.26E+01/8.0E+01(<)

9.87E+01/6.7E+01(<)

9.45E+03/6.1E+03(<)

1.82E+04/1.7E+04(<)

f b18

2.74E+00/2.9E+00

2.39E+00/2.0E+00(<)

3.87E+00/4.4E+00(<)

3.67E+02/2.9E+02(<)

2.45E+03/1.4E+03(<)

f b19

3.94E-01/4.6E-01

8.26E-01/9.7E-01(<)

7.46E-01/7.6E-01(<)

8.59E-01/2.4E-01(<)

3.95E-01/3.1E-01(<)

f b20

1.09E+00/8.2E-01

1.15E+00/7.1E-01(<)

1.92E+00/2.5E+00(<)

1.14E+02/1.0E+02(<)

3.72E+02/3.6E+02(<)

f b21

3.13E+01/4.7E+01

5.02E+01/6.0E+01(<)

5.19E+01/6.2E+01(<)

1.02E+03/9.4E+02(<)

2.82E+03/1.9E+03(<)

f b22

1.15E+01/1.1E+01

8.59E+00/1.1E+01(>)

1.60E+01/3.0E+01(<)

5.96E-01/7.3E-01(>)

5.77E+00/1.8E+01(>)

f b23

3.29E+02/8.1E-07

3.29E+02/2.9E-13(=)

3.29E+02/2.9E-13(=)

3.18E+02/4.8E+01(>)

3.19E+02/6.5E+01(>)

f b24

1.19E+02/4.9E+00

1.18E+02/6.1E+00(>)

1.19E+02/5.8E+00(<)

1.16E+02/3.4E+00(>)

1.09E+02/3.6E+00(>)

f b25

1.73E+02/3.8E+01

1.85E+02/3.3E+01(<)

1.76E+02/3.7E+01(<)

1.52E+02/7.3E+00(>)

1.34E+02/6.3E+00(>)

f b26

1.00E+02/4.1E-02

1.00E+02/7.4E-02(=)

1.00E+02/7.0E-02(=)

1.00E+02/4.8E-02(=)

1.00E+02/2.4E-02(=)

f b27

2.25E+02/1.8E+02

2.28E+02/1.9E+02(<)

2.30E+02/1.7E+02(<)

3.38E+01/7.2E+01(>)

4.69E+01/1.2E+02(>)

f b28

4.06E+02/5.4E+01

4.24E+02/7.6E+01(<)

4.32E+02/6.0E+01(<)

3.62E+02/4.9E+00(>)

3.69E+02/8.9E+01(>)

f b29

4.20E+04/3.0E+05

1.17E+05/4.7E+05(<)

1.22E+05/4.9E+05(<)

3.56E+02/5.4E+01(>)

4.04E+02/7.0E+01(>)

f b30

5.18E+02/7.5E+01

5.56E+02/1.9E+02(<)

5.46E+02/1.3E+02(<)

5.23E+02/3.2E+01(<)

5.46E+02/4.6E+01(<)

20/2/8

22/2/6

18/1/11

15/1/14

w/t/l

suboptimal subpopulations. The size of the population will
aﬀect the performance of the algorithm, especially when the
two populations aﬀect each other. Accordingly, it is necessary
to determine the size of the two subpopulations ﬁrst. Ideologically, it usually does not allow the size of the global optimal
subpopulation to be lower than that of the global suboptimal.
The population should be dominated by the global optimal
subpopulation, which conforms to the basic logic of ﬁnding
the global optimal solution. In our setting, when z value is
larger, the more individuals are allocated to the global optimal subpopulation and more development will be brought
to the global optimal position; on the contrary, when the z
value is smaller, the less individuals are allocated to the global

optimal subpopulation and the less the development will be.
Therefore, in this experiment, the parameter z is set to 0.1,
0.2, 0.3, 0.4, 0.5, and 0.6, respectively, and the dimension is
set to 30D. The algorithms run 10 times for each diﬀerent z
value. The results are shown in Table 1. The evaluation compares the average and variance of the running results. It is
obvious that when z is set to 0.4, the algorithm QUATREDEG is the most competitive. It can also be analyzed that
when z is larger, the algorithm will pay more attention to
exploration, and when z is smaller, the algorithm will have
a better development. It also shows that when z = 0:4 the
exploration and development of the algorithm will tend to a
balance; it is undoubtedly a good choice of the z value.
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Table 6: Comparison on 30D optimization under CEC2014 test suite with diﬀerent algorithms.
Algorithms
f

QUATRE-DEG
Mean/std

C-QUATRE
Mean/std

QUATRE
Mean/std

MABC
Mean/std

IABC
Mean/std

f b1

1.15E+05/8.1E+04

2.10E+05/1.7E+05(<)

1.37E+05/1.0E+05(<)

6.65E+07/1.1E+07(<)

2.07E+07/3.9E+06(<)

f b2

1.86E+01/5.1E+01

5.57E-16/4.0E-15(>)

1.39E-14/1.4E-14(>)

2.79E+01/4.3E+01(<)

7.21E+03/3.9E+03(<)

f b3

3.84E-03/5.8E-04

1.00E-14/2.2E-14(>)

3.34E-14/2.8E-14(>)

4.69E+02/3.0E+02(<)

7.78E+02/3.2E+02(<)

f b4

3.78E+00/1.5E+01

6.42E+00/1.9E+01(<)

2.53E+00/1.2E+01(>)

7.65E+01/1.5E+01(<)

7.86E+01/1.3E+01(<)

2.09E+01/4.7E-02(<)

2.05E+01/4.9E-02(<)

f b5

2.00E+01/4.1E-02

2.05E+01/8.3E-02(<)

2.05E+01/9.4E-02(<)

f b6

2.60E+00/2.0E+00

2.08E+00/1.8E+00(>)

3.69E+00/2.3E+00(<)

2.65E+01/1.1E+00(<)

9.34E+00/1.9E+00(<)

f b7

5.90E-03/6.3E-03

4.16E-03/7.6E-03(>)

7.77E-03/1.2E-02(<)

0.00E+00/0.0E+00(>)

1.20E-04/2.1E-04(>)

f b8

2.20E+01/5.4E+00

1.89E+01/4.8E+00(>)

2.85E+01/7.1E+00(<)

8.68E+01/8.0E+00(<)

8.31E-02/2.7E-01(>)

f b9

5.53E+01/1.4E+01

7.11E+01/2.3E+01(<)

7.07E+01/2.0E+01(<)

1.84E+02/1.2E+01(<)

6.98E+01/9.2E+00(<)

f b10

3.86E+02/1.8E+02

3.15E+02/1.7E+02(>)

4.99E+02/2.5E+02(<)

3.26E+03/1.8E+02(<)

2.45E+00/1.3E+00(>)

f b11

2.41E+03/6.5E+02

3.30E+03/7.2E+02(<)

3.35E+03/6.9E+02(<)

6.15E+03/2.4E+02(<)

2.88E+03/3.7E+02(<)

f b12

8.04E-02/3.7E-02

5.04E-01/2.2E-01(<)

4.43E-01/2.3E-01(<)

1.75E+00/1.5E-01(<)

6.95E-01/7.6E-02(<)

f b13

2.82E-01/7.2E-02

3.39E-01/7.1E-02(<)

3.10E-01/8.4E-02(<)

4.26E-01/4.1E-02(<)

2.58E-01/3.0E-02(<)

f b14

2.80E-01/1.1E-01

2.70E-01/6.7E-02(>)

3.38E-01/1.3E-01(<)

2.47E-01/2.9E-02(>)

1.36E-01/1.8E-02(>)

f b15

3.97E+00/1.0E+00

8.37E+00/2.2E+00(<)

7.41E+00/2.1E+00(<)

1.75E+01/1.2E+00(<)

1.28E+01/1.4E+00(<)

f b16

1.03E+01/6.3E-01

1.04E+01/7.6E-01(<)

1.03E+01/6.8E-01(=)

1.26E+01/1.9E-01(<)

1.05E+01/3.5E-01(<)

f b17

1.68E+03/8.1E+02

2.66E+03/2.7E+03(<)

2.31E+03/2.6E+03(<)

1.69E+06/4.9E+05(<)

1.41E+06/5.6E+05(<)

f b18

6.05E+01/3.4E+01

3.85E+01/2.1E+01(>)

8.77E+01/4.6E+01(<)

4.06E+02/1.4E+02(<)

1.90E+04/2.2E+04(<)

f b19

4.11E+00/1.5E+00

4.46E+00/1.7E+00(<)

4.75E+00/1.4E+00(<)

9.25E+00/2.8E-01(<)

8.57E+00/1.5E+00(<)

f b20

2.57E+01/1.6E+01

2.59E+01/1.2E+01(<)

3.89E+01/3.7E+01(<)

4.63E+03/1.5E+03(<)

2.70E+03/1.4E+03(<)

f b21

4.60E+02/2.0E+02

5.74E+02/5.5E+02(<)

4.94E+02/2.7E+02(<)

2.22E+05/7.6E+04(<)

2.06E+05/7.0E+04(<)

f b22

2.91E+02/1.9E+02

3.27E+02/1.6E+02(<)

3.14E+02/1.5E+02(<)

1.77E+02/5.1E+01(>)

2.27E+02/6.9E+01(>)

f b23

3.15E+02/4.4E-07

3.15E+02/4.0E-13(=)

3.15E+02/4.0E-13(=)

3.15E+02/4.4E-13(=)

3.15E+02/3.6E-01(=)

f b24

2.24E+02/3.9E+00

2.25E+02/3.2E+00(<)

2.28E+02/5.8E+00(<)

2.24E+02/1.5E+00(=)

2.00E+02/3.1E-03(>)

f b25

2.03E+02/4.7E-01

2.03E+02/6.5E-01(=)

2.03E+02/8.4E-01(=)

2.15E+02/2.0E+00(<)

2.00E+02/0.0E+00(>)

f b26

1.00E+02/2.0E+01

1.00E+02/8.3E-02(=)

1.00E+02/1.0E-01(=)

1.00E+02/5.2E-02(=)

1.00E+02/3.7E-02(=)

f b27

3.86E+02/5.3E+01

3.93E+02/4.5E+01(<)

4.17E+02/7.1E+01(<)

5.00E+02/2.1E+01(<)

4.05E+02/1.7E+00(<)

f b28

8.51E+02/7.6E+01

8.73E+02/1.2E+02(<)

9.20E+02/1.5E+02(<)

9.44E+02/2.0E+01(<)

8.93E+02/4.7E+01(<)

f b29

1.70E+05/1.2E+06

1.77E+05/1.3E+06(<)

1.81E+05/1.3E+06(<)

2.37E+03/6.4E+02(>)

3.56E+03/1.7E+03(>)

f b30

1.53E+03/7.5E+02

1.58E+03/6.4E+02(<)

1.80E+03/7.5E+02(<)

4.52E+03/6.2E+02(<)

5.40E+03/9.4E+02(<)

19/3/8

24/3/3

24/2/4

20/2/8

w/t/l

4.2. Comparison of Optimization Accuracy. For the data reliability, 51 independent experiments were carried out with the
comparison of the ﬁve algorithms. The mean and variance of
the outcome of each algorithm are also compared and analyzed. Firstly, the dimensions were set to 10D, 30D, and
50D for the CEC2013 test suite, and then, 28 benchmark
functions were carried out. The comparative experimental
results are shown in Tables 2–4 for the dimensions of 10D,
30D, and 50D, respectively. Table 2 shows that the proposed
QUATRE-DEG obtains better performance in 19 functions
compared with the C-QUATRE algorithm, better performance in 21 functions compared with the QUATRE algorithm, and better performance in 17 functions compared

with both of the MABC and IABC algorithms. Table 3 shows
the QUATRE-DEG obtains better performance in 22 functions as well as similar performance in 1 function compared
with the MABC, better performance in 21 functions compared with the QUATRE, better performance in 19 functions
as well as similar performance in 1 function compared with
the IABC algorithms, and better performance in 18 functions
as well as similar performance in 1 function compared with
the C-QUATRE. Table 4 shows the QUATRE-DEG obtains
better performance in 23 functions as well as similar performance in 1 function compared with the MABC, better performance in 21 functions as well as similar performance in
1 function compared with the QUATRE, better performance
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Table 7: Comparison on 50D optimization under CEC2014 test suite with diﬀerent algorithms.

Algorithms
f

QUATRE-DEG
Mean/std

C-QUATRE
Mean/std

QUATRE
Mean/std

MABC
Mean/std

IABC
Mean/std

f b1

8.15E+05/3.3E+05

6.41E+05/2.5E+05(>)

6.64E+05/3.1E+05(>)

2.55E+08/2.9E+07(<)

1.84E+07/3.4E+06(<)

f b2

6.95E+03/6.5E+03

1.37E-03/3.4E-03(>)

1.46E-04/3.4E-04(>)

3.78E+03/3.5E+03(>)

1.93E+04/1.4E+04(<)

f b3

2.73E-01/2.0E-01

1.50E-03/4.7E-03(>)

3.16E-04/9.1E-04(>)

9.86E+04/8.6E+03(<)

2.87E+03/8.4E+02(<)

f b4

4.96E+01/4.1E+01

4.93E+01/3.7E+01(>)

5.05E+01/4.2E+01(<)

9.64E+01/2.1E+00(<)

1.33E+02/3.3E+01(<)

2.11E+01/3.6E-02(<)

2.06E+01/4.6E-02(<)

f b5

2.00E+01/9.3E-02

2.07E+01/9.0E-02(<)

2.07E+01/7.6E-02(<)

f b6

8.63E+00/4.6E+00

9.40E+00/3.6E+00(<)

1.13E+01/4.3E+00(<)

5.74E+01/1.3E+00(<)

1.94E+01/2.4E+00(<)

f b7

6.60E-03/5.5E-03

2.08E-03/4.2E-03(>)

2.27E-03/5.2E-03(>)

0.00E+00/0.0E+00(>)

8.38E-03/1.2E-02(<)

f b8

5.91E+01/1.4E+01

6.87E+01/1.6E+01(<)

7.09E+01/1.4E+01(<)

2.56E+02/1.2E+01(<)

1.44E+00/2.7E+00(>)

f b9

1.12E+02/2.3E+01

1.40E+02/3.5E+01(<)

1.59E+02/3.9E+01(<)

4.21E+02/1.4E+01(<)

1.63E+02/1.5E+01(<)

f b10

1.36E+03/3.5E+02

1.67E+03/5.4E+02(<)

1.69E+03/5.2E+02(<)

8.74E+03/3.3E+02(<)

6.20E+00/1.9E+00(>)

f b11

5.07E+03/8.8E+02

7.34E+03/1.3E+03(<)

7.14E+03/1.0E+03(<)

1.26E+04/3.6E+02(<)

6.60E+03/6.2E+02(<)

f b12

1.62E-01/6.2E-02

4.81E-01/2.5E-01(<)

4.72E-01/2.5E-01(<)

2.85E+00/2.2E-01(<)

8.41E-01/1.2E-01(<)

f b13

3.94E-01/5.7E-02

4.50E-01/9.5E-02(<)

4.64E-01/1.0E-01(<)

5.86E-01/3.6E-02(<)

4.43E-01/3.2E-02(<)

f b14

4.34E-01/2.2E-01

4.40E-01/2.2E-01(<)

4.39E-01/2.1E-01(<)

3.00E-01/2.7E-02(>)

2.18E-01/1.7E-02(>)

f b15

8.42E+00/2.2E+00

1.67E+01/3.7E+00(<)

1.69E+01/4.3E+00(<)

4.08E+01/1.7E+00(<)

3.09E+01/2.4E+00(<)

f b16

1.94E+01/9.8E-01

1.96E+01/8.6E-01(<)

1.99E+01/8.2E-01(<)

2.24E+01/1.8E-01(<)

1.91E+01/4.4E-01(>)

f b17

2.35E+04/1.4E+04

2.65E+04/2.1E+04(<)

2.75E+04/1.4E+04(<)

1.35E+07/1.7E+06(<)

5.19E+06/1.1E+06(<)

f b18

8.88E+02/9.2E+02

2.84E+02/5.8E+02(>)

2.42E+02/1.9E+02(>)

1.37E+03/8.9E+02(<)

4.43E+04/8.5E+04(<)

f b19

8.65E+00/2.0E+00

8.20E+00/2.4E+00(>)

8.88E+00/2.4E+00(<)

3.19E+01/7.5E+00(<)

1.49E+01/6.3E+00(<)

f b20

1.03E+02/6.3E+01

1.14E+02/6.3E+01(<)

1.32E+02/6.8E+01(<)

4.84E+04/8.5E+03(<)

6.29E+03/2.2E+03(<)

f b21

5.63E+03/4.5E+03

1.55E+04/2.3E+04(<)

9.09E+03/7.4E+03(<)

4.20E+06/1.1E+06(<)

1.56E+06/4.6E+05(<)

f b22

8.76E+02/2.4E+02

1.11E+03/2.9E+02(<)

1.07E+03/2.9E+02(<)

1.00E+03/1.3E+02(<)

7.93E+02/1.4E+02(>)

f b23

3.44E+02/2.2E-07

3.44E+02/5.3E-13(=)

3.44E+02/4.4E-13(=)

3.44E+02/4.6E-13(=)

2.68E+02/7.3E+01(>)

f b24

2.74E+02/2.9E+00

2.76E+02/3.2E+00(<)

2.76E+02/3.5E+00(<)

2.58E+02/1.1E+00(>)

2.00E+02/2.0E-03(>)

f b25

2.07E+02/1.4E+00

2.09E+02/2.1E+00(<)

2.07E+02/1.7E+00(=)

2.53E+02/5.0E+00(<)

2.00E+02/0.0E+00(>)

f b26

1.25E+02/5.4E+01

1.44E+02/7.9E+01(<)

1.28E+02/6.5E+01(<)

1.01E+02/4.6E-02(>)

1.49E+02/5.0E+01(<)

f b27

5.69E+02/8.9E+01

6.08E+02/9.0E+01(<)

6.58E+02/9.0E+01(<)

1.57E+03/7.7E+01(<)

7.53E+02/9.6E+01(<)

f b28

1.33E+03/2.8E+02

1.42E+03/3.7E+02(<)

1.44E+03/2.7E+02(<)

1.49E+03/3.7E+01(<)

1.46E+03/1.1E+02(<)

f b29

7.21E+05/5.1E+06

1.77E+06/8.8E+06(<)

1.97E+06/9.9E+06(<)

3.22E+04/1.5E+04(>)

3.44E+03/9.0E+02(>)

f b30

9.54E+03/9.8E+02

9.92E+03/9.4E+02(<)

9.94E+03/8.8E+02(<)

1.63E+04/1.7E+03(<)

1.26E+04/1.3E+03(<)

22/1/7

23/2/5

23/1/6

21/0/9

w/t/l

in 21 functions compared with the C-QUATRE, and better
performance in 19 functions as well as similar performance
in 1 function compared with the IABC. Based on the above
results obtained from the CEC2013 test suite, it is obvious
the proposed QUATRE-DEG performs better than the other
algorithms.
The CEC2014 test suite also was used in the experiment
for the performance evaluation of the proposed QUATREDEG. The results of 30 benchmark functions of CEC2014
are shown in Tables 5–7 for the dimensions of 10D, 30D,
and 50D, respectively. Table 5 shows that the proposed
QUATRE-DEG obtains better performance in 21 functions
and similar performance in 3 function compared with the

QUATRE algorithm, better performance in 20 functions
and similar performance in 2 function compared with the
C-QUATRE algorithm, better performance in 18 functions
and similar performance in 1 function compared with the
MABC algorithm, and better performance in 15 functions
and similar performance in 1 function compared with the
IABC algorithm. Table 6 shows the QUATRE-DEG obtains
better performance in 23 functions and similar performance
in 4 functions compared with the QUATRE, better performance in 23 functions and similar performance in 3 functions compared with the MABC, better performance in 19
functions and similar performance in 2 functions compared
with the IABC, and better performance in 19 functions and

Wireless Communications and Mobile Computing

11
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102
100

100
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FUNC15 30D comparison
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7000
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500
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1500
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2500
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nfe/100
fa15
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FUNC18 30D comparison

FUNC16 30D comparison
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Fitness error
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0
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Our algorithm
C-QUATRE

1500
nfe/100
fa16

2000

2500

3000

0

500

1000

1500
nfe/100
fa18

2000

2500

3000

MABC
IABC

QUATRE

Figure 1: Comparison of convergence curves on 30D optimization under CEC2013 with diﬀerent algorithms.

similar performance in 3 functions compared with the CQUATRE. Table 7 shows the QUATRE-DEG obtains better
performance in 23 functions and similar performance in 2
functions compared with the QUATRE, better performance

in 23 functions and similar performance in 1 function compared with the MABC, better performance in 22 functions
and similar performance in 1 function compared with the
C-QUATRE, and better performance in 21 functions
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20.4

105

20.2
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0
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0
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1500
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0

FUNC17 30D comparison
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2000
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fb27

2000
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QUATRE

Figure 2: Comparison of convergence curves on 30D optimization under CEC2014 with diﬀerent algorithms.

compared with the IABC. Based on the above results
obtained from the CEC2014 test suite, it is also obvious the
proposed QUATRE-DEG performs better than the other
algorithms.

4.3. Analysis of Convergence Rate. The QUATRE-DEG algorithm was also evaluated from the perspective of convergence
speed. Figures 1 and 2 show the convergence curves obtained
by the representative benchmark functions in the CEC2013
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Table 8: Wilcoxon’s test among C-QUATRE, QUATRE, MABC, IABC, and QUATRE-DEG algorithms over all dimensions under CEC2013
test suite.
D

Algorithms

R+

R−

p value

+

=

-

Dec.

10

QUATRE-DEG vs. C-QUATRE
QUATRE-DEG vs. QUATRE
QUATRE-DEG vs. MABC
QUATRE-DEG vs. IABC

298
321
247
226

108
85
159
180

0.02941
0.00606
0.32721
0.61364

19
21
17
16

0
0
0
0

9
7
11
12

+
+
=
=

30

QUATRE-DEG vs. C-QUATRE
QUATRE-DEG vs. QUATRE
QUATRE-DEG vs. MABC
QUATRE-DEG vs. IABC

273
327.5
345
283

105
78.5
33
95

0.04291
0.0035
4.74602E-5
0.02294

18
21
22
19

1
0
1
1

9
7
5
8

+
+
+
+

50

QUATRE-DEG vs. C-QUATRE
QUATRE-DEG vs. QUATRE
QUATRE-DEG vs. MABC
QUATRE-DEG vs. IABC

329.5
325
346
280

76.5
53
32
98

0.00296
5.9849E-4
4.09335E-5
0.02802

21
21
23
19

0
1
1
1

7
6
4
8

+
+
+
+

Table 9: Wilcoxon’s test among C-QUATRE, QUATRE, MABC, IABC, and QUATRE-DEG algorithms over all dimensions under CEC2014
test suite.
D

Algorithms

R+

R−

p value

+

=

-

Dec.

10

QUATRE-DEG vs. C-QUATRE
QUATRE-DEG vs. QUATRE
QUATRE-DEG vs. MABC
QUATRE-DEG vs. IABC

313
299
258
221

93
79
177
214

0.01102
0.007
0.39265
0.94907

20
21
18
15

2
3
1
1

8
6
11
14

+
+
=
=

30

QUATRE-DEG vs. C-QUATRE
QUATRE-DEG vs. QUATRE
QUATRE-DEG vs. MABC
QUATRE-DEG vs. IABC

291.5
325
335.5
307

86.5
26
42.5
99

0.01224
3.18587E-5
1.64852E-4
0.01673

19
23
23
19

3
4
3
2

8
3
4
9

+
+
+
+

50

QUATRE-DEG vs. C-QUATRE
QUATRE-DEG vs. QUATRE
QUATRE-DEG vs. MABC
QUATRE-DEG vs. IABC

338
325
370
345

97
81
65
120

0.00801
0.00441
5.50576E-4
0.01966

22
23
23
21

1
2
1
0

7
5
6
9

+
+
+
+

and CEC2014 test suites, respectively. Figure 1 shows the
proposed QUATRE-DEG performs much better than the
other algorithms in functions fa12, fa15, fa16, and fa18 and
performs similar to the other algorithms in functions fa2,
fa3, fa4, and fa7. Figure 2 shows the convergence speed of
the proposed QUATRE-DEG is signiﬁcantly better than the
other algorithms in functions fb1, fb5, fb12, and fb17 and is
slightly better than the other algorithms in fb15, fb18, fb19,
and fb27 functions. The ABC variant is easy to converge prematurely and fall into local optimal solution, such as the performance of fa3, fa4, fa7, fa12, fb17, and fb27 benchmark
functions. However, the performance of QUATRE variants
in the functions of fa2, fa3, fa4, fa7, fb18, and fb19 is only
slightly insuﬃcient. In summary, the proposed QUATREDEG can perform with a very competitive convergence speed
compared with the QUATRE variants and ABC variants.
4.4. The Wilcoxon Signed Rank Test. Wilcoxon signed rank
test is needed when two results present two diﬀerent populations [27]. Here, we also give the Wilcoxon signed rank test

results. Tables 8 and 9 give the Wilcoxon signed rank test
results of CEC2013 test suites and CEC2014 test suites,
respectively. The results are calculated by using Origin
2019b statistical analysis packages, and our proposed
QUATRE-DEG algorithm is veriﬁed to be well performed.
The statistical analysis results of applying Wilcoxon’s test
between QUATRE-DEG and other comparison algorithms
using CEC2013 for all dimensions are summarized in
Table 8. As the table states, QUATRE-DEG shows a signiﬁcant improvement over all comparison algorithms, with a
level of signiﬁcance α = 0:05 in 30 and 50 dimensions, over
QUATRE and C-QUATRE, with a level of signiﬁcance α =
0:05 in 10 dimensions. On the other hand, in all comparisons, QUATRE-DEG gets higher R+ values than R− in all
dimensions. Therefore, the performance of QUATRE-DEG
algorithm is proved to be better than the other algorithms
in this benchmark.
The statistical analysis results of applying Wilcoxon’s test
between QUATRE-DEG and other comparison algorithms
using CEC2014 for all dimensions are summarized in
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Table 10: Time complexity comparison on 30D optimization under
CEC2013 benchmark 14.
Algorithms
QUATRE-DEG
C-QUATRE
QUATRE
MABC
IABC

T0

T1

c2
T

Tb2 − T 1
T0

0.0906
0.0906
0.0906
0.0906
0.0906

0.7336
0.7336
0.7336
0.7336
0.7336

2.7126
2.2314
2.0011
5.7920
4.7662

21.8433
16.5320
13.9901
55.8322
44.5099

Table 9. As the table states, QUATRE-DEG shows a signiﬁcant improvement over all comparison algorithms, with a
level of signiﬁcance α = 0:05 in 30 and 50 dimensions, over
QUATRE and C-QUATRE, with a level of signiﬁcance α =
0:05 in 10 dimensions. On the other hand, in all comparisons, QUATRE-DEG gets higher R+ values than R− in all
dimensions. Therefore, the performance of QUATRE-DEG
algorithm is proved to be better than the other algorithms
in this benchmark.
4.5. Comparison of Complexity. The evaluation method of
algorithm complexity adopted by the CEC2013 competition
was used to evaluate the proposed QUATRE-DEG algorithm.
Let T 0 be the standard computation time for the reference
benchmark given by CEC2013 and T 1 be the standard computation time of the speciﬁed function fa14 for 200000 evaluations with a dimension of 30D. Let T 2 be the computation
time of function fa14 using a speciﬁed algorithm for 200000
c2 is the
evaluations with the same dimension of 30D, and T
average of T 2 values acquired by 51 runs. Finally, the algoc2 − T 1 Þ/T 0 . Table 10
rithm complexity is determined by ð T
shows the result of comparing the proposed QUATRE-DEG
with the algorithms. It indicates that the QUATRE-DEG can
obtain lower complexity compared with either the MABC or
IABC. However, the QUATRE-DEG takes more computation
time compared with the QUATRE and C-QUATRE. It is reasonable due to the additional process in the proposed algorithm.

5. Conclusion
QUATRE is a relatively new algorithm proposed in recent
years. Although it is powerful, it still can be improved in
some concerns. For example, in the later stage of evolution,
it is easier to fall into local optimal solutions and could not
explore more. This study proposes a new QUATRE-DEG
algorithm to solve this problem. In the proposed algorithm,
excellent individuals in the current iteration process are fully
utilized for the optimization. Not only the global optimal
solution but also the global suboptimal solution is used to
guide the evolution of individuals. According to the distance
between the global optimal individuals and the global suboptimal individuals, a new mutation strategy is proposed to
expand the current search environment. In addition, the
population is divided into two subpopulations, including
the subpopulation with the global optimal location as the
search center and the subpopulation with the global suboptimal location as the search center. The expansion of search

coverage and the increase of population diversity provide
better conditions for more exploration, so as to avoid falling
into the local optimal solution. Although QUATRE-DEG has
stronger search performance and can explore more benchmark environments, it also reduces its search speed and
sometimes makes it not easy to completely converge to the
global optimal solution, which indicates the possible limitation of the approach. In the experiments, we use CEC2013
and CEC2014 to verify the performance of the proposed
QUATRE-DEG algorithm. The results show that the optimization accuracy and convergence speed are excellent, and the
time complexity is tolerable. In future works, the proposed
algorithm will be applied to several practical engineering
problems such as UAV path planning [28, 29]. Moreover,
CEC2017 benchmark suite will be used to evaluate the further works.
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