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The leaky LMS algorithm has been extensively studied because of its control of parameter drift. This unexpected parameter drift is
linked to the inadequacy of excitation in the input sequence. And generally leaky LMS algorithms use fixed step size to force the
performance of compromise between the fast convergence rate and small steady-state misalignment. In this paper, variable
step-size (VSS) leaky LMS algorithm is proposed. And the variable step-size method combines the time average estimation
of the error and the time average estimation of the normalized quantity. Variable step-size method proposed incorporating
with leaky LMS algorithm can effectively eliminate noise interference and make the early convergence, and final small
misalignments are obtained together. Simulation results demonstrate that the proposed algorithm has better performance
than the existing variable step-size algorithms in the unexcited environment. Furthermore, the proposed algorithm is
comparable in performance to other variable step-size algorithms under the adequacy of excitation.

1. Introduction

The least-mean-square (LMS) algorithm is widely used in
many fields, such as system identification [1, 2], echo cancel-
lation [3], adaptive channel equalization [4], adaptive
antenna array [5], and adaptive spectral line enhancement
[6], due to its good robustness, low computational complex-
ity, and simple structure. However, it is well known that the
convergence rate and steady-state error of the algorithm are
directly related to the adaptation step size of a conventional
LMS algorithm. The convergence rate increases with the
increase of the adaption step size, but the steady-state error
changes in the opposite direction [7]. Therefore, the adaptive
step size is a contradiction in the iterations, and variable
step-size (VSS) LMS algorithm, which is adjusted according
to the proximity between the actual value and the optimal
value in the iterations, is therefore proposed solving this
contradiction. In addition, the evaluation criteria for adjust-
ing step size include squared instantaneous error [8, 9], sign
changes of successive samples of the gradient [10–12], cross-
correlation of input and error [13], and so on.

Although VSS-LMS can balance the convergence rate
and steady-state error of LMS algorithm to some extent, it
may generate unbounded estimation of parameters due to
the existence of inadequacy of excitation. In order to solve
this problem, the leakage factor is introduced into the itera-
tions [14–16]. The leaky LMS algorithm can improve the
robustness of channel equalization transmission [17, 18] and
noise reduction [19], all of which depend on its handling of fil-
ter drift. Furthermore, some studies have shown that step size
has a certain impact on the performance of leaky LMS algo-
rithm [20], and this paper tries to enhance the performance
of leaky LMS algorithm by variable step size.

In this paper, the convergence condition of the leaky
LMS algorithm with variable step size is analyzed, and the
quantization range of step size is given. In Section 2, based
on the analysis of leakage LMS and variable step-size
algorithm, a variable step-size leakage LMS algorithm is
proposed. Section 3 analyzes that the performance of the
proposed algorithm is conducted, and Section 4 details that
the simulation is provided to show the validity of the analyt-
ical results. The conclusions are presented in Section 5.
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2. VVS-L-LMS Adaptive Algorithm

In the conventional L-LMS algorithm [14], the coefficients of
the adaptive filter are updated as:

w n + 1ð Þ = γw nð Þ + μx nð Þe nð Þ, ð1Þ

where γ is leakage factor and 0≪ γ < 1, μ is adaptive step
size, n is discrete time series, wðnÞ is weight coefficient vec-
tor of the adaptive filter at nth time, and xðnÞ is input signal
vector with time series n. wðnÞ and xðnÞ can be described as:

x nð Þ = x nð Þ, x n − 1ð Þ,⋯, x n − L + 1ð Þ½ �T ,
w nð Þ = w0 nð Þ,w1 n − 1ð Þ,⋯,wL−1 n − L + 1ð Þ½ �T ,

ð2Þ

where L is filter order. The instantaneous estimation error
eðnÞ is

e nð Þ = d nð Þ − xT nð Þw nð Þ, ð3Þ

where the desired signal dðnÞ is

d nð Þ = xT nð Þw∗ nð Þ + t nð Þ, ð4Þ

where tðnÞ is independent noise sequence with zero mean
and w∗ðnÞ is time-varying optimal weight coefficient vector.

Substituting Equation (3) into Equation (1) and rearran-
ging the terms yields

w n + 1ð Þ = γI − μx nð ÞxT nð Þ� �
w nð Þ + μx nð Þe nð Þ: ð5Þ

The range of step size can be provided by solving the
state equation Equation (5) [20]:

∀n 
γ − 1
x nð Þk k2 < μ < γ + 1

x nð Þk k2 , ð6Þ

where γ ∈ ð0, 1�, for kxðnÞk2 ≥ 0; therefore, μ could be nega-
tive [20]. The L-LMS algorithm that is same as the conven-
tional LMS algorithm uses a fixed step size in its coefficient
update recursion thus inheriting the limitation in the full-
update algorithm of having to compromise between fast
convergence speed and low level of steady state error.

This problem above can be tackled by changing fixed
step-size μ in Equation (1) to time-varying step-size μðnÞ,
which is adjusted based on a criterion that tries to measure
the proximity of the adaptive filter parameters to the optimal
ones. Therefore, Equation (1) can be written as:

w n + 1ð Þ = γw nð Þ + μ nð Þx nð Þe nð Þ: ð7Þ

According to Kwong’s VVS-LMS algorithm, recursive
expression of step size is

μ n + 1ð Þ = αμ nð Þ + νe2 nð Þ, ð8Þ

where the positive constant parameters αð0 < α < 1Þ and
λ ðλ > 0Þ control the prediction error. But Kwong’s VVS-

LMS algorithm cannot exclude the influence of noise on
the instantaneous error. And in order to solve this problem,
it is proposed to use qðnÞ instead of eðnÞ; μðnÞ can be
expressed as:

μ n + 1ð Þ = αμ nð Þ + νq2 nð Þ, ð9Þ

where

q nð Þ = p nð Þr nð Þ, ð10Þ

where pðnÞ is smoothing value for the cross-correlation
function of error eðnÞ is used to replace the power of error
e2ðnÞ. rðnÞ is input signal power, and they can be described
as:

p nð Þ = βp n − 1ð Þ + 1 − βð Þe nð Þe n − 1ð Þ, ð11Þ

r nð Þ = βr n − 1ð Þ + 1 − βð Þ e2 nð Þ
xT nð Þx nð Þ , ð12Þ

where βð0 < β < 1Þ is the weight parameter that controls the
convergence time. And the criteria for the step recursion are
as follows:

μ n + 1ð Þ =
μmax if μ n + 1ð Þ > μmax,

μmin if μ n + 1ð Þ < μmin,
μ n + 1ð Þ otherwise,

8>><
>>: ð13Þ

where μð0Þ = μmax and pð0Þ = μð0Þ. According to Equation
(6), μmax and μmin should satisfy sufficient conditions which
guarantee the stability of leaky LMS algorithm and μmax
< ðγ + 1Þ/kxðnÞk2 and μmin > ðγ − 1Þ/kxðnÞk2.

3. Performance Analysis

In this section, the performance of proposed algorithm in
stationary and nonstationary environment is described.
And in stationary environment, the optimal weight coeffi-
cient which is in Equation (4) can be described as a constant:

w∗ nð Þ =w∗: ð14Þ

Furthermore, in stationary environment, w∗ðnÞ varies
randomly as described:

w∗ n + 1ð Þ = aw∗ nð Þ + z nð Þ, ð15Þ

where a < 1, but a is very close to 1. zðnÞ is a sequence of
zero means with covariance σ2

zI, and I is the identity matrix.
According to the above description, w∗ðnÞ in the stationary
environment can be viewed as w∗ðnÞ in the nonstationary
environment where a = 1 and the σ2

z = 0:

3.1. Convergence of the Mean Weight Vector. In order to dis-
cuss the convergence problem of mean weight vector,
translated weight vector VðnÞ =wðnÞ −w∗ðnÞ needs to be
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introduced, which can reflect the weight error. In addition,
the autocorrelation matrix of the input signal is defined as
R = EfxTðnÞxðnÞg, which can also be described as R =QΛ
QTwhere QTQ = I. In the previous formula, Λ is the eigen-
value matrix of R where Λ = diag fλN , λN−1,⋯, λN−L+2,
λN−L+1g, λN ≤ λN−1≤⋯≤λN−L+1, and Q is unitary matrix.
Then, the rotation matrix, V́ðnÞ =QTvðnÞ, X́ðnÞ =QTxðnÞ,
V́ðnÞ =QTvðnÞ, Ẃ∗ðnÞ =QTw∗ðnÞ, ŹðnÞ =QTZðnÞ, is
defined to describe the convergence of the mean weight
vector. Substitute Equation (3), Equation (4), and Equation
(15) into Equation (7) and the following expression will be
found by rewriting:

V́ n + 1ð Þ =
h
γI − μ nð ÞX́T

nð ÞX́ nð Þ
i
V́ nð Þ

+ μ nð Þt nð ÞX́ nð Þ + γ − að ÞẂ∗
nð Þ − Ź nð Þ:

ð16Þ

Using assumptions which describes that X́ðnÞ and
V́ðnÞ are independent to find expectations on both sides
of Equation (16) yields:

E
n
V́ n + 1ð Þ

o
= γI − E μ nð Þf gΛ½ �E

n
V́ nð Þ

o
+ γ − að ÞE

n
Ẃ∗

nð Þ
o
:

ð17Þ

According to Equation (17), the following conditions
can be obtained to ensure the convergence of the mean
weight vector:

0 < E μ nð Þf g < γ + 1
λmax

, ð18Þ

where λmax is the maximum eigenvalue of the input signal
autocorrelation matrix R. According to the above, λmax
can be rewritten as

λmax ≤ tr R½ �: ð19Þ

Therefore, tr½R� is the trace of the input signal matrix
R, and the condition Equation (18) for guaranteeing the
convergence of weight vectors can be rewritten as

0 < E μ nð Þf g < γ + 1
tr R½ � : ð20Þ

But convergence of mean weight vector is not a suffi-
cient condition to guarantee convergence of mean square
error.

3.2. Mean Square Error Behavior. In this section, the neces-
sary and sufficient conditions for the mean square error to
be stable are discussed. MSE is given by [21]:

ϵ nð Þ = ϵmin + ϵex nð Þ = ϵmin + E
n
V́T

nð ÞΛV́ nð Þ
o
, ð21Þ

where ϵmin is the minimum of the mean square error where
ϵmin = Eft2ðnÞg and ϵexðnÞ is the excess mean square error
(EMSE). In addition, it can be seen from Equation (21) that
the convergence of MSE is directly related to diagonal matrix

EfV́TðnÞΛV́ðnÞg. Assuming that μðnÞ is independent of

V́ðnÞ and X́ðnÞ, the expression of EfX́ðnÞX́TðnÞ
V́ðnÞV́TðnÞX́ðnÞX́TðnÞg can be simplified into a sum of
second-order moments [8] by using Gaussian factoring the-
orem. So taking the expectation value of EfV́ðn + 1Þ
V́Tðn + 1Þg yeilds:

E
n
V́ n + 1ð ÞV́T

n + 1ð Þ
o

= γ2E
n
V́ nð ÞV́T

nð Þ
o
− γΛE μ nð Þf gE

n
V́ nð ÞV́T

nð Þ
o

− γE μ nð Þf gE
n
V́ nð ÞV́T

nð ÞΛ
o

+ 2E μ2 nð Þ� �
ΛE

n
V́ nð ÞV́T

nð ÞΛ
o

+ E μ2 nð Þ� �
Λtr

h
ΛE

n
V́ nð ÞV́T

nð Þ
oi

+ γ γ − að ÞE
n
V́ nð Þ

o
ṔTΛ−1

− γ − að ÞΛE
n
μ nð ÞV́ nð Þ

o
ṔTΛ−1

+ γ γ − að ÞΛ−1ṔE
n
V́T

nð Þ
o

− γ − að ÞΛ−1ṔE
n
V́T

nð Þμ nð Þ
o
Λ

+ γ − að Þ2Λ−1Ṕ nð ÞṔT nð ÞΛ−1 + E μ2 nð Þ� �
ϵmiΛ + σ2zI,

ð22Þ

where Ẃ∗ðnÞ =Λ−1Ṕ and Ṕ =QTP where P is cross-
correlation between the input vector and the expected
vector; it can be written as P = EfdðnÞxðnÞg. A second

moment Z1ðnÞ including EfV́ðnÞV́TðnÞg is defined, and
Z2ðnÞ = EfV́ðnÞg. The vector can be described as:

Z n + 1ð Þ =
Z1 n + 1ð Þ
Z2 n + 1ð Þ

" #
: ð23Þ

According to Equation (17) and Equation (22), Zðn
+ 1Þ can be rewritten as:

Z n + 1ð Þ =KZ nð Þ + C, ð24Þ

K =
A B

O D

" #
, ð25Þ

where O is a 0 matrix. The matrix K can be described as:

A = γ2I − 2γΛE μ nð Þf g + 2Λ2E μ2 nð Þ� �
+ E μ2 nð Þ� �

ΓΓT ,
ð26Þ
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B = 2γ γ − að ÞΛ−1 − 2 γ − að ÞE μ nð Þf g� �
Y, ð27Þ

D = γI − E μ nð Þf gΛ, ð28Þ

where Y = diag fṕ1, ṕ2,⋯, ṕNg; the ith part of Ṕ is ṕi. Γ =
fλ1, λ2,⋯, λNgT. Efμ2ð∞Þg is steady state of Efμ2ðnÞg,
and Efμð∞Þg is also steady state of EfμðnÞg and assume that:

E μ ∞ð Þf g = �μ,

E μ2 ∞ð Þ� �
= μ2:

ð29Þ

In Equation (24), C has no effect on our research, so it can
be ignored. And making the following definition is to study
further:

E
n
V́ n + 1ð ÞV́T

n + 1ð Þ
o
= aijE

n
V́ nð ÞV́T

nð Þ
o
, ð30Þ

where aij can be described as follows:

aij = γ2 − γ�μ λi + λ j

� �
+ 2μ2λiλj: ð31Þ

But,

aiiaij − aij
2 = γ − �μλið Þ2 + 2μ2 − �μ2

� 	
λi

2
h i
� γ − �μλj

� �2 + 2μ2 − �μ2
� 	

λj
2

h i
− γ − �μλið Þ γ − �μλj

� �
+ 2μ2 − �μ2
� 	

λiλj

h i2
= 2μ2 − �μ2
� 	

λi γ − �μλj

� �
+ λj γ − �μλið Þ� �2 ≥ 0:

ð32Þ

Under the condition that can guarantee MSE converges,
aij must satisfy the condition as:

aij < 1: ð33Þ

In order to make sure that EfV́ðn + 1ÞV́Tðn + 1Þg con-
verges, we are concerned that we need to make sure that
Equation (24) is exponential stable. And aj is

aj = γ2 − 2γ�μλj + 2μ2λj
2: ð34Þ

And if the above conditions are satisfied, the following
must be true:

det K − ρI½ � = det D − ρI½ � det A − ρI½ �, ð35Þ

where ρi is the roots of det ½K − ρI� and the det ½D − ρI� can be
got from Equation (28):

det D − ρI½ � =
YN
j=1

γ − �μλj

� �
, ð36Þ

det A − ρI½ � = det diag a1 − ρ,⋯, an − ρð Þ½ �
∙det I + diag 1

a1 − ρ
,⋯, 1

an − ρ


 �
∙μ2Λ2I

� 

=
YN
j=1

aj − ρ
� �" #

1 + 〠
n

j=1

λj
2

aj − ρ

" #
:

ð37Þ
According to Equation (37), the conditions that can guar-

antee the root of Equation (37) in the unit circle can be
described as:

aj < 1 j = 1, 2, 3,⋯,N ,

1 + μ2 〠
n

i=1

λj
2

aj − 1 > 0:
ð38Þ

Following the same argument in Equation (38). The above
conditions can be equivalent to:

1 − λi
2 2μ2 − �μ2
� 	

γ − �μλið Þ2 > 1 j = 1, 2, 3,⋯,N , ð39Þ

〠
n

i=1

μ2λj
2

γ − �μλið Þ2 + 2μ2 − �μ2
� 	

λi
2 − 1

> −1: ð40Þ

Z1ðn + 1Þ convergence can be guaranteed if the above
conditions Equation (39) and Equation (40) are satisfied.
And Equation (21) can be rewritten as:

ϵ nð Þ = ϵmin + ϵex nð Þ = ϵmin + ΓTZ1 nð Þ, ð41Þ

where Y̌ = ½ṕ1, ṕ2,⋯, ṕN�T and Equation (11) can be rewritten
as:

p nð Þ = 1 − βð Þ〠
n−1

i=0
βie n − ið Þe n − i − 1ð Þ: ð42Þ

Taking the expectation of both sides of Equation (42)
fields:

E p nð Þf g =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
π
E p2 nð Þ� �

,
r

ð43Þ

where

E p2 nð Þ� �
= 1 − βð Þ2 〠

n−1

i=0
〠
n−1

j=0
β2iβ2j × E

� e2 n − ið Þe2 n − i + 1ð Þe2 n − jð Þe2 n − j + 1ð Þ� �
,

E p2 ∞ð Þ� �
= 1 − βð Þ ϵmin + ϵex nð Þ½ �2

1 + βð Þ : ð44Þ
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Taking the expectation of both sides of Equation (12)
fields:

E r nð Þf g = βE r n − 1ð Þf g + 1 − βð ÞE e2 nð Þ
xT nð Þx nð Þ

� �
, ð45Þ

where

E
e2 nð Þ

xT nð Þx nð Þ
� �

= ϵmin + ϵex nð Þ
∑N−L+1

N E xmi
2 nð Þf g

,

E r2 nð Þ� �
= β2E r2 n − 1ð Þ� �

+ 2β 1 − βð ÞE r n − 1ð Þf gE e2 nð Þ
xT nð Þx nð Þ

� �

+ 1 − βð Þ2E e4 nð Þ
xT nð Þx nð ÞxT nð Þx nð Þ

� �
,

ð46Þ

where

E
e4 nð Þ

xT nð Þx nð ÞxT nð Þx nð Þ
� �

= E e4 nð Þ� �
∑N−L+1

N
∑N−L+1

N
E xmi

2 nð Þxni2 nð Þf g
,

E e4 nð Þ� �
= 3ϵmin + 6ϵmintr

�
ΛE

�
V́ nð ÞV́T

nð Þ
�

+ 3
�
tr
�
ΛE

�
V́ nð ÞV́T

nð Þ
��2

+ 6tr
�
E
�
Λ́V nð ÞV́T

nð Þ
�2

− 6tr E I − μ n − 1ð ÞΛð Þ4� �
E V́ n − 1ð Þ

�
E

��

�
�
V́T

n − 1ð ÞΛ2
�

,E r2 ∞ð Þ� �
= 2β + 1ð ÞE e4 nð Þ� �
∑N−L+1

N
∑N−L+1

N
E xmi

2 nð Þxni2 nð Þf g
,

ð47Þ

where

E e4 nð Þ� �
= 3 ϵmin + ΓTZ1 nð Þ� �� �

+ 6ΓTZ1 nð ÞZ1
TΓ, ð48Þ

where ΓTZ1ðnÞZ1
TΓ≪ ϵmin + ΓTZ1ðnÞ. According to argu-

ment in [8], the sufficient conditions to guarantee MSE con-
vergence can be described as:

E μ2 ∞ð Þ� �
E μ ∞ð Þf g = 2ανE q2 ∞ð Þ� �

1 − α2
< 6αν 1 − βð Þ 1 + 2βð Þϵmin

3

1 − α2ð Þ 1 + βð ÞE4
xx

,

ð49Þ

where E4
xx =∑N−L+1

N ∑N−L+1
N Efxmi

2ðnÞxni2ðnÞg. If the input
signal is Gaussian white noise signal, then E4

xx = 3Nσ4x where
σ4x is the input signal variance.

3.3. Steady State Misadjustment. In this section, misadjust-
ment of steady state is studied. And the misadjustment is
defined as:

M = ϵex ∞ð Þ
ϵmin

, ð50Þ

and the ϵexðnÞ can be represented as:

ϵex nð Þ = ϵ nð Þ − ϵmin = ΓTZ1 nð Þ: ð51Þ

Accordingly, the solution of Z1ðnÞ converges to Z1ð∞Þ,
and they can be described as:

Z1 nð Þ =AZ1 nð Þ + BZ2 nð Þ + γ − að Þ2 Λ−1� �2Y̌ + �μϵminΓ + σ2zI:
ð52Þ

And in the stationary environment ðσ2z = 0Þ, the Z1ð∞Þ
can be expressed as:

Z1 ∞ð Þ = I −A½ �−1 BZ2 ∞ð Þ + γ − að Þ2 Λ−1� �2Y̌ + �μϵminΓ
h i

,

ð53Þ

where Y̌ = ½ṕ12, ṕ22,⋯, ṕN2� and ½I −A�−1 can be computed
as:

I −A½ �−1 = 1 − γ2
� �

I + 2γ�μΛ − 2μ2Λ2 − μ2ΓΓT
h i−1

= Ǎ + μ2ǍΓΓTǍ
1 − μ2ΓTǍΓ

= Ǎ

1 − μ2∑n

i=1
λi

2/2λi 1 − λið Þ γ�μ − μ2
� 	

+ 1 − γ2ð Þ
� 	 ,

ð54Þ

where

Ǎ = diag

1
2λ1 1 − λ1ð Þ γ�μ − μ2

� 	
+ 1 − γ2ð Þ

, 1
2λ2 1 − λ2ð Þ γ�μ − μ2

� 	
+ 1 − γ2ð Þ

⋯

, 1
2λn 1 − λnð Þ γ�μ − μ2

� 	
+ 1 − γ2ð Þ

8>>>>><
>>>>>:

9>>>>>=
>>>>>;
:

ð55Þ

And using Equation (17) and Equation (27), the BZ2ðnÞ
can be solved:

BZ2 ∞ð Þ = 2ṕj
2 γ − 1ð Þ2 γ − �μλið Þ
λi

2 1 − γ�μλið Þ : ð56Þ

Substituting Equation (53)–Equation (56) into Equation
(51) yields:

ϵex ∞ð Þ =∑n
i=1 2ṕj

2 γ − 1ð Þ2 γ − �μλið Þ/2λi2 1 − γ�μλið Þ 1 − λið Þ γ�μ − μ2
� 	�

+ λi 1 − γ�μλið Þ 1 − γ2
� �	

+∑n
i=1

�
γ − 1ð Þ2ṕi2 + �μϵmin/2λi2 1 − λið Þ γ�μ − μ2

� 	
+ λi 1 − γ2

� �Þ
1 − μ2∑n

i=1 λi
2/2λi 1 − λið Þ γ�μ − μ2

� 	
+ 1 − γ2ð Þ

� 	
:

0
@

ð57Þ
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For a leakage factor approaching 1, the above equation
can be approximated as:

ϵex ∞ð Þ ≈
∑n

i=1 �μϵmin/2λi2 1 − λið Þ γ�μ − μ2
� 	� 	

1 − μ2∑n
i=1 λi

2/2λi 1 − λið Þ γ�μ − μ2
� 	� 	 : ð58Þ

From Equation (49), the following formula can be got:

g = μ2

�μ
≈
6αν 1 − βð Þ 1 + 2βð Þϵmin

3

1 − α2ð Þ 1 + βð ÞE4
xx

: ð59Þ

Substituting Equation (59) into Equation (58) yields

ϵex ∞ð Þ ≈ ∑n
i=1 1/2λi2 1 − λið Þ γ − gð Þ� �

1 − ∑n
i=1 gλi

2/2λi 1 − λið Þ γ − gð Þ� � ϵmin: ð60Þ

4. Simulation Results

This part analyzes the proposed algorithm in nonstationary
environment and focuses on system identification. The per-
formance of the proposed algorithm is compared with
MVSS [9], FSS [8], conventional leaky LMS [14] algorithm,
and conventional VSS. In order to compare the performance
of each algorithm fairly, the algorithms mentioned above are
all placed in the same experimental environment, and the
parameters of each algorithm are selected to meet the needs
of the experiment. Monte Carlo method was used to conduct
200 independent experiments for the following experiments
to ensure the reliability of experimental results.

4.1. Example 1: White Input, Low SNR. In the Example 1, the
unknown moving average system which is excited by a zero-
mean uncorrelated white Gaussian signal of unity variance

ϵmin has four time-invariant coefficients. And the FIR filter
has the same order as the unknown system L = 4. The
desired signal dðnÞ is corrupted by zero-mean, uncorrelated
Gaussian noise of variance which is also the sequence of
input signals. The VSS, proposed algorithm, and MVSS
choose α = 0:97 which is stable in both stationary and non-
stationary environments. The ν for VSS is set to νVSS = 4:8
× 10−5 according to the literature, and the ν for proposed
algorithm, and MVSS be chosen as 1 × 10−4 and the β =
0:98. The fixed step-size (FSS) algorithm and conventional
leaky LMS algorithm all use the step size μFSS = 3:5 × 10−3.
Variable step-size iteration algorithm boundary lines are
μmax = 0:1 and μmin = 1 × 10−4. The leakage factor γ = 0:999.
Figure 1 shows that both the proposed algorithm and MVSS
have good convergence and have basically the same misalign-
ment as FSS algorithm at low SNR. In addition, the leakage
algorithm misalignment is basically the same as that of FSS
with white noisy input [22] and that is the reason for the big
gap between the leaky algorithm and the other algorithms.
Figure 2 illustrates that the step-size convergence process of
the proposed algorithm is similar to MVSS algorithm and bet-
ter than VVS algorithm at low SNR.

4.2. Example 2: Correlated Input, Low SNR. In this example,
the unknown system to be identified and the filter are set up
in the same way as in the Example 1. But the filter input sig-
nal is changed from white noise input to correlation input
which can be described as:

x nð Þ = 0:9x n − 1ð Þ + c nð Þ, ð61Þ

where cðnÞ is uncorrelated Gaussian white noise with unit
variance. And Figure 3 depicts this input signal.
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Figure 1: Compare the MSE of different algorithms for white input case SNR = 10 dB.
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The step size of FSS algorithm is μFSS = 3 × 10−4. To
ensure that the convergence value of conventional leaky
LMS is close to that of the FSS algorithm, the step size can
be set to μLeaky = 3 × 10−3, and the leakage factor is γ =
0:999. The parameters of VSS algorithm with μmax = 1 ×
10−3 and μmin = 1 × 10−5 are set to αVSS = 0:97 and νVSS = 8
× 10−5, respectively. The proposed algorithm and MVSS
algorithm have the same α and ν as VSS algorithm, and
β = 0:98. The step-size range of the variable step-size algo-

rithm above is μmax = 1 × 10−2 and μmin = 1 × 10−5. Figure 4
shows that the convergence speed of the proposed algorithm
is close to that of MVSS under the condition of correlated
input, and they are both slightly faster than that of FSS algo-
rithm. Under the action of leakage factor, the same MSE
convergence value can be obtained only when the step length
of leakage algorithm is larger than that of FSS algorithm. As
can be seen from Figure 5, the convergence of MVSS step
size is slightly faster than that of the proposed algorithm.
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Figure 2: Compare the convergence process of variable step-size algorithms for white input case SNR = 10 dB.
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Under the effect of leakage factor, the peak step size of the
proposed algorithm has a big gap with that of MVSS
algorithm.

4.3. Example 3: High SNR. Example 3 has the same parame-
ters of filter and unknown system as Examples 1 and 2,
except that it has a higher SNR which is SNR = 40dB.

The FSS algorithm adopts the same step size which is
μFSS = μLeaky = 5 × 10−2 as the leaky LMS algorithm, and the

leaage factor of the leaky LMS algorithm is γ = 0:99. All
variable step-size algorithms, including MVSS, FSS, and pro-
posed algorithm, use the same step-size range which is
μmax = 0:1 and μmin = 1 × 10−5. And the ν of MVSS, FSS,
and proposed algorithm is νFSS = 1 × 10−2, νMVSS = 1, and
νpro = 1 × 10−5, respectively. The β of MVSS and proposed
algorithm are all set to β = 0:98. Figure 6 shows that in the
case of large SNR, the gap between the convergence the
MSE values of FSS and of leaky LMS algorithm becomes
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Figure 4: Compare the MSE of different algorithms for correlated input case SNR = 10 dB.
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larger. And the proposed algorithm converges slightly faster
than other variable step-size algorithms. Figure 7 mainly
illustrates that the proposed algorithm has advantages in
step-size convergence under the condition of high SNR.

4.4. Example 4: Unexcited Input High Order. The parameters
of the system to be identified and the filter in Example 4 are
the same as those in the above three examples except the
order which higher order numbers L = 14 are used in this
example. The input signal used in Example 4 is a weak white

signal with zero mean and σ2
x = 1 × 10−4, and the noisy signal

which destroys the desired signal dðnÞ is zero-mean, uncor-
related Gaussian noise of variance.

The FSS algorithm and the leaky LMS algorithm use the
same step size μFSS = μLeaky = 0:01. And the leakage factor of
leaky LMS algorithm and proposed algorithm is γ = 0:999.
The step size of all variable step-size algorithms including
FSS, MVSS, and proposed algorithm are set to μmax = 0:05
and μmin = 1 × 10−5, and the α of the all variable step-size
algorithms is α = 0:97. In addition, the ν of all variable
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Figure 6: Compare the MSE of different algorithms for white input case SNR = 40 dB.
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step-size algorithms is selected as νFSS = 1 × 10−5, νMVSS = 1
× 10−3, and νPro = 1 × 10−2, respectively. The β of MVSS
and proposed algorithm is chosen as β = 0:98, as can be seen
from Figure 8, under the condition of unexcited input, the
MSE which leaky algorithms with leakage factor converges
to closer to that of FSS. And the proposed algorithm con-
verges faster and can obtain better MSE compared with
other algorithms. The existence of leakage factor can better
deal with the parameter drift in the case of underexcitation,
and the use of variable step size can make the algorithm

convergence faster. Figure 9 shows that the step-size con-
vergence of the proposed algorithm is faster than that of
other variable step-size algorithms under the condition of
underexcitation.

5. Conclusion

Based on the studies in this paper, the following conclusions
can be drawn: (1) The proposed algorithm combines the
time average estimation of error autocorrelation with the
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Figure 8: Compare the MSE of different algorithms for unexcited input case SNR = 60 dB.

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

50 100

Iteration number

St
ep

 si
ze

200 250 300150 350 400 450 500

VVS
MVSS
Proposed

Figure 9: Compare the convergence process of variable step-size algorithms for unexcited input case SNR = 60 dB.

10 Wireless Communications and Mobile Computing



time average estimation of normalized quantity. By adjust-
ing the parameters, the proposed algorithm can eliminate
uncorrelated noise well. (2) For the same MSE, the conver-
gence speed of the proposed algorithm is close to that of
other variable-step algorithms under the condition of low
SNR and high SNR. (3) The leakage factor can reduce the
parameter drift caused by unexcitation. And in the case of
underexcitation, the convergence rate of the proposed algo-
rithm is faster than the other variable step-size algorithms,
and the results are closer to wiener solution. In conclusion,
the proposed algorithm has better performance in the case
of unexcitation.
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