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Multiple input and multiple output (MIMO) radar systems have advantages over traditional phased-array radar in resolution,
parameter identifiability, and target detection. However, the estimation performance of the direction of arrivals (DOAs) and the
direction of departures (DODs) will be significantly degraded for a colocated MIMO radar system with unknown mutual
coupling matrix (MCM). Although auxiliary sensors (AS) can be set to solve this problem, the computational cost of two-
dimensional multiple signal classification (2D-MUSIC) is still large. In this paper, a new angle estimation method is proposed to
reduce the computational complexity. First, a local-search range is defined for each initial angle estimation obtained by the
MUSIC with AS method. Second, the new estimation of DOAs and DODs of the targets is estimated via the joint estimation
theory of angle and mutual coupling coefficient in the local search area. Simulation results validate that the proposed method
can obtain the same precision and have the advantage over the global searching in computational complexity.

1. Introduction

A MIMO radar system transmits orthogonal waveforms via
its antennas, which can supply more independent transmi-
t/receive channels than that of traditional phased-array
radar. There are two types of MIMO radar systems: one is
statistical MIMO radar [1, 2] and the other is colocated
MIMO radar [3]. The former is composed of widely sepa-
rated antennas, which can achieve the spatial diversity gain
and overcome the scintillation effect of targets. The antenna
configuration of the latter is the same as that of phased array
radar and can form virtual arrays, which result in perfor-
mance improvement of target detection and parameter iden-
tification. In our work, we focus on a bistatic radar system
based on the latter type of MIMO radar system.

The bistatic MIMO radar system combines the advan-
tages of MIMO radar and bistatic radar system, which has
been researched extensively. How to improve the estimation
performance of direction-of-arrivals (DOAs) and direction
of departures (DODs) is one of the hot research issues in
existing studies. A great number of estimation methods have

been proposed, such as maximum likelihood (ML) [4–7],
subspace-based [8–12], and sparse signal representation
(SSR) [13–15]. Compared to ML and SSR, multiple signal
classification (MUSIC) and estimation of signal parameters
via rotational invariance technique (ESPRIT) are two typical
methods which can achieve high estimation performance with
low computational complexity than that of ML and SSR [16].
These methods will work well under ideal conditions. In a real
scenario, however, there is a mutual coupling effect between
the elements of array, which has a great influence on the per-
formance of angle estimation methods [17–20], and there is
no exception for co-locatedMIMO radar using arrays [21–23].

There are many methods for solving the problem of
mutual coupling effect, such as self-calibration method [24],
sparse array method [25], and auxiliary sensors(AS) method
[17, 21, 26, 27]. Among these methods, the AS method is
proved to be the most effective and feasible method [17, 21,
26, 27]. In this method, the first and the last sensors of the
transmit and receive array are set as auxiliary sensors. After
that, the effects of unknown MCM can be eliminated, and
then the MUSIC method can be directly applied to estimate
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the DOAs and DODs of targets. Unfortunately, AS method
results in the loss of array aperture, which is caused by the
reduction of the number of available array elements [17, 28,
29]. More importantly, there is high computational complex-
ity since two-dimensional global searching to be performed
by MUSIC in the process of the angle estimation [30–32].

In this paper, a local searching algorithm for the estima-
tion of DOAs and DODs for the colocated MIMO radar in
the presence of mutual coupling is proposed. The method
has three phases. First, initial DOAs and DODs are estimated
via AS method without knowing the mutual coupling coeffi-
cients. Second, a local search range is defined for each pair of
DOAs and DODs obtained in the first phase. Finally, new
angle estimates are obtained based on the theory of joint
angle and mutual coupling coefficient estimation. We make
a lot of analysis on the key factors, such as search range and
search step length, which are closely related to the computa-
tional complexity and estimation accuracy of our algorithm.
Simulation results validate that the proposed algorithm can
achieve good performance in terms of lower complexity
and high estimation accuracy.

This paper is organized as follows. Section 2 introduces
the signal model of colocated MIMO system. Section 3 pre-
sents the process of the local search method for angle estima-
tion and theoretically analyzes the computational complexity
of that. Simulation results are given in Section 4 to demon-
strate the performance of the proposed method. And Section
5 is the conclusion.

2. Signal Model

Consider a bistaticMIMO radar systemwith a transmitter and
a receiver. Both the transmitter and the receiver are uniform
linear arrays (ULA), which are equipped withM transmitting
antennas and N receiving antennas, respectively. The distance
between adjacent antennas is half a wavelength. It is assumed
that there areQ targets in far-field, the DOD andDOA of the q
th target relative to the transmitter and the receiver are φq and
θq, respectively. In a MIMO radar system, the transmitter
transmits M orthogonal waveforms SmðtÞ,m = 1, 2,⋯,M,
which satisfies the condition of

Ð
Tp
SðtÞSHðtÞ = IM . Here, TP

is the duration of the pulse, and I is the identity matrix. Thus,
the received data at time t in the kth snapshot can be written as

xk tð Þ = 〠
Q

q=1
βqka θq

� �
bT φq

� �
S tð Þ + nk tð Þ, ð1Þ

where xkðtÞ ∈ℂN×1 is the received data vector, βqk is the chan-
nel parameter representing reflection coefficient and Doppler

frequency, aðθqÞ = ½1, ejπ sin θq ,⋯,ejπðM−1Þ sin θq �T and bðθqÞ =
½1, ejπ sin φq ,⋯,ejπðN−1Þ sin φq �T are receive steering vector and
transmitting steering vector, respectively, SðtÞ =
½s1ðtÞ, s2ðtÞ,⋯,sMðtÞ�T is the signal vector, and nkðtÞ is consid-
ered as the unknown uniform noise.

After matched filtering by M matched filters, a matrix
form of the output data is given by

Xk =A θð ÞΣkBT φð Þ +Nk, ð2Þ

where Xk ∈ℂM×N is the output data, AðθÞ = ½aðθ1Þ, aðθ2Þ,⋯
,aðθQÞ� and BðθÞ = ½bðφ1Þ, bðφ2Þ,⋯,bðφQÞ� are the transmit
steering matrix and the receiving steering matrix, respec-
tively, Σk = diag fβ1k, β1k,⋯,βQkg is the channel parameters

matrix, and Nk ∈ℂM×N is the noise.
However, the mutual coupling effect exits objectively in

the arrays, which is not reflected in formula (2). In general,
they can be described as mutual coupling matrix (MCM),
also called band-symmetric Toeplitz matrix. So, in the case
of mutual coupling, the actual data that the receiver outputs
should be expressed as

Xk = CrA θð Þ½ �Σk CtB φð Þ½ �T +Nk, ð3Þ

where Ct = toeplitzð½1, c1, 0,⋯,0�Þ ∈ℂM×M and Cr = toeplitz
ð½1, c2, 0,⋯,0�Þ ∈ℂN×N represent theMCM of transmit arrays
and receive arrays, respectively.

In order to process MIMO radar data, it is necessary to
change the matrix Xk into a column vector Yk, which is given
by

Yk = vec Xkð Þ = Ct ⊗Cr½ � A θð Þ ⊙ B φð Þ½ �βk +Wk = CK θ, φð Þβk +Wk,
ð4Þ

where vecð⋅Þ, C =Ct ⊗Cr , and AðθÞ ⊙ BðφÞ =Kðθ, φÞ denote
the vectorization operation, the equivalent of MCM, and the
virtual steering matrix, respectively. The symbols ⊗ and ⊙
stand for Kronecker product and Hadamard product, respec-
tively. Kðθ, φÞ = ½kðθ1, φ1Þ,⋯,kðθQ, φQÞ�, in which the kðθq,
φqÞ satisfied with kðθq, φqÞ = aðθqÞ ⊗ bðφqÞ. βk = vecðΣkÞ,
and Wk = vecðNkÞ.

The sampling covariance matrix of Yk can be written as:

RY = E YkYH
k

� �
=CK θ, φð ÞβkβHk CK θ, φð Þ½ �H + σ2IMN , ð5Þ

where σ2 is the average noise power. If C is known, then the
noise subspace and the signal subspace can be obtained by
Eigenvalue decomposition of equation (5). Furthermore,
the DOA can be estimated through subspace method. The
truth of the matter that C is usually unknown, which will
result in errors in angle estimation.

3. Proposed Method

3.1. Method. The proposed method consists of three phases
as follows.

3.1.1. Phase 1. In the first phase, the sensors on either sides of
the transmitter/receiver array are set to be auxiliary sensors,
which are marked with grey color and shown in Figure 1.
Then, we use the algorithm in reference [29] to obtain the
initial angle estimations of all targets. It is noted that the
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search step length can be allowed to be set longer in the pro-
cess of spectral peak search. For example, the step length is
0.1 degree instead of 0.01 degree. Although the precision
becomes worse with longer step length, the computational
cost is significantly reduced in the same search area.

3.1.2. Phase 2. In order to compensate for the decrease of
accuracy caused by the first phase, Q local search areas with
the same size are defined for Q targets. And we let the initial

estimation of qth target hθ^q, φ
^
qi from phase 1 as the center of

the qth local search area hθ^q ± Δθ, φ^q ± Δφi. The details are
shown in Figure 2. In Figure 2, Δθ and Δφ indicate the size
of the local search area. And the red and blue dots represent
one of the initial angle estimation value obtained in phase 1
and the angle estimations to be estimated, respectively. To
simplify, we assumed that Δθ = Δφ in this paper.

3.1.3. Phase 3. In the third phase, we define ðS + 1Þ points of
the DOAs and the DODs to be searched in the qth local

search area for the qth targets are hθ^q − Δθ,⋯,θ
^

q − θs, θ
^

q,
θ
^

q − θs,⋯,θ
^

q + Δθi and hφ^q − Δφ,⋯,φ^q − φs, φ
^

q, φ
^

q − φs,⋯
,φ^q + Δφi, respectively, where θs = ð2ΔθÞ/S. Then, the total

number of search points in the qth local search are ðS + 1Þ2.
Indeed, this phase will increase the cost of computation, but
its computation is still much less than that of MUSIC with
search step 0.01 degree. We will discuss it in detail later in
the section of simulation. After completing the above proce-
dure, the final angle estimation of all targets is based on the
theory of joint estimation of angle and mutual coupling coef-
ficient [17].

In equation (4), the mutual coupling matrix can be
expressed as

C = Ct ⊗Cr =

C1 C2 0 ⋯ 0
C2 C1 C2 ⋯ 0
⋮ ⋱ ⋱ ⋱ ⋮

0 ⋯ C2 C1 C2

0 ⋯ 0 C2 C1

2666666664

3777777775
, ð6Þ

where C1 and C2 are Toeplitz matrix, which are given by

C1 =Cr = toeplitz 1, c2, 0,⋯,0½ �f g ∈ℂN×N ,
C2 = c1 ⋅ Cr = toeplitz c1, c1c2, 0,⋯,0½ �f g ∈ℂN×N ,

(
ð7Þ

where c1 and c2 are the unknown mutual coupling coeffi-
cients of transmit arrays and receive arrays, respectively.

According to the literature [17], we have

Cka θ, ρð Þ = TN a θð Þ½ �ρk, k = 1, 2, ð8Þ

where ρ1 = ½1, c1�T , ρ2, = ½c1, c1c2�T , TN = T1
N + T2

N is a trans-
formation matrix which can be given by

T1
N

� 	
i,j =

a θð Þi+j−1
0

(
i + j ≤N + 1,
otherwise,

T2
N

� 	
i,j =

a θð Þi−j+1
0

(
i ≥ j ≥ 2,
otherwise:

ð9Þ

A transformation matrix TM = T1
M + T2

M is similarly
defined as

T1
M

� 	
i,j =

b φð Þi+j−1
0

(
i + j ≤M + 1,
otherwise,

ð10Þ

T2
M

� 	
i,j =

b φð Þi−j+1
0

(
i ≥ j ≥ 2,
otherwise:

ð11Þ

From equations (8)–(11), we have

Ck φ, θð Þ =C b φð Þ ⊗ a θð Þ½ � = TM ⊗ TNð Þ
ρ1

ρ2

" #
= T φ, θð Þρ,

ð12Þ

where ρ = ½1, c1, c1, c1c2�T . The estimates of DOAs can be
obtained by the following equation

Target

𝜑 𝜃

Transmitter Receiver

... ...

Figure 1: The single base MIMO radar array model with auxiliary sensors.
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EH
n Ck φq, θq

� �


 


2 = EH
n T φq, θq

� �
ρ




 


2 = 0, q = 1, 2,⋯,Q:

ð13Þ

The equivalent expression of the equation (13) is as
follows

ρHTHEnEH
n Tρ = 0: ð14Þ

In formula (14), the vector ρ is regarded as an eigenvec-
tor, which can be obtained via the eigen decomposition of
THEnEH

n T. And the eigenvalue is zero when the estimates of
the angle are equal to the true DOAs. However, the estimates
always deviate from the real values. Therefore, an optimiza-
tion function is constructed, which is given by

<bφ , bθ > = arg min
φ,θ

λmin D φ, θð Þ½ �ð Þ, ð15Þ

where Dðφ, θÞ = THEnEH
n T, and the function of λmin½·� is to

select the smallest one from the eigenvalues via ED of D
ðφn, θnÞ, i = 1, 2,⋯,N2 + 1. In other words, for a local
search range, where the angles with minimum eigenvalue are
new estimates of DOAs. The eigenvector ρ is corresponding
to the minimum eigenvalue, and the mutual coupling coeffi-
cients matrix ρ is corresponding to the minimum eigenvalue.

ρ = emin D θ
^
, φ^

� �h i
: ð16Þ

In order to better demonstrate our method, we summarize
the realization process of the proposed algorithm in
Algorithm 1.

3.2. Computational Complexity of Proposed Method. The
value of step length is usually set as 0.01° in global searching.
That means the number of search points is 18001 in the range
of -90° ~90°. The computational cost of THEnEH

n T is O½8M
NðMN −QÞ + 16MN�, and the complexity of eigen decom-
position of Dðφ, θÞ ∈ℂ4×4 is Oð64Þ for each point via joint
estimation of angles and mutual coupling coefficients
method. Therefore, the total computational cost of the global
searching is Of18001 ∗ 64 ∗ ½8MNðMN −QÞ + 16MN�g.

Different from the global searching method, the main
calculation process of the proposed method consists of
two parts. The first part is to achieve the initial angle esti-
mation via MUISC with the auxiliary element method.
The computational cost of this part is O½3601 ∗MNðMN
−QÞ + ðMN −QÞ� under the assumption that the search
step length is 0.05°and the search range is -90° ~90°. The
angle estimation method of the second part is the same
as the first part but with local search, in which the com-
putational cost is OfQðS + 1Þ2 ∗ 64 ∗ ½8MNðMN −QÞ + 16
MN�g. The complexity of the local search method is O
f½3601 ∗MNðMN −QÞ + ðMN −QÞ� +QðS + 1Þ2 ∗ 644½8M
NðMN −QÞ + 16MN�g.

Let S = 10 and set the variation range of the local search
to be ±0.05°, then the local search method can achieve the
same angle estimation accuracy as the global search method.
For simplicity, let Q =MN − 1. To compare the computa-
tional complexity of the two methods, we define the compu-
tational cost ratio of the global search method to the local
search method as γ. When M =N = 12,10,8, γ is equal to
1.0402, 1.5024, and 2.2367, respectively. It is indicated that
the local search method has the advantage over the global
search in lightweight applications.

4. Simulation Results and Discussions

In this section, we will demonstrate the performance of the
proposed method via three simulations. Consider a L-type
bistatic MIMO radar whose transmitter and receiver are
ULAs with 8 array elements, which are separated by half
wavelength. And Q = 3 known uncorrelated targets are
located in the far-field with angles ðθ1 = 10°, φ1 = 10°Þ, ðθ1
= 30°, φ1 = 30°Þ, and ðθ3 = 45°, φ3 = 45°Þ, respectively. The
transmit signals are orthogonal discrete multifrequency
signals [∗], and additive noise is zero mean, i.i.d., white
Gaussian processes with variance σ2. We set the number of
Monto Carlo trial (K) and snapshots (P) to be 500 and 100,
respectively. The validity of angle estimation is measured by
root mean square error (RMSE):

RMSE =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2KQ〠
K

k=1
〠
Q

q=1
θ∧k,q − θq
� �2 + ϕ∧k,q − ϕq

� �2h ivuut ,

ð17Þ

where <bθk,q, bφk,q > denotes the qth DOA and DOD in the k
th trial, and <θq, φq > denotes the true DOA and DOD of the
qth target.

4.1. Simulation Experiment 1: RMSE Simulation of Angle
Estimation of the Proposed Method with Different Segments.
Before doing this experiment, we had obtained the initial

angle estimations feθq, ~φqg of Q known targets via auxiliary
elements method, in which the search step length was set to
be 0.1°. In this experiment, the local search range of each

angle estimation is <eθq ± 0:5∘, ~φq ± 0:5∘ > . S1 = 10, S2 = 20,
and S3 = 40 are different segments, and the corresponding

(𝜃q, 𝜑q)

𝜃q ± Δ𝜃

𝜑
q
 ±

 Δ
𝜑

Figure 2: A local search area around the initial estimation of the qth
target.
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search step length is 0:1∘, 0:05∘, and 0:025∘, respectively. The
number of points to be estimated is 121, 441, and 1681,
respectively.

Figure 3 shows the RMSEs of the proposed method with
different segments in the case of the fixed search range. From
Figure 3, we can see that the proposed method can achieve
better performance with the increase in the number of search
segments.

4.2. Simulation Experiment 2: RMSE Simulation of Angle
Estimation of the Proposed Method with Different Search
Range. For simplicity, the number of search segments is fixed
at 10 in this experiment. That is to say, the number of search
points is 121. By setting the search step length d to be 0:05∘
and 0:1∘, we get the search range is ±0:25∘ and ±0:5∘, respec-
tively. Figure 4 shows the RMSEs of the proposed method
with different search range in the case of fixed search seg-
ments. We have noted that large search step length provides
better performance in the case of lower SNR. This is because
there is a large deviation between true angle and initial angle
estimation obtained under the conditions of low SNR. As a
result, the probability of a small search range covering the
true angle is less than that of a large search range. With the
increase of SNR, the performance of small range search is
improved significantly.

4.3. Simulation Experiment 3: Comparison of the Proposed
Method, Standard MUSIC, and MUSIC with Auxiliary
Sensors. Experiments 1 and 2 merely show that the proposed
method itself is affected by the search range and search step
length. To prove the good performance of the proposed
method under the condition of unknown MCM, we make a
comparison of it with traditional DOA estimation methods
based on spectral peak search, such as standard MUSIC
method and MUSIC with auxiliary sensors method. At first,
we set the search length to be 0:1∘ for all methods tested.
Then, for the proposed method, a local search is established
with a range from −0:05∘ to +0:05∘, and segments are equal
to 11, which resulting in 121 grid points is necessary to be
estimated. Figure 5 shows the estimation RMSEs of the three
different methods. From Figure 5, we can see that standard
MUSIC cannot estimate the angles under the condition of
mutual coupling. The MUSIC with auxiliary sensors method
can obtain the angle estimation, but its RMSE is larger than
that of the proposed method. The same RMSE will be

1: Use MUSIC with AS method, find the initial angle estimation hθ^q, φ
^
qi.

2: Define a local search range hθ^q ± Δθ, φ^q ± Δφi, divide θ
^

q ± Δθ and φ
^
q ± Δφ into S+1 segments, obtain (S+1)2 angle points to be

estimated.
3: Compute the mutual coupling matrix C and the transformation matrix T according to (6) and (8)–(12), respectively.
4: Using noise covariance matrix En and T obtained in step 3, computeDðφ, θÞ according toDðφ, θÞ = THEnEH

n T for each angle point.
5: Compute the eigen decomposition of Dðφ, θÞ.
6: The angle point corresponding to the minimal eigenvalue obtained from step 5, which is select as angle estimation of the qth target
according to (15).
7: Obtain the mutual coupling coefficients according to (16).

Algorithm 1: The proposed method.

102
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10–1RM
SE

 (°
)

10–2

SNR (dB)

10–3

–10 –5 0 5 10 15 20 25 30

S = 10
S = 20
S = 40

Figure 3: The RMSEs versus SNR for segments = 10, 20, and 40.

S = 10, d = 0.05 (°)
S = 10, d = 0.1 (°)

102

101

100

10–1RM
SE

 (°
)

10–2

SNR (dB)

10–3

–10 –5 0 5 10 15 20 25

Figure 4: The RMSEs versus SNR for search step length =±0:25∘
and ±0:5∘.
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obtained if the search step length is equal. But the MUSIC
with auxiliary sensors has a higher computational complexity
than that of our method, which is proved in Section 3.

5. Conclusion

In this paper, we have studied the problem of DOAs and
DOD estimation of bistatic MIMO radar in the presence of
unknown mutual coupling. The auxiliary sensor method is
one of the effective methods to solve this problem. But it still
has a high computational cost while the MUSIC algorithm is
used for 2D global searching. To reduce the computational
cost of that, a local search method has been proposed. The
angle estimation performance of the proposed method has
an advantage over that of MUSIC with auxiliary element
method via global searching in computational complexity.
The main reason is that it allows the auxiliary element
method to obtain the initial value of the angle with a larger
search step length. And the angular accuracy degradation,
which caused by globe searching with large search length,
can be compensated by local searching. In addition, the
mutual coupling coefficients can be obtained based on the
joint estimation theory. Our work shows that the proposed
algorithm is more suitable for lightweight applications.
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