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Downlink transmission techniques for multiuser (MU) multiple-input multiple-output (MIMO) systems have been
comprehensively studied during the last two decades. The well-known low complexity linear precoding schemes are currently
deployed in long-term evolution (LTE) networks. However, these schemes exhibit serious shortcomings in scenarios when users’
channels are strongly correlated. The nonlinear precoding schemes show better performance, but their complexity is
prohibitively high for a real-time implementation. Two-stage precoding schemes, proposed in the standardization process for
5G new radio (5G NR), combine these two approaches and present a reasonable trade-off between computational complexity
and performance degradation. Before applying the precoding procedure, users should be properly allocated into beamforming
subgroups. Yet, the optimal solution for user selection problem requires an exhaustive search which is infeasible in practical
scenarios. Suboptimal user grouping approaches have been mostly focused on capacity maximization through greedy user
selection. Recently, overlapping user grouping concept was introduced. It ensures that each user is scheduled in at least one
beamforming subgroup. To the best of our knowledge, the existing two-stage precoding schemes proposed in literature have not
considered overlapping user grouping strategy that solves user selection, ordering, and coverage problem simultaneously. In this
paper, we present a two-stage precoding technique for MU-MIMO based on the overlapping user grouping approach and assess
its computational complexity and performance in IoT-oriented 5G environment. The proposed solution deploys two-stage
precoding in which linear zero forcing (ZF) precoding suppresses interference between the beamforming subgroups and
nonlinear Tomlinson-Harashima precoding (THP) mitigates interuser interference within subgroups. The overlapping user
grouping approach enables additional capacity improvement, while ZF-THP precoding attains balance between the capacity
gains and suffered computational complexity. The proposed algorithm achieves up to 45% higher MU-MIMO system capacity
with lower complexity order in comparison with two-stage precoding schemes based on legacy user grouping strategies.

1. Introduction

Cellular Internet of things (IoT) has been recognized as a key
enabler for digital transformation and automation of almost
all industries. Before 5G New Radio (5G NR), cellular net-
works have been mainly designed and implemented for
human-type communications. Hence, the connectivity needs
of industry 4.0 can be addressed only with the implementa-
tion of massive machine type communication (mMTC) 5G
NR use cases. Based on current predictions, around 5 billion
cellular IoT connections are expected by 2025 [1]. Multiuser

(MU) multiple-input multiple-output (MIMO) and its evo-
lution, massive MIMO (mMIMO), have been identified as
one of the most promising technologies to address the
massive capacity demands in 5G networks and beyond. A
combination of spatial multiplexing and transmit beamform-
ing technique enables simultaneous transmission of indepen-
dent data streams using the same radio resources and thus
achieves higher throughput and spectral efficiency in MU-
MIMO systems [2].

The performance of MU-MIMO system design is largely
dependent on deployed user grouping method [3]. Actually,
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the use of improper user grouping strategy can allocate users
with highly correlated channels into the same beamforming
subgroup and thus significantly reduce system capacity. In
this paper, we consider practical cellular IoT scenario when
the number of users K is larger than the number of transmit
antennas N , i.e., K >N , which requires selection of G user
subsets Kg. In general, in order to find the optimal subset

of Kg ≤N users, the complete search space of size ∑N
k=1ðKk Þ

is required, which is prohibitively complex when the number
of users becomes large [4]. Several suboptimal user grouping
methods have been proposed with the aim to reduce com-
plexity. K-means clustering is a widely used strategy for
grouping of K users into the specified number of clusters,
such that each user belongs to the cluster with the nearest
mean [5]. However, the constraints on the cluster size cannot
be imposed with K-means clustering. This presents an
important disadvantage in MU-MIMO scenario since the
number of users within the cluster should be less or equal
to the number of base station antennas. Also, the number
of clusters needs to be specified in advance and the final
results are proven to be sensitive to initial parameters, while
method often terminates at a local optimum [6]. In [7],
Dimic and Sidiropoulos presented a suboptimal greedy user
selection algorithm which iteratively selects user with the big-
gest contribution to the cumulative system capacity until fur-
ther increase cannot be achieved. When this approach is
applied, only those users characterized with the favorable
channel conditions are selected, while users with less favor-
able channel conditions are dropped. Such behaviour can
present a problem in the case of the fixed IoT endpoint
devices with relatively low throughput requirements since
these may be dropped in many consecutive iterations and
thus not be served for a long period of time. In [8], Tian
et al. introduced the concept of overlapping user grouping
(OUG) based on the greedy approach (OUG-Greedy). They
also demonstrated that the OUG-Greedy can achieve higher
capacity than existing greedy user selection algorithms and
ensure that each user will be selected in at least one beam-
forming subgroup. Such defined user grouping strategy takes
the full advantage of the favorable propagation which repre-
sents a key property in massive MIMO systems [9]. An over-
lapping user grouping approach based on the spectral
clustering (OUG-SC) has been also proposed in [8]. Spectral
clustering method has many fundamental advantages com-
paring to the traditional K-means clustering. However, it also
requires the number of clusters as an input. The OUG-SC
algorithm has reduced computational complexity but it
achieves lower throughput performance than OUG-Greedy
algorithm [8]. This is due to the fact that OUG-Greedy algo-
rithm directly optimizes sum capacity with the greedy user
selection approach. On the other hand, OUG-SC algorithm
uses indirect metric for channel similarity measure as a part
of spectral clustering procedure [8, 10].

The joint decoding at the receiver side is not feasible in
MU-MIMO system since users cannot cooperate due to their
random geographic location. Hence, the successful data
transmission is extremely dependent on the precoding tech-
nique deployed at the base station, i.e., the ability to simulta-
neously send independent signals and suppress interference
between users as much as possible. When channel state infor-

mation (CSI) is considered known at the transmitter side
(i.e., reliably estimated), the nonlinear dirty paper coding
(DPC) technique [11] can completely eliminate interuser
interference and achieve the maximum MU-MIMO system
capacity. The Tomlinson-Harashima precoding (THP) [12]
represents the simplified version of DPC which combines
symmetric modulo operation and achieves near maximum
capacity performance. Another prominent nonlinear precod-
ing technique is vector perturbation (VP) [13], which per-
turbs signal data vectors intended for different users in
order to achieve better orthogonalization. Thus, a more reli-
able decoding can be achieved on the receiver side. Low
complexity user grouping strategies based on VP technique
were proposed to support adaptive modulation mechanism
[14, 15]. In traditional VP algorithm, where the same modu-
lation scheme is applied for all users, perturbation signal is
found via closest-point lattice search which is the nondeter-
ministic polynomial-time hard (NP-hard) problem. The
lattice-reduction-aided (LR-aided) algorithm could be used
to overcome this challenge. However, THP has lower com-
plexity and it outperforms LR-aided VP in the case of the
large-scale MIMO application scenario [16]. Anyhow, the
computational complexity of nonlinear precoding schemes
significantly increases with the number of users which com-
plicates their practical implementation.

Conversely, the linear precoding schemes with the
reduced complexity are also proposed for MU-MIMO sys-
tems, such as zero forcing (ZF) and block diagonalization
(BD) [17]. These schemes are successfully deployed in long-
term evolution (LTE) networks and can mitigate interuser
interference by projecting signal of the intended user into
the null space of all the other users. However, in the case of
users with highly correlated channels, it is almost impossible
to discriminate signals with the projection operation which
results in high capacity loss. In order to enhance MU-
MIMO system capacity and alleviate its complexity at the
same time, a combination of linear and nonlinear precoding
schemes, i.e., two-stage precoding scheme, is proposed in the
Third Generation Partnership Project (3GPP) standardiza-
tion phase for 5G NR [18, 19].

In [20], Zarei et al. proposed low-complexity two-stage
H-L-THP precoding scheme which achieves performance
close to the conventional THP. It was assumed that all users
within the same group have identical CSI statistics. However,
a concrete user grouping strategy was not considered in [20]
even though it significantly contributes to the overall MU-
MIMO system complexity. In [21], Trifan et al. proposed
two-stage BD-THP precoding scheme based on the opti-
mized K-means clustering with the imposed cluster size con-
straint and a distance metric based on the angles between
users. Yet, this approach does not provide information on
the channel separation between users associated with differ-
ent clusters. Moreover, in this approach, user selection within
the cluster is performed randomly. This can result in sched-
uling of users with the unsuitable mutual channel conditions
and a degradation of MU-MIMO system performance.

In this paper, we propose an approach in which the exist-
ing hybrid two-stage precoding scheme is extended with the
overlapping user grouping strategy. Also, the comprehensive
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analysis on its computational complexity throughput and
BER performance has been conducted for mMTC 5G NR
use case. Instead of further modification of K-means cluster-
ing, like in [21], we here adopt the overlapping user grouping
method from OUG-Greedy algorithm. This algorithm con-
siders both user selection and user ordering in order to max-
imize MU-MIMO system capacity and to ensure that users
with the favorable channel conditions are assigned to multi-
ple beamforming subgroups simultaneously. Two-stage pre-
coding technique is used afterwards to separate newly
formed beamforming subgroups in the spatial domain. In
the first stage, ZF scheme is used to block-diagonalize the
channel matrix, i.e., to minimize the intergroup interference.
In the second stage, for each subgroup, a THP scheme is used
to eliminate the interuser interference. The main difference
between our two-stage precoding technique and the ones
proposed in [20, 21] is that calculation of precoding matrices
for beamforming subgroups is done in the initial step by
OUG-Greedy so that linear ZF precoder can directly use
them for block diagonalization which simplifies overall
beamforming procedure. It should be also noticed that appli-
cation of OUG-Greedy algorithm yields to the significant
capacity gain compared to the legacy user grouping when
combined with two-stage precoding technique. Also, we
adopted two-stage ZF-THP precoding in order to accomplish
balance between the achieved capacity gains and the suffered
computational complexity (i.e., in comparison to the case in
which only THP is used). While the existing works on two-
stage precoders based on legacy user grouping strategies
compare their performance only with the performance of lin-
ear precoders or two-stage schemes with two-stage linear
precoding, we here benchmark proposed algorithm against
nonlinear precoders and two-stage schemes with nonlinear
precoding as well. Hence, this paper also provides the com-
parative analysis of all precoding types combined with legacy
and overlapping user grouping methods.

The rest of the paper is organized as follows. System
model is introduced and user grouping problem is formu-
lated in Section 2. In Section 3, the proposed two-stage pre-
coding scheme based on overlapping user grouping strategy
is proposed. Complexity evaluation of the proposed algo-
rithm is carried out in Section 4. Numerical simulation
results and comparative analysis with the algorithms that
employ existing user grouping methods and precoding
schemes are presented in Section 5. Section 6 concludes this
paper and presents research directions for the future work.

2. System Model and Problem Formulation

2.1. System Model. The downlink of a single-cell MU-MIMO
system is considered, in which a base station with a uniform
rectangular antenna array of N antennas simultaneously
transmits data to K single-antenna IoT devices (IoT users).
We did not consider IoT devices equipped with multiple
antennas since these are generally considered as a small and
simple devices. It would not be practical to equip them with
MIMO antennas because it would not provide sufficient spa-
tial diversity between the antennas to enable effective opera-
tion. The choice of multiple antennas would demand

independent RF chains per each antenna and advanced digi-
tal processing to separate the data streams. This would
increase cost and complexity of IoT devices, and also increase
energy consumption that is not appropriate for the battery
powered devices. Channel matrix is assumed fixed during
the channel coherence time and can be expressed as H =
½h1,⋯, hK �T ∈ℂK×N , where ð∙ÞT denotes matrix or vector
transpose, and hk ∈ℂN×1 is the channel vector between the
base station and user k. As in the previous work in this area,
we assume that CSI is known at the base station. Let denote
yk as the received signal at user k. The signals received by
users can be written as follows:

y =HBd + n, ð1Þ
where y ∈ℂK×1 denotes the received data for all K users in a
single time slot, B ∈ℂN×K is the precoding matrix, d ∈ℂK×1 is
the data vector intended for transmission to K users where
dk ∈ A = faI + jaQ ∣ aI, aQ ∈ f±1,±3,⋯,±ð ffiffiffiffiffi

M
p

− 1Þgg is M
-QAM modulated data symbol of the kth user with modula-
tion orderM, and n ~ CNð0, IKÞ is the additive white Gauss-
ian noise (AWGN) vector with zero mean and unit variance.
The choice of this particular modulation scheme is made
since the traditional THP precoder only applies for M
-QAM signaling. Modified THP, which is characterized with
similar complexity as traditional THP, was recently designed
to support M-PSK modulations included in 5G standardiza-
tion for millimeter wave communications [22]. Described
system model operates on sub-6GHz band; hence, the tradi-
tional THP precoder is sufficient for this scenario and it also
simplifies receiver design. The total power of transmitted sig-
nal x = Bd ∈ℂN×1 is constrained to E½xxH� ≤ PT , where Eð∙Þ
stands for the expectation operator and ð∙ÞH denotes matrix
or vector Hermitian transpose. Throughout this manuscript,
bold uppercase and lowercase symbols are used to denote
matrices and vectors, respectively, and the normal symbols
are used to represent scalars.

In many urban mMTC 5G NR use cases, IoT devices are
located indoor, whereas macrobase station is located out-
door. Hence, we here consider that base station communi-
cates with users over the spatially correlated Rayleigh
channels characterized with the non-line-of-sight (NLOS)
propagation [8].

In the considered scenario, base station is elevated and
free of local scattering, which results in high correlation
among the transmit antennas. We model spatial correlation
matrix at the transmitter RTX ∈ℂN×N using the one-ring
MIMO channel scattering model shown in Figure 1, which
was firstly employed by Jakes [23] and adopted in [24]. Let
θ be the azimuth angle of the user located at distance S from
base station and surrounded by a ring of scatterers with
radius r. From Figure 1, it follows that angular spread of
transmitted signal Δ can be approximated as Δ ≈ arctgðr/SÞ.
Spatial correlation coefficient between transmit antennas 1
≤ p, q ≤N is modelled as follows [24]:

RTX½ �p,q =
1
2Δ

ðΔ
−Δ
ejg

T α+θð Þ up−uqð Þdα, ð2Þ
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where gðα + θÞ = −ð2π/λcÞ½cos ðα + θÞ sin ðα + θÞ�T is the
vector for a planar wave impinging the transmit antenna
array with the angle of arrival (AoA) α, λc is the wavelength
that corresponds to carrier frequency f c, and up, uq ∈ℝ2

are vectors indicating the position of base station antennas
p, q in two-dimensional (2D) coordinate system.

From Equation (2), it can be verified that RTX is a normal
matrix which can be eigendecomposed as follows:

RTX =UTX ΣTXUH
TX , ð3Þ

where UTX ∈ℂN×N represents a unitary matrix composed of
the eigenvectors of RTX and ΣTX ∈ℝN×N is a diagonal matrix
whose elements are eigenvalues of RTX .

IoT devices located indoor usually experience fluctuation
of the received signal power due to the obstacles on the trans-
mission path, i.e., shadow fading. The channels of geograph-
ically proximate devices are significantly correlated when
affected by the same shadowing. Spatial correlation of the
channels between users 1 ≤ i, j ≤ K is modelled using Gud-
mundson’s model defined in [25] and adapted for IoT net-
works in [26] as follows:

RRX½ �i,j =
σ2s
dcor

e− di, jj j/dcor , ð4Þ

where jdi,jj denotes the distance between users i and j, σs is
the standard deviation of shadow fading, and dcor is the cor-
relation distance, i.e., distance at which correlation drops to
0.5. RRX ∈ℂK×K is also a normal matrix with eigendecompo-
sition similar to Equation (3)

RRX =URX ΣRXUH
RX , ð5Þ

where unitary matrix URX ∈ℂK×K and diagonal matrix ΣRX
∈ℝK×K include the corresponding eigenvectors and eigen-
values of RRX , respectively. We here adopted Kronecker cor-
relation model [27], which assumes complete correlation

separability between transmitter and receiver. Hence, chan-
nel matrix can be expressed as follows:

H = R1/2
RXHiidR1/2

TX , ð6Þ

where Hiid ∈ℂ
K×N is an uncorrelated Rayleigh channel

matrix whose elements are independent and identically dis-
tributed (i.i.d.) complex Gaussian random variables with zero
mean and unit variance. Substitution of decomposed spatial
correlation matrices at transmitter (Equation (3)) and
receiver (Equation (5)) in Equation (6) gives the following
channel matrix expression:

H =URXΣ1/2
RXHiidΣ1/2

TXUTX : ð7Þ

2.2. User Grouping Problem Formulation. The performance
of MU-MIMO system largely depends on the channel corre-
lation among the users included in the same beamforming
subgroup. Hence, the proper user grouping is necessary in
order to suppress interuser interference and maximize sys-
tem capacity.

Let S = fk ∣ k = 1, 2,⋯, Kg denote the whole set of users
clustered into G subgroups. Deterministic MIMO channel
capacity for each beamforming subgroup Sg, g = 1, 2,⋯,G
is defined as [28]:

Rg H, Bð Þ = 〠
k∈Sg

log2 1 + βk hHk bk
�� ��� �

, ð8Þ

where k∙k denotes the vector 2-norm operator. Parameters
βk symbolize the power allocation factors derived from the
water-filling algorithm [29]:

βk =
1
μ
−

1
λk

� �+
, ð9Þ

where ð∙Þ+ is the operation defined as ðxÞ+ = max f0, xg and
μ is the water level satisfying

〠
k∈Sg

1
μ
−

1
λk

� �
= PT , ð10Þ

and λk is the effective channel gain after beamforming
procedure:

λk = hHk bk
�� ��, ð11Þ

which represents the kth eigenvalue of the effective chan-
nel matrix Heff =HB [3].

Different user selections for beamforming subgroups g
give different values of Equation (8). Furthermore, different
user ordering within the same beamforming subgroup also
yields different MU-MIMO sum capacity. In general, user
grouping strategy depends on the channel matrix H and the
transmitted signal power PT . Thus, we define the optimal user
grouping method S∗ðH, PTÞ ≜ fS1,⋯, SGg as the one that
maximizes MU-MIMO system capacity. The corresponding

r

S

𝜃 Obstruction

Scatterer ring

Δ

Figure 1: One-ring MIMO channel scattering model.
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optimal power allocation defined by β∗ðH, PTÞ ≜ fβ1,⋯, βKg
gives the maximum sum capacity under the user grouping
strategy S∗ðH, PTÞ. Putting all together, the optimal user
grouping problem can be formulated as in [8]:

S∗ H, PTð Þ, β∗ H, PTð Þf g = arg max 〠
G

g=1
Rg, ð12Þ

subject to
SG

g=1Sg = S and ∑K
k=1βk ≤ PT . As can be seen from

the previous expression, the sum capacity can be optimized
with respect to the overlapping among beamforming sub-
groups and power allocation when solving the optimization
problem (Equation (12)).

3. Two-Stage Precoding Based on Overlapping
User Grouping Approach

The system model for the proposed two-stage precoding
scheme based on overlapping user grouping strategy is
depicted in Figure 2.

User grouping is achieved by employing the overlapping
method from OUG-Greedy algorithm introduced in [8]. Let
Si be the set of users that have been assigned in iteration i
and ℂi be the set of remaining users that have not been
selected yet. In each iteration, algorithm selects users from
ℂi in order to form the subgroup Si which gives the maxi-
mum capacity defined in Equation (8) with the correspond-
ing water-filling power allocation. This procedure is known
as zero forcing with user selection (ZFS) [7] and is repeated
until all users are assigned to their respective beamforming
subgroups. In the next step, the searching space of subgroup
Si is widened to the users that have been already assigned to
one of the previous subgroups. More specifically, the search-
ing space for subgroup Si obtained from ZFS algorithm is
reset as follows:

ℂi,o =
[i−1
j=1

Sj, ð13Þ

to perform the overlapping user grouping [8]. Using the
extended searching space, users with the favorable channel
conditions are reselected and assigned to several beamform-
ing subgroups at the same time. Accordingly, we obtain the
set of overlapping user groups S1,o,⋯, SG,o and correspond-
ing set of matrices H1,⋯,HG where Hg ∈ℂ

Kg×N denotes the
row-reduced channel matrix which includes channel vectors
of Kg users selected in beamforming subgroup Sg,o.

Once users are grouped according to the OUG-Greedy
algorithm, linear ZF precoding scheme is applied to suppress
interference between already formed beamforming sub-
groups. For this purpose, precoder W = ½W1,⋯,WG� with
Wg ∈ℂ

N×Kg is designed to null off-diagonal elements of the
effective ZF channel matrix:

HW =

H1W1 H1W2 ⋯H1WG

H2W1 H2W2 ⋯H2WG

⋮

HGW1

⋮

HGW2

⋮

⋯HGWG

2
666664

3
777775: ð14Þ

In order to cancel intergroup interference, the effective
ZF channel matrix from Equation (14) must be diagonalized,
i.e., HiWj = 0 for every i ≠ j. This is possible when precoding
matrix for each beamforming subgroup is a Moore-Penrose
pseudoinverse of the row-reduced channel matrix [30].

Wg =HH
g HgHH

g

� 	−1
: ð15Þ

Hence, the user data in each beamforming subgroup is
ideally transmitted in the null space of the channel matrix
made of channel vectors related to users from all other sub-
groups. However, it should be noticed that it is not necessary
to determine previous Equation (15) since the corresponding
precoding matrices are already obtained in OUG-Greedy
algorithm when calculating Equation (8). This leads to sim-
plified ZF precoding which only includes multiplication of

W

THP1

d1

d2

dG

H

n

y

Beamforming
Subgroups OUG-Greedy

THP2

THPG

xTHP1

xTHP2

x

xTHPG

CSI

Figure 2: System model for two-stage precoding with overlapping user grouping approach.
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precoding matrices obtained from OUG-Greedy algorithm
with the corresponding row-reduced channel matrices.

After the ZF precoding technique is performed, remain-
ing interuser interference in each beamforming subgroup is
mitigated by using the nonlinear THP precoding scheme.
THP precoded signal for beamforming subgroup g is given
by xTHPg =QH

g sg ∈ℂKg×1 as shown in Figure 3. Thus, Qg

∈ℂKg×Kg is an unitary feedforward matrix obtained from
LQ decomposition of gth diagonal element of the effective
channel matrix Ȟg =HgWg ∈ℂ

Kg×Kg , and sg ∈ℂKg×1 is a
data vector whose elements are calculated according to
the following:

sg

 �

k,1 = modM dg

 �

k,1 − 〠
k−1

l=1
Fg − IKg

h i
k,l

sg

 �

l,1

 !
, ð16Þ

where Fg ∈ℂKg×Kg represents the feedback matrix, IKg
∈

ℂKg×Kg denotes the identity matrix, and modMð∙Þ is a sym-
metric modulo function which limits transmitted power of
modulated data symbols and ensures that they lie inside
the Voronoi region of the original constellation and is given
by the following:

modM xð Þ = x − 2
ffiffiffiffiffi
M

p 1
2
+R

x

2
ffiffiffiffiffi
M

p
� � �

− 2j
ffiffiffiffiffi
M

p 1
2
+I

x

2
ffiffiffiffiffi
M

p
� � �

,
ð17Þ

with Rf·g and If·g representing the real and imaginary
part of complex number x. The main purpose of the feed-
back matrix Fg is to cancel the interference caused by
already detected data symbols and is defined as follows:

Fg =GgLg, ð18Þ

where Gg = diag ðl−111 ,⋯:,l−1KgKg
Þ ∈ℂKg×Kg is the diagonal

scaling matrix and Lg ∈ℂKg×Kg is the lower triangular

matrix derived from LQ decomposition of Ȟg. Hence,

THP precoding matrix Pg ∈ℂ
Kg×Kg for beamforming sub-

group g can be expressed as follows:

Pg =QH
g L−1g G−1

g : ð19Þ

As can be seen, the proposed hybrid mechanism is
based on two-stage precoding. The first stage consists of
the linear precoder used to eliminate intergroup interfer-

ence. To suppress interference inside every group, the non-
linear precoding is employed in the second stage. In other
words, beamforming matrix B consists of two parts:

B =WP, ð20Þ

where W ∈ℂN×K denotes the linear ZF beamforming matrix
and P ∈ℂK×K is the cumulative nonlinear THP beamforming
matrix.

The achievable sum rate of the proposed algorithm is cal-
culated as ∑G

g=1Rg where Rg represents channel capacity for
overlapped beamforming subgroup Sg,o defined as in [28]:

Rg H, Bð Þ = 〠
k∈Sg

log2 1 + βk hHk bk
�� ��� �

, ð21Þ

which is equivalent to Equation (8) and derived for the case
of perfect MIMO channel estimation. Previous formula was
used for the performance evaluation of all existing algorithms
and the proposed one in Section 5.

4. Computational Complexity Analysis

Computational complexity is an important design parame-
ter, especially in implementation of IoT-oriented 5G systems
where a massive number of IoT devices have limited battery
lifetime. This section covers complexity analysis of the pro-
posed scheme with two-stage ZF-THP precoding based on
overlapping user grouping approach (marked as OUG ZF-
THP algorithm). In order to achieve this, the computational
complexity for deployed overlapping user grouping method
and two-stage ZF-THP precoding is derived. The total com-
putational capacity is defined as the sum of these two parts
(excluding the calculations from the prior steps that can be
reused in the former steps). Also, in order to compare com-
putational complexity for the proposed and the referent algo-
rithms, the complexity for these algorithms is given. As the
referent algorithms, we here observed previously introduced
OUG-Greedy grouping with the linear ZF precoding
(marked as OUG-Greedy ZF algorithm) proposed in [8],
two-stage BD-THP precoding based on the optimized K
-means clustering (marked as K-means BD-THP algorithm)
proposed in [21], and linear ZFS algorithm proposed in [7].
We here also consider scheme with THP precoding based
on overlapping user grouping strategy (marked as OUG
THP), a combination that was not previously observed in
the literature. More on this referent scheme is given in the
next section where the capacity performance analysis is pre-
sented. Since all these algorithms also comprise user group-
ing and the precoding part, the computational complexity
is presented for the both of these parts separately, and the
total complexity is given as the sum of these two (in the same
way as for the proposed algorithm).

The complexity for all the observed algorithms is quanti-
fied by the number of floating-point operations (FLOPs) [30]
required for multiplication (division) and addition (subtrac-
tion) of complex-valued numbers. For the sake of accuracy,
we use a common assumption and count each complex-

_
dg sg

modM(·) QH
g

xTHPg

Fg-IKg

Figure 3: System model for THP scheme.

6 Wireless Communications and Mobile Computing



valued multiplication as 6 FLOPs and each complex-valued
addition as 2 FLOPs. Also, computational complexity
required for Tc precoded data vectors is considered, where
Tc represents the channel coherence time interval.

First, we consider complexity of the overlapping user
grouping method. For the sake of brevity, it was assumed
that each beamforming subgroup has Kg = K/G users. Deri-
vation of the effective channel gains represents the most
computationally expensive operation in the overall OUG-
Greedy algorithm [7]. As an alternative to Equation (11),
the simplified sequential water-filling (SWF) approach for
channel matrix pseudoinverse Equation (15) and channel gain
Equation (11) calculation is introduced in [4] as follows:

λk = hkP⊥
k

�� ��2, ð22Þ

where P⊥
k ∈ℂN×N is a projection matrix onto the orthogonal

complement of the subspace spanned by the channels h1,⋯,
hk−1 of the currently selected users in that beamforming sub-
group. Vector-matrix multiplication in Equation (21)
requires 2Nð4N − 1Þ FLOPs [31]. In the worst-case scenario,
this procedure is performed for all K users in Kg iterations.
Repetition over G beamforming subgroups gives the total
number of FLOPs:

COUG−Greedy = 2G2K2
gN 4N − 1ð Þ, ð23Þ

which can be formulated after substitution Kg = K/G as
follows:

COUG−Greedy = 2K2N 4N − 1ð Þ: ð24Þ

Hence, the computational complexity of the overlap-
ping user grouping strategy is no more than OðK2N2Þ
which is of the same order as ZFS with SWF mechanism
[4] and two-order simpler comparing to the conventional
capacity-based ZFS algorithm [32] as outlined in Table 1.
In practice, the number of beamforming subgroups G will
be more than 2; thus, OUG-Greedy algorithm also outper-
forms optimized K-means clustering method used by K
-means BD-THP algorithm [21].

Next, we derive the computational complexity of two-
stage ZF-THP precoding scheme. Matrix-matrix multiplica-
tion is executed in order to obtain diagonal elements of the
effective channel matrix Ȟg which requires 2K2

gð4N − 1Þ
FLOPs. Note that complexity of calculating Moore-Penrose
pseudoinverses Wg has been already evaluated as part of
the user grouping procedure. LQ decomposition of matrix
Ȟg requires approximately 16K3

g/3 FLOPs [33]. Calculation
of diagonal scaling matrix Gg requires Kg FLOPs which is
used for generating feedback matrix Fg with complexity of

2K2
gð4Kg − 1Þ FLOPs. Subtracting identity matrix IKg

from

feedback matrix Fg requires Kg FLOPs. Calculating Tc data

vectors sg requires 4TcðK2
g + Kg − 2Þ FLOPs [34]. Multiplica-

tion of Wg with the unitary feedforward matrix Hermitian

QH
g requires 2NKgð4Kg − 1Þ FLOPs. Previous steps are

repeated G times for each beamforming subgroup.
Finally, 2TcNð4K − 1Þ FLOPs are needed to multiply the

cumulative product WgQH
g with data vectors sg for all K

users and generate Tc two-stage precoded data vectors x.
Thus, the total number of FLOPs required for two-stage
ZF-THP precoding is as follows:

CZF−THP =
40GK3

g

3
− 4GK2

g + 2GKg − 2GKgN + 16GK2
gN

+ Tc 4GK2
g + 4GKg + 8KN − 8G − 2N

� 	
:

ð25Þ

Application of the corresponding substitution Kg = K/G
gives more concise expression:

CZF−THP =
2K 3G2 − 3G2N + 20K2 − 6GK + 24GKN
� �

3G2

+
2Tc 2K2 − 4G2 + 2GK − GN + 4GKN
� �

G
:

ð26Þ

As summarized in Table 2, two-stage ZF-THP precoding
scheme has the same computational complexity as two-stage
BD-THP scheme. The expressions for complexity of the pre-
coding techniques summarized in Table 2 are adopted from
[20] in the case of ZF precoding and THP schemes, and from
[21] for BD-THP scheme.

Moreover, two-stage ZF-THP technique has the lowest
complexity among conventional linear and nonlinear pre-
coding schemes. The computational complexity required to
generate one two-stage precoded data vector in the case of
32 antennas and IoT devices grouped in 4 beamforming sub-
groups is illustrated in Figure 4. For this choice of parameter
values, presented precoding schemes have similar complexity
when the number of IoT devices is less than 20. As the num-
ber of users in the cell increases, a computational complexity
of ZF and THP precoders substantially escalates in compari-
son with ZF-THP and BD-THP. As expected, nonlinear THP
scheme has the highest complexity.

Based on the previously defined computational complex-
ity for different user grouping and precoding schemes, the
total complexity for all observed algorithms is presented in
Table 3. The total complexity is calculated as a sum of corre-
sponding user grouping and precoding schemes for each

Table 1: Computational complexity of user grouping algorithms.

User grouping algorithm Number of FLOPs

Capacity-based ZFS O KN5� �
ZFS with SWF O KN3� �
OUG-Greedy O K2N2� �
Optimized K-means clustering O KG+1G

� �
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algorithm (excluding the complexity related to calculation
of beamforming matrices when ZF precoding is employed,
since these were calculated as a part of user grouping pro-
cedure in ZFS, OUG ZF-THP, and OUG-Greedy ZF
algorithms).

As evident in Table 3, ZFS and OUG-Greedy ZF algo-
rithms have somewhat lower computational complexity than
OUG ZF-THP algorithm. Such behaviour could be expected
since these two schemes employ only linear ZF precoding
with lower complexity due to the reuse of beamforming
matrices already calculated as a part of user grouping proce-
dure (similarly as for OUG ZF-THP algorithm). However, as
will be presented in the next section, these schemes achieve
lower overall MU-MIMO system capacity than OUG ZF-
THP due to the less efficient ZF precoding in comparison
to ZF-THP precoding. This is particularly evident in the case
of the correlated MIMO channels (i.e., mutually dependent
user channels) when linear ZF precoding cannot sucesfully
mitigate all interuser interference, and more complex two-
stage ZF-THP precoding achieves significantly better perfor-
mance and thus enables larger capacity gains.

On the other hand, OUG ZF-THP algorithm has lower
computational complexity than OUG THP and K-means
BD-THP algorithms. The higher complexity of OUG THP
algorithm is a consequence of using THP precoding, which
possess significantly higher complexity than ZF-THP pre-
coding. However, this more complex precoding scheme
enables somewhat higher capacity gains, as will be shown in
the next section. If we observe OUG ZF-THP and K-means
BD-THP complexity, it is obvious in Table 2 and Figure 4
that ZF-THP and BD-THP precoding schemes require the
same amount of FLOPs. However, complexity order of the
optimized K-means clustering adopted in K-means BD-
THP algorithm increases linearly with the number of beam-
forming subgroups G [21] which is not the case with overlap-
ping user grouping method deployed in OUG ZF-THP
algorithm. Hence, overall OUG ZF-THP algorithm is more
computationally efficient than K-means BD-THP algorithm.

Also, it is worth mentioning that in K-means BD-THP
algorithm, the computational complexity of singular value
decomposition (SVD) procedure for the linear precoding
part (i.e., BD procedure) is neglected since it has to be deter-
mined very infrequently from the long-term CSI. In here pro-
posed OUG ZF-THP algorithm, calculation of beamforming
matrices is done as a part of user grouping procedure which
simplifies subsequent linear ZF precoding. This gives more
realistic evaluation of OUG ZF-THP complexity.

5. Results and Discussion

To evaluate the performance of the proposed two-stage ZF-
THP precoding based on overlapping user grouping
approach (OUG ZF-THP algorithm), we compared the
MU-MIMO system capacity for this algorithm with the lin-
ear OUG-Greedy ZF algorithm [8] and two-stage BD-THP
precoding based on optimized K-means clustering (K
-means BD-THP) [21]. First algorithm introduces the over-
lapping user grouping method which showed good perfor-
mance in IoT-oriented MU-MIMO system. Latter one
considers concrete user grouping strategy in junction with
two-stage precoding scheme for the first time. Thus, these
algorithms represent suitable candidates for the performance
benchmarking. For the sake of completeness, we also show
simulation results for ZFS [7] and THP precoding [12],
combined with the overlapping user grouping strategy
(OUG THP) that defines practical lower and upper bound
of the MU-MIMO capacity region for this particular case,

Table 2: Computational complexity of precoding schemes.

Precoding scheme Number of FLOPs

ZF 4K3 + 2KN 4K − 1ð Þ + K 4N − 1ð Þ K + 1ð Þ + 2NTc 4K − 1ð Þ + 8K2 + 6K

THP
16K3

3
+ 2K 4KN − K + 2ð Þ + 2Tc 2K + 2K2 +N 4K − 1ð Þ − 4

� �
BD-THP

2K 3G2 − 3G2N + 20K2 − 6GK + 24GKN
� �

3G2 +
2Tc 2K2 − 4G2 + 2GK −GN + 4GKN
� �

G

ZF-THP
2K 3G2 − 3G2N + 20K2 − 6GK + 24GKN
� �

3G2 +
2Tc 2K2 − 4G2 + 2GK −GN + 4GKN
� �

G
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Figure 4: Computational complexity of precoding schemes.
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respectively. 2D MU-MIMO system environment has been
created using the MATLAB software package. The MU-
MIMO system capacity for all the observed algorithms was
estimated according to Equation (21) defined in the Section
3. The Monte-Carlo simulation of these algorithms is per-
formed by averaging 500 random channel realizations.

We assumed a single-cell MU-MIMO system with a base
station located at the center of the cell and equipped with 128
omnidirectional antennas which represent the typical config-
uration of the commercial massive MIMO antenna. It simul-
taneously transmits data in 3.5GHz band to 300 single-
antenna IoT devices. This frequency band has been identified
as a global International Mobile Telecommunications-2020
(IMT-2020) band for 5G NR deployment by International
Telecommunication Union Radiocommunication Sector
(ITU-R) [35]. Configuration of the planar antenna array is
8 × 16 (i.e., 8 antenna elements vertically and 16 antenna ele-
ments horizontally) with the aim to exploit 2D beamforming
in horizontal domain. The base station antenna spacing is
normalized with respect to the wavelength and set to 0.5.
Data symbols are modulated with 16-QAM technique which
was shown sufficient for mMTC 5G NR use cases [36]. To
simulate the transmit and receive antenna correlation, we
adopted Jakes’ one-ring MIMO channel model [23] and
Gudmundson’s shadowing model [25] commonly used in
cellular IoT scenarios, respectively.

Parameter values for both correlation models were taken
from [8] since the same type of propagation environment
was considered. The scattering objects are located around
devices in radius of 30 meters [24], while correlation distance
between devices is 20 meters and shadow fading varies with
standard deviation of 0.4 [26]. IoT devices are uniformly dis-
tributed around base station with dedicated azimuth values at
distance between 100 and 300 meters. The angular spread of
the signal transmitted from the base station is derived as in
[24]. This is aligned with the expected beam arrival distance
in rich scattering radio environment for chosen antenna con-
figuration and operating frequency band. An overview of the
main system parameter configuration used in Monte-Carlo
simulations is provided in Table 4.

In [8], it was mathematically shown that overlapping user
beamforming subgroup Sg,o can select more users with a
higher probability than the corresponding beamforming sub-
group Sg and that searching space extension always results in

larger capacity. We demonstrate numerically the superiority
of here proposed approach that combines overlapping user
grouping method with two-stage ZF-THP precoding scheme
in terms of the achievable MU-MIMO system capacity.

First, we have evaluated the proposed algorithm perfor-
mance in the case of the environment with uncorrelated
Rayleigh fading where users’ channels are mutually indepen-
dent. Equivalent channel-based received signal-to-noise ratio
(SNR) to throughput mapping method adopted by 3GPP
[19] is used for performance evaluation. MU-MIMO system
capacity comparison of the analyzed algorithms is outlined in
Figure 5.

It can be seen that proposed OUG ZF-THP algorithm
achieves approximately the same capacity as OUG THP
and OUG-Greedy ZF algorithms. The same finding holds
for the conventional ZFS and K-means BD-THP algo-
rithms. This is due to the fact that linear precoding has
almost the same performance as nonlinear precoding when
users have uncorrelated channel vectors. Hence, linear pre-
coder can efficiently suppress both intergroup and interuser
interference and there is no need to use two-stage hybrid
precoding mechanism. K-means BD-THP algorithm has
lower throughput performance due to a lack of overlapping
approach which could further populate formed subgroups
using the favorable propagation property. In the case of
uncorrelated MIMO channels, the capacity improvement
is mainly achieved by overlapping user grouping strategy
among beamforming subgroups.

Next, we consider more realistic scenario with correlated
shadow fading which imposes dependency between user
channels. Results in Figure 6 show that proposed OUG ZF-
THP algorithm achieves significant improvement on sum
capacity over the existing suboptimal approaches. We can

Table 3: Computational complexity of all observed algorithms comprising the user grouping and precoding.

Algorithm Number of FLOPs

ZFS O KN3� �
+ 2KN 4K − 1ð Þ + 2NTc 4K − 1ð Þ

OUG-Greedy ZF O K2N2� �
+ 2KN 4K − 1ð Þ + 2NTc 4K − 1ð Þ

K-means BD-THP O KG+1G
� �

+
2K 3G2 − 3G2N + 20K2 − 6GK + 24GKN
� �

3G2 +
2Tc 2K2 − 4G2 + 2GK −GN + 4GKN
� �

G

OUG ZF-THP O K2N2� �
+
2K 3G2 − 3G2N + 20K2 − 6GK + 24GKN
� �

3G2 +
2Tc 2K2 − 4G2 + 2GK − GN + 4GKN
� �

G

OUG THP O K2N2� �
+ 16K3

3
+ 2K 4KN − K + 2ð Þ + 2Tc 2K + 2K2 +N 4K − 1ð Þ − 4

� �

Table 4: System parameter configuration.

Parameter Value Parameter Value

θ [-180°, 180°] N 128

Δ [5°, 15°] K 300

dcor 20m D 0.5

r 30m σs 0.4

f c 3.5GHz M 16
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observe capacity increase from 10% and 30% in low SNR
regime (4 dB) to 25% and 45% in high SNR regime (20 dB)
comparing to OUG-Greedy ZF and K-means BD-THP algo-
rithms, respectively. SNR reference values are chosen accord-
ing to real 5G urban NLOS radio conditions at 3.5GHz [37].

Obtained large performance gain of OUG ZF-THP algo-
rithm is the result of the proposed combination of more
advanced two-stage signal processing and overlapping
among beamforming subgroups. Linear OUG-Greedy ZF
algorithm achieves lower sum rate due to the correlation of
user channel vectors, whereas the poor performance of K
-means BD-THP algorithm comes from the random user

selection within clusters. Additionally, high SNR regime
improves transmission reliability and beam steering which
contribute to the higher achievable system throughput. Algo-
rithms that use overlapping user grouping based on greedy
user selection methods are exploiting the favorable propaga-
tion property without generating much interuser interference
which greatly enhances MU-MIMO system capacity. From
Figure 6, it can also be seen that nonlinear THP precoding
based on overlapping user grouping strategy (i.e., OUG
THP) provides the best sum rate. However, here proposed
algorithm requires significantly less FLOPs as shown in Sec-
tion 4. Thus, OUG ZF-THP approach represents a good
trade-off between computational complexity and MU-
MIMO system performance in terms of capacity.

In order to give further performance comparison for the
observed algorithms which comprise user grouping and pre-
coding procedures, we considered the average uncoded bit
error rate (BER) as the performance metric (i.e., achieved
BER prior to forward error correction decoding at the
receiver), where averaging is performed over a sufficient
number of channel realizations and over all users. The
uncoded BER is calculated as in [16], in which the upper
bound for symbol error rate (SER) in the case of different
precoding techniques is given, with the additional averaging
realized over all users for all beamforming subgroups. The
use of Gray coding for the adopted 16-QAM modulation
technique is presumed for all schemes. It should be noticed
that these BER values are derived in [16], under the assump-
tion that transmitter for each user in each subgroup essen-
tially fixes the minimum required SNR (γmin) for which it
encodes data at the rate R = log2ð1 + γminÞ corresponding to
the possible capacity. However, if the actual SNR value is
smaller than γmin, decoding errors occur with the probability
poutage = Prðγ < γminÞ [16]. Thus, given BER represents the
upper bound for the observed scenario in which the ideal
CSI data is used.

The comparison of the estimated average uncoded BER
for all the observed algorithms is presented in Figures 7 and
8, in the case of the environment with correlated and uncor-
related Rayleigh fading, respectively. As obviously shown in
Figures 7 and 8, the algorithms which deploy more complex
nonlinear precoding (i.e., K-means BD-THP, OUG ZH-
THP, and OUG THP) significantly outperform those with
linear ZF precoding (i.e., ZFS and OUG-Greedy). Such
behaviour is expected due to more successful mitigation of
interuser interference with nonlinear precoding techniques,
as was already shown in the literature [20]. Also, much better
BER performance is achieved for all the observed algorithms
in the case of uncorrelated MIMO channels, due to the signif-
icantly lower interuser interference. The best average
uncoded BER is achieved in the case of OUG THP algorithm,
while proposed OUG ZF-THP algorithms have somewhat
higher BER in the case of uncorrelated MIMO channels,
and essentially same BER as OUG THP algorithm in the case
of correlated MIMO channels.

Previous findings are summarized in Table 5 where
numerical performance of all the observed algorithms in
good radio conditions (i.e., 20 dB in the case of achievable
sum rate and 40 dB in the case of BER analysis) is presented.
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When the number of users K increases for the same num-
ber of base station antennas N , it was shown that ZF-based
user grouping strategies achieve the sum rate which
approaches the capacity upper bound [4]. This comes from
the fact that more combinations within the search space
∑N

k=1ðKk Þ are covered. Asymptotically, when user number goes
to infinity, the optimal sum rate is achieved since searching
among all possible combinations is done. Previous findings
apply to our case as well with additional benefit from the
introduction of overlapping user grouping approach. In this
approach, even more users can be added in unpopulated

beamforming subgroups since probability that users’ chan-
nels are spatially uncorrelated increases. However, this leads
to the increased number of beamforming subgroups that
should be precoded, and hence, computational complexity
becomes prohibitively high because of its polynomial relation
with the number of users and their subgroups. To overcome
this challenge, we can increase the number of base station
antennas. In that way, the same number of users will be
served and selected in the lower number of beamforming
subgroups keeping the complexity of signal processing on
reasonable level. In that case, we could exploit both beam-
forming and multiplexing gains. However, the increase in
the number of base station antennas results with the
increased hardware complexity on base station side, espe-
cially in the observed 5G NR midband where digital beam-
forming is envisioned. The trade-off between these two
approaches is to choose reasonably a large number of base
station antennas and numerous users in the cell but to keep
the ratio between them relatively small. The last statement
holds in the case of IoT-oriented MU-MIMO system with
numerous IoT devices served in 5G cell unlike in massive
MIMO case where the number of base station antennas is
typically much larger than the number of users [28].

6. Conclusions

In this paper, we have studied user grouping and scheduling
problem in IoT-oriented 5G MU-MIMO systems. We have
proposed two-stage hybrid precoding scheme based on over-
lapping user grouping strategy for mMTC 5GNR use case. In
this framework, user grouping is performed using the greedy
approach that allows users with favorable channel conditions
to be scheduled into the multiple beamforming subgroups
simultaneously. Two-stage hybrid precoding scheme is then
applied on created beamforming subgroups in order to min-
imize the interference in MU-MIMO system. Linear ZF pre-
coding cancels interference among beamforming subgroups
while the nonlinear THP precoding reduces remaining inter-
ference between scheduled users within each beamforming
subgroup. Comparative analysis with other precoding
schemes based on different user grouping methods has been
presented. Numerical results demonstrate that proposed
algorithm achieves much higher MU-MIMO system capacity
in comparison to the existing two-stage precoding schemes
based on legacy user grouping strategies, especially in large
SNR regime (from 30% at 4 dB to 45% at 20 dB). Also, thor-
ough complexity analysis has shown that despite its good
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Table 5: Performance of all observed algorithms in good radio
conditions.

Algorithm Achievable sum rate (bps/Hz) Average BER

ZFS 650 2:9 ∗ 10−2

OUG-Greedy ZF 825 2:1 ∗ 10−2

K-means BD-THP 710 4:5 ∗ 10−3

OUG ZF-THP 1030 3:5 ∗ 10−5

OUG THP 1100 3:5 ∗ 10−5

11Wireless Communications and Mobile Computing



throughput performance, the proposed approach has lower
computational complexity as the existing algorithms that
employ user grouping methods and two-stage precoding
schemes. Also, the proposed OUG ZF-THP algorithm
achieves very good BER performance in the observed appli-
cation scenario.

Obtained numerical results encourage further research in
the area of user grouping and scheduling in 5G MU-MIMO
systems. Future work will include evaluation of the proposed
two-stage precoding based on overlapping user grouping
approach in heterogeneous 5G network consisting of both
IoT devices and legacy users with different quality of service
(QoS) requirements and assessment of its performance in
more realistic radio environment which imposes channel
imperfections. In order to support given QoS requirements
for the observed users, a deployment of adaptive modulation
mechanism might be necessary. In that case, the low com-
plexity VP precoding techniques could be observed as a
promising solution, instead of here considered THP schemes.
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