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When massive numbers of wireless IoT devices are being deployed, cognitive spectrum management is critical to satisfy the
explosive broadband requirements of IoT applications. Heterogeneous the target of the spatial spectrum estimation which is
part of array signal processing is to achieve the evaluation of space signal parameters and source location, which result in that
the spatial spectrum estimation becomes the most basic content of the array signal processing. It needs a method by which the
large dimensional array still has its consistency. Therefore, this paper studies an improved large dimensional array
parameterized spatial spectrum estimation method based on Pisarenko method, named G-Pisarenko method. Firstly, an
improved estimator about the logarithm of the covariance matrix of a certain bilinear form is analyzed which is based on the
theory of large dimension random matrix. We can find out a relatively better method, i.e., MW method. The method will
become the primitive method for us to improve. Then, aimed at the relating covariance matrix in MW, we use an improved
large dimensional array estimation method which can improve the logarithm of the covariance matrix estimation. Finally, we
compare the improved method and the original method by simulation, and it can be seen the clear advantage of G-Pisarenko
method when the sample number and observed dimensions are in the same order of magnitude.

1. Introduction

The development of Industrial Internet of Things (IIoT) has
been limited due to the shortage of spectrum resources. Also,
the traditional ground industrial Internet of Things (IIoT)
cannot supply wireless interconnections anywhere due to
its small-scale communication coverage, meanwhile the
Internet of Things (IoT) is facing the shortage of spectrum
resources due to the rapid growth of IoT terminals and big
data services. Fifth generation (5G) network owns sufficient
spectrum resources and supplies large data volume business,
which can help to expand the communication resources of
the IoT by combing IoT with 5G network [1–3].

Also known as spatial signal processing, array signal pro-
cessing utilizes some properties of signals in space to process
signals [4]. The specific implementation process is to put
multiple sensors in different directions in space to form an
array, then utilize the specific array of the sensors to receive
and process signals, and extract interested signals and related
parameters. At the same time, noise and other interference

information are suppressed and eliminated. At present, this
processing method has occupied a very important position
in the field of signal processing, and it is also of great signif-
icance in the fields of radar and sonar [5]. Array signal
processing has many advantages, which are strong anti-
interference ability, higher gain, strong spatial superresolu-
tion, and flexible beam control. Therefore, array signal
processing occupies a very important position in the current
research [6, 7].

The earliest spatial spectrum estimation algorithm is
called conventional beamforming (CBF) method, which is
based on the Fourier spectrum estimation method in time
domain. It mainly replaces the data processed in the tradi-
tional time domain with the data received by each array ele-
ment in the spatial domain. It is also called Bartlett
beamforming method, but it has a fatal disadvantage.
Namely, the resolution of the array angle would be limited
by its physical aperture, and the target located in a beam
width space could be often indistinguishable. Subsequently,
there are many high-resolution estimation methods that
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extend nonlinear signal processing technology to spatial
domain. There are Burg’s maximum entropy method
(MEM), Pisarenko’s method, and Capon’s minimum vari-
ance method (MVM) [8–10]. All these methods have a com-
mon premise. Namely, they are based on the continuous
distribution of signal sources in space, but they are not satis-
fied in practice. Therefore, there are great limitations. Later,
there would be algorithms to mathematically decompose
the data received by the array, such as MUSIC algorithm,
which divides the received data into two subspaces of mutu-
ally orthogonal signal and noise. Hereafter, the spatial spec-
trum peak is constructed to improve the resolution [11].

However, no matter what method is used for spatial spec-
trum estimation, multivariate statistical knowledge is needed.
Moreover, in multivariate statistical analysis, there are two
kinds of limit results which are quite different. One is that
the assumed dimension is very small and the sample capacity
is relatively much larger than the dimension. At this time, the
theory of satisfaction is called classical limit theory. The other
is the large-dimensional limit theory. When the dimension is
very high, it might even fail according to the situation
described by the classical limit theory. Therefore, the large-
dimensional limit theory is proposed. At this moment, it is
necessary to combine the large-dimensional random matrix
with the spatial spectrum estimation to find an improved
estimation method, which could satisfy both the dimension
and the observed value geometry. With the maturity of spa-
tial spectrum estimation technology, spatial spectrum esti-
mation based on large array would inevitably become the
mainstream of development, and the application of random
matrix theory in spectral estimation is also a great progress
and breakthrough.

Random matrix theory (RMT) refers to the matrix,
whose elements are real, complex, or quaternion of random
variables, while the analytical and statistical properties of
eigenvalues and eigenvectors are mainly researched in ran-
dom matrix theory. In the recent decades, with the rapid
development of computer science and technology, large-
scale data analysis is becoming more and more important.
There are statistical problems of massive data in the fields
of biological microarray data, wireless communication net-
work, financial stock analysis, spatial spectrum estimation,
and so on. However, the classical statistical method is based
on the case that the dimension is much larger than the sam-
ple capacity. This is not satisfied when the dimension sample
capacity tends to infinity at the same time, so the large
dimension random matrix theory is used.

At the earliest, random matrix theory was researched by
Wishart and Hsu. The main work was the joint distributions
of matrix elements and eigenvalues in multivariate statistical
analysis. Subsequently, physicists introduced the theory into
atomic physics and thought that a random Hermitian matrix
could replace the Shrodinger operator, and its eigenvalues
were used to describe the observed energy level. Nowadays,
there are more and more kinds of random matrix, and the
common basic research object is the limit spectrum distribu-
tion. This is helpful to research the more precise properties of
matrix eigenvalues, such as the increase and decrease of
eigenvalues and the distribution of maximum and minimum

eigenvalues. At present, many scholars have conducted more
in-depth research.

Recently, based on the technique of contour integral in
random matrix theory, an improved estimator for determin-
ing the logarithm of covariance matrix in bilinear form has
been proposed [12]. This newly demonstrated estimator is
applicable not only to high sample capacity (such as tradi-
tional estimator) but also to the case that both observed
dimension and sample capacity increase at the same rate. In
practical application, sample capacity and observed dimen-
sion always have the same order of magnitude. In this case,
this feature shows very good performance. Better fitting esti-
mation could be obtained through using this estimator in
spatial spectrum estimation.

In conclusion, array signal processing has already
become a very important branch of signal processing field.
Thereinto, the spatial spectrum estimation technology could
be used to estimate some parameters of signal source position
or signal spatial domain, so it becomes the most basic content
of array signal processing. At present, many spatial spectrum
estimation methods have been proposed, but they have a
common drawback. It is not considered that the number of
samples and the observed dimension (the number of array
elements) are in the same order of magnitude, but only the
number of samples is much larger than the observed dimen-
sion under the assumption. Therefore, it is urgent to research
an estimation method that could still be consistent in the case
of large arrays. This is also the important research content in
this paper.

2. Theoretical Analysis

Through the analysis of traditional Pisarenko algorithm, it is
found that these estimates have a common feature, which is
only for the case that the number of samples is far greater
than the observed dimension. When the number of samples
and the number of sensors is at the same level, there are large
errors in all estimates, but the actual situation is like this. In
this section, an improved estimator about the logarithm of
the covariance matrix of a certain bilinear form is analyzed.
This new estimator is applicable not only to high sample
capacity (such as traditional estimator) but also to observed
dimension and sample capacity increasing at the same rate.
This estimate value is based on the theory of large dimension
random matrix.

2.1. Mathematical Modeling.A set of observations [13] with a
definite zero mean of M ×Ndimensions (M,Ndifferent) are
considered. That is fy1y2 ⋯ yng and that is to say yn ∈ C

M ,
n = 1,⋯,N . It is assumed that these observations are equally
distributed with zero mean and form a covariance matrix Rm

together. λðMÞ
1 ≤ λðMÞ

2 ≤⋯≤λðMÞ
M and fekðMÞ, k = 1,⋯Mg are

used to represent the eigenvalues and related eigenvectors
of matrix Rm. log Rm is used to represent the logarithm of
matrix Rm. Then, that is

log Rm = 〠
M

k=1
log λ

Mð Þ
k e Mð Þ

k e Mð Þ
k

� �H� �
: ð1Þ
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The logarithm of the covariance matrix plays an
important role in many signal processing applications,
such as spectrum estimation, parameter identification,
and spectrum representation. For example, in the spec-
trum estimation, Pisarenko proposed the following form
of spectrum estimation: Phð f Þ = h−1ðsHMð f ÞhðRMÞsMð f ÞÞ.
In this formula, hð⋅Þis a definite reversible function with
inverse h−1ð⋅Þ. sMð f Þ is a column vector of M × 1, and its
kth value is equal to the value of M−1/2 exp ½j2πkf �. In
the spectrum estimation, when there is hð⋅Þ = log hð⋅Þ,
there would be power estimators:

Ph fð Þ = exp sHM fð Þ log RMsM fð Þ� �
: ð2Þ

Namely, the power depends on the quadratic form of
the covariance matrix logarithm of the observations.

In practice, the real covariance matrix is unknown and
must be estimated from the samples. The common method
is to construct a sample covariance matrix, such as R̂M =
ð1/NÞ∑N

n=1yny
H
n , and then, log RM is estimated from log R̂M .

If there is a process from N to infinity, the estimated value
of R̂M is always satisfied. It could be assumed that log R̂M is
infinitely close to log RM , when N is large enough. However,
in practice, the number of the sampleN may not be very large
compared with the actual dimension of the matrix Rm, so the
log RM accuracy is quite low in this case.

To solve this problem, a generalized progressive form
would be focused on. Namely, M and N could be regarded
as large but comparable numbers. The consistent estimation
of definite bilinear form of log RM would be considered,
when M and N increase to infinity at the same rate. More
specifically, we would think that the numerical estimates like
aHM log RMbM are consistent in this new progressive form, if
aM and bM are two universal M × 1 column vectors with
the same unit standard. If aM and bM are, respectively, deter-
mined to be the i-th column and the j-th column in the unit
matrix M ×M, the value of aHM log RMbM would be equal to
the value of the ði, jÞ position in the matrix log Rm. In some
applications (such as spectrum power estimation and spec-
trum coefficient determination), aM = bM = sMð f Þ is a more
meaningful thing. Thereinto, sMð f Þ is defined above. In this
case, the main target is to estimate the value of sHMð f Þ log
RMsMð f Þ.

2.2. Method of Estimation. The number of samples is
regarded as a function of the observed dimension. That is
N =NðMÞ. CM =M/NðMÞ is introduced. It is strictly
assumed that the number of samples is higher than the
observed dimension. That is 0 < CM < 1. The following
assumptions [14] are made:

(i) (Hypothesis 1). According to the zero mean Gauss
law of covariance matrix, the set fRe ðynÞ, Im ðynÞ,
n = 1,⋯,Ng of M × 1 dimension vectors is distrib-
uted independently and identically

(ii) (Hypothesis 2). The minimum eigenvalue of Rm (or
the maximum eigenvalue) is not equal to zero or
infinite in M

(iii) (Hypothesis 3). The fCMg sequence is not equal to 0
or 1

The main conclusion under this hypothesis is that the
estimator of the universal log RM bilinear form is generally
applicable, when M and N tend to infinity at the same rate.
The above definition of sample covariance is considered.bλðMÞ
1 < bλðMÞ

2 <⋯<bλðMÞ
M and fêðMÞ

k , k = 1,⋯,Mg are used to
represent its eigenvalues and corresponding eigenvectors,
respectively.

Theorem 1. The both unit standards could be considered to be
the certain column vector sequences aM and bM of M × 1.

M,N →∞ could be satisfied. There is L̂
ðMÞ
R ≈ aHM log RMbM,

when all three hypotheses are satisfied, Thereinto:

L̂
Mð Þ
R = 〠

M

m=1
I Mð Þ
m aHMê Mð Þ

m e∧ Mð Þ
m

� �H
bM: ð3Þ

The coefficient is

I Mð Þ
m = 1 + 1 + 〠

M

k=1
k≠m

bλ Mð Þ
mbλ Mð Þ

k − bλ Mð Þ
m

− 〠
M

k=1

bμ Mð Þ
mbλ Mð Þ

k − bμ Mð Þ
m

0BBBB@
1CCCCA log bλ Mð Þ

m

+ 〠
M

r=1
r≠m

bλ Mð Þ
rbλ Mð Þ

r − bλ Mð Þ
m

log bλ Mð Þ
r + 〠

M

r=1

bμ Mð Þ
rbλ Mð Þ

m − bμ Mð Þ
r

log bμ Mð Þ
r :

ð4Þ

Thereinto, the value of bμðMÞ
1 <⋯<bμðMÞ

M is equal to the
value μ in the following equation:

1 = 1
N
〠
M

r=1

bλ Mð Þ
rbλ Mð Þ

r − μ
: ð5Þ

It is worth pointing out here that the new estimate value
could converge to the classical value, if M is taken as a fixed
value and N tends to infinity. Actually, in the observation in

equation (5), when N tends to infinity, IðMÞ
m → log ðbλðMÞ

m Þ
could be obtained in the expression, in which bμðMÞ

m → bλðMÞ
m

and ðbλðMÞ
m − bμðMÞ

m Þ→ bλðMÞ
m could apply this progressivity with

IðMÞ
m in formula (3).

2.3. Theorem Proving. The proof of the theorem is based on
the contour integral method. The eigenvalue of the covari-
ance matrix is consistent with the estimate value of the eigen-
vector, when it is proved that M and N tend to infinity and
the value ofM/N is a constant. Firstly, the estimated quantity
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needs to be expressed in the form of complex contour
integral [15] of real covariance matrix decomposition func-
tion. This is defined as a matrix ðRM − zIMÞ−1, z ∈ C+ =
fz ∈ C : Im ðzÞ > 0g. Thereinto, the contour of the integral
is parameterized by a very convenient function ωMðzÞ,
which would be described in the following content. This
parameterization allows us to use a definite algebraic expres-
sion of consistent estimation of decomposition function
ðRM − zIMÞ−1 of sample covariance matrix to express the
integrand function. Finally, the expression could be obtained
through using the classical Cauchy residue theorem.

2.3.1. Formulation of Contour Integral and Parameterization
of Contour. From the observed value, Cauchy residue theo-
rem could be used to express aHM log RMbM as an integral
form:

aHM log RMbM = 1
2πi

þ
C−
aHM RM − ωIMð Þ−1bM log ωdω: ð6Þ

Thereinto, C− includes the clockwise direction of all Rm
eigenvalues’ oriented contour, and log ð⋅Þ is a holomorphic
logarithmic branch above C \ R−. The contour is regarded
as a curve in C− = fωMðzÞ, z ∈ ∂R−g. For arbitrary y > 0, ∂R
could satisfy:

ηinf = inf
M 1 − ffiffiffiffiffiffi

cM
pð Þ2λ Mð Þ

1
n o

,

ηsup =
sup
M 1 + ffiffiffiffiffiffi

cM
pð Þ2λ Mð Þ

M

n o
,

ð7Þ

for the rectangle R = ½ηinf , ηsup�× i½ − y, y�’s periphery,
ωMðzÞ is a result of the following polynomial equation:

z = ωM zð Þ 1 − 1
N

〠
M

m=1

λ Mð Þ
m

λ Mð Þ
m − ωM zð Þ

 !
: ð8Þ

In particular, seen in Figure 1, it is worth noting that
ωMðzÞ is the only root which makes both Im ðωMðzÞÞ ≥ 0
and ð1/NÞ∑M

m=1jλðMÞ
m /ðλðMÞ

m − ωMðzÞÞj
2
true, if there

isIm ðzÞ > 0. If there isIm ðzÞ < 0to take ωMðzÞ = ω∗
Mðz∗Þ,

that the contour does not intersect the negative real axis
could be deduced because ofcM < 1.

The parameterization of the contour C is used, and for-
mula (8) is rewritten as follows:

1
2πi

þ
∂R−

aHM RM − ωM zð ÞIMð Þ−1bM log ωM zð Þ½ �ωM′ zð Þdz: ð9Þ

Thereinto, ωM′ ðzÞ is the complex derivative of ωMðzÞ.
That 0 does not belong to the rectangle R could be seen
(because of cM < 1), and there is periphery distance between
of the distance 0 ofωMðzÞ and the eigenvalue ofRM . The both
holomorphic functions mMðzÞand qMðzÞ could be defined as
follows:

mM zð Þ = 1 − cM
cMz

−
1

cMωM zð Þ ,

qM zð Þ = ωM zð Þ
z

aHM RM − ωM zð ÞIMð Þ−1bM ,
ð10Þ

makes,

aHM log RMbM = 1
2πi

þ
∂R−

qM zð Þ 1 − cM + z2cMmM′ zð Þ
1 − cM − zcMmM zð Þ

× log z
1 − cM − zcMmM zð Þ
	 


dz:

ð11Þ

Thereinto, mM′ ðzÞ is the derivative of mMðzÞ.
2.3.2. Consistent Estimation of Integrand. Under Hypothesis
1 and Hypothesis 3 [16], mMðzÞ ≈ m̂MðzÞ and qMðzÞ ≈ q̂MðzÞ
are almost applied to all z ∈ ∂R, when M and N tend to
infinity. Thereinto, m̂MðzÞ and q̂MðzÞ are defined as follows:

m̂M zð Þ = 1
M

tr R∧M − zIMð Þ−1� �
,

q̂M zð Þ = aHM R∧M − zIMð Þ−1bM:
ð12Þ

According to the convergence theorem, the results in the
relevant data could be reused, and the random quantities
m̂MðzÞ and q̂MðzÞ in the above integral sum could replace
qMðzÞ. Moreover, when M and N tend to infinity, it is cer-
tain that there could be:

aHM log RMbM ≈ 〠
M

m=1
I Mð Þ
m aHM e∧ Mð Þ

m

� �H
bM: ð13Þ

Thereinto,

I Mð Þ
m = 1

2πi

þ
∂R−

1bλ Mð Þ
m − z

1 − cM + z2cMm̂M′ zð Þ
1 − cM − zcMm̂M zð Þ

× log z
1 − cM − zcMm̂M zð Þ
	 


dz:

ð14Þ

Therefore, it is necessary that IðMÞ
m in (14) could also be

expressed as IðMÞ
m in (4), if the proof of Theorem 1 could

be obtained.

2.3.3. Processing the Produced Integral. Unfortunately, the
nonisolated singularity could be appeared for the above inte-
gral inR(due to the appearance of logarithms). Moreover, the
integral could not be processed with the conventional com-
plex integration method. To solve this, the following real-
valued function is defined:

I Mð Þ
m θð Þ = 1

2πi

þ
∂R−

1bλ Mð Þ
m − z

1 − cM + z2cMm̂M′ zð Þ
1 − cM − zcMm̂M zð Þ

× log z
1 − θ 1 + zm̂M zð Þð Þ
	 


dz:

ð15Þ
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This function could prove that c1ð0, cMÞ could be well-
defined. In addition, IðMÞ

m = IðMÞ
m ðcMÞ and IðMÞ

m ð0Þ could be
easily solved by Cauchy residue theorem. Actually, the
integral of IðMÞ

m ð0Þ is meromorphic, has single and plural

poles at the place z = bλðMÞ
k , k ≠m, has double and plural

poles at the place bλðMÞ
m [17], and has single and plural

poles at the place bμðMÞ
k . In k = 1,⋯,M, the algebraic prop-

erty could be utilized to know that IðMÞ
m ð0Þ is equal to IðMÞ

m
defined in (4).

Next, for any function IðMÞ
m ðθÞ that could satisfy θ ∈ ð0,

cMÞ, this function is not only continuously differentiable
but also satisfactory for:

For any arbitrary θ ∈ ð0, cMÞ, this integral could also be
calculated in the closed case, in which the conventional
integration method is used. Actually, the above integral a
meromorphic function, which has double complex poles

at z = bλðMÞ
m , single complex poles at z = bλðMÞ

k , k ≠m, and

single complex poles at z = bμðMÞ
k and z = bνðMÞ

k ðθÞ, k = 1,⋯

M. Thereinto, bνðMÞ
k ðθÞ is the solution that satisfies the fol-

lowing equation 1 = θð1/MÞ∑M
m=1ðbλðMÞ

m /bλðMÞ
m − νÞ. Through

calculating the remainder of these poles, it is easy to
obtain the closest expression with respect to dIðMÞ

m ðθÞ/dθ,
which is defined as follows:

The first three terms of the above equation are a simple
primitive function for θ. Thereinto, the appearance of the func-

tion bνðMÞ
r ðθÞ makes the last item difficult to be processed. To

simplify the last term, the variables in the above formula could

be changed to make θ→ bνðMÞ
r ðθÞ. Afterwards, the polynomial

parameters produced in bνðMÞ
r ðθÞare expressed as the sum of

simple fractions. The derived original function and the value
IðMÞ
m ð0Þ derived above are used to obtain:

I Mð Þ
m θð Þ = 〠

M

r=1

bλ Mð Þ
mbλ Mð Þ

m − bν Mð Þ
r

−
1 − θ

θ
M − 〠

M

k=1
k≠m

2bλ Mð Þ
mbλ Mð Þ

m − bλ Mð Þ
k

+ 2 + 〠
M

k=1
k≠m

bλ Mð Þ
kbλ Mð Þ

k − bλ Mð Þ
m

− 〠
M

k=1

bλ Mð Þ
kbλ Mð Þ

k − bμ Mð Þ
m

0BBBB@
1CCCCA log bλ Mð Þ

m

+ 〠
r≠m

bλ Mð Þ
rbλ Mð Þ

r − bλ Mð Þ
m

log bλ Mð Þ
r + 〠

M

r=1

bμ Mð Þ
rbλ Mð Þ

m − bμ Mð Þ
r

log bμ Mð Þ
r :

ð18Þ

Finally, θ = cM is taken, and some algebraic identities are
used to obtain the value as shown in Theorem 1.

It could be seen that this method is indeed a good esti-
mate, and it still has good properties in large-dimensional
arrays.

3. G-Pisarenko Algorithm Design

In this section, the aforementioned logarithmic improved
estimator is applied to the traditional Pisarenko algorithm
to propose a new algorithm, namely, G-Pisarenko algorithm.

3.1. Signal Model. The array used in this paper is a linear
array. With the origin as the reference point, the array ele-
ment position is assumed to be xkðk = 1, 2,⋯,MÞ. When the
angle of the signal incidence is θiði = 1, 2,⋯,NÞ, there is τki
= ðxk sin θi/cÞðk = 1,⋯MÞthen. When the array is a uniform
linear array, there is only a relative delay difference among
the different array elements, which receive signals in the same
direction. At this moment, the first array element is regarded
as the reference array element, and there is τki = ððm − 1Þd

dI Mð Þ
m θð Þ
dθ

= 1
2πi

þ
∂R−

1bλ Mð Þ
m − z

1
M

〠
M

k=1

bλ Mð Þ
kbλ Mð Þ

k − z
×

1 − cM + 1/Nð Þ∑M
k=1 z2/ λ∧ Mð Þ

k − z
� �2� �

1 − 1/Nð Þ∑M
k=1

bλ Mð Þ
k / bλ Mð Þ

k − z
� �� �� �

1 − θ 1/Mð Þ∑M
k=1

bλ Mð Þ
k / bλ Mð Þ

k − z
� �� �� � dz:

ð16Þ

dI Mð Þ
m θð Þ
dθ

= M

θ2
+ 1
θ

M
M − θN

〠
M

k=1

bμ Mð Þ
kbλ Mð Þ

m − bμ Mð Þ
k

−
1
θ
− 〠

M

r=1

M/ M − θNð Þ 1 − cM + 1/Nð Þ∑M
k=1bν Mð Þ

r θð Þ2/ λ∧ Mð Þ
k − ν∧ Mð Þ

r θð Þ
� �2� �

bλm − bν Mð Þ
r θð Þ

� �
θ2/M
� �

∑M
k=1
bλ Mð Þ
k / λ∧ Mð Þ

k − ν∧ Mð Þ
r θð Þ

� �2� � :

ð17Þ
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sin θi/cÞðk = 1,⋯MÞ. Therefore, the common array models
are combined to be:

ai ω0ð Þ =

1

exp −j2π d
λ
sin θi

� �
⋮

exp −j2π M − 1ð Þ d
λ
sin θi

� �

2666666664

3777777775
, i = 1, 2,⋯,N ,

A = a1 ω0ð Þa2 ω0ð Þ⋯ aN ω0ð Þ½ �,
X tð Þ =AS tð Þ +N tð Þ:

ð19Þ

Thereinto, XðtÞ is the M × 1 dimension receiving signal
vector of the array, SðtÞ is the N × 1 dimension signal vector,
NðtÞ is the M × 1 dimension noise vector, A is the M ×N
dimension steering vector array of the array, and aiðω0Þ is
the steering vector of the array.

3.2. G-Pisarenko Algorithm. All algorithms satisfying σh =
g½α∗hðRÞα� (g is the inverse function of h) belong to Pisar-
enko algorithm [18]. Thereinto, the best overall performance
is the MW algorithm σMW = exp ½α∗ ln ðRÞα�. Based on this,
Theorem 1 in Section 2.2 is combined to obtain the following
conclusion:

Since α is the determined sequence of column vectors,

M,N →∞ could be satisfied; there is L̂
ðMÞ
R ≈ α∗ log RMα,

when all three assumptions in Section 2 are satisfied. Thereinto,

L̂
Mð Þ
R = α∗ 〠

M

m=1
I Mð Þ
m ê Mð Þ

m e∧ Mð Þ
m

� �∗" #
α: ð20Þ

The coefficient is:

I Mð Þ
m = 1 + 1 + 〠

M

k=1
k≠m

bλ Mð Þ
mbλ Mð Þ

k − bλ Mð Þ
m

− 〠
M

k=1

bμ Mð Þ
mbλ Mð Þ

k − bμ Mð Þ
m

0BBBB@
1CCCCA log bλ Mð Þ

m

+ 〠
M

r=1
r≠m

bλ Mð Þ
rbλ Mð Þ

r − bλ Mð Þ
m

log bλ Mð Þ
r + 〠

M

r=1

bμ Mð Þ
rbλ Mð Þ

m − bμ Mð Þ
r

log bμ Mð Þ
r :

ð21Þ

Thereinto, the value of bμðMÞ
1 <⋯<bμðMÞ

M is equal to the value
μ in the following formula:

1 = 1
N
〠
M

r=1

bλ Mð Þ
rbλ Mð Þ

r − μ
: ð22Þ

The two expressions of L̂
ðMÞ
R are compared. In the case of

large dimensions, ∑M
m=1I

ðMÞ
m êðMÞ

m ðe∧ðMÞ
m Þ∗could be used to

represent log RM,

σG‐Pisarenko = exp α∗ 〠
M

m=1
I Mð Þ
m ê Mð Þ

m e∧ Mð Þ
m

� �∗" #
α

( )
: ð23Þ

According to equation (23), the relevant simulations are
performed, and the following simulation results are obtained.

4. Simulation Results and Analysis

4.1. Spectrum Peak Search Results. In order to illustrate the
validity of the proposed estimates, an array processing proce-
dure with three signal sources is considered. The array ele-
ment is composed of a uniform array. The distance between
the array elements is half a wavelength. All three signal
sources are subject to the standard of Gaussian distribution.
The superimposed noise is a random process with a mean
value being zero and a variance being one. The arrival direc-
tion of the signal source being relative to the periphery of the
array is fixed to [-40, 0, 40] degree. The simulations are per-
formed in the following cases:

The first case is M = 10 and N = 6000. Namely, the
number of samples is much larger than the observation
dimension (the number of arrays), and it is run once. At
this moment, the spectrum peak search results of tradi-
tional Pisarenko and G-Pisarenko methods are shown in
Figures 2 and 3.

It could be observed that at this moment, the both have
the spectrum peaks at -40 degrees, 0 degree, and 40 degrees.
However, there would be more serious pseudo peaks under
the traditional method. In comparison, there are obvious
peak values in the improved method. If the angular interval
is very small, the estimation result would be inaccurate. This
is also one problem in the traditional Pisarenko’s MW
method. There are obvious peak values in the improved
method, when the angular interval is small.

0

𝜔M(z)

𝜆1
(M)

𝜆2
(M)

𝜆M
(M)

𝜆M–1
(M)

Figure 1: The representation of the contour is defined by ωMðzÞ, when z belongs to the periphery of the rectangle.
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This experiment is repeated 50 times, and its results are
shown in Figures 4 and 5.

It could be seen that in the traditional method, there are
serious pseudo peaks, and the graphics are more chaotic
around 0 degree. At -40 degrees and 40 degrees, its effect is
not as clear as that of the improvement method also.

The second case is M = 10 and N = 20. The number of
samples and the value of the observation dimension are
smaller, but the size is in the same order of magnitude. At
the same time, it is a constant, which satisfies M/N and is
greater than 0 and less than 1. At this moment, the simula-
tion results are shown in Figures 6 and 7.

It could be observed that in the traditional method, not
only the pseudo peaks exist but also the values of the pseudo
peaks are relatively larger in this case, which is similar to case
1. Its difference is not as obvious as that of the improved
method. Therefore, the improved method still has its advan-
tages in this case.

This experiment is repeated 50 times, and its simulation
results are shown in Figures 8 and 9.

The third case isM = 10 and N = 20. The number of sam-
ples and the value of the observation dimension are larger, but
the size is in the same order of magnitude. At the same time, it
is a constant, which satisfiesM/N and is greater than 0 and less
than 1. Since the amount of calculation is especially large when
the valuesM andN are larger, 100 and 200 are used to roughly
fit the case of large dimension. At this moment, the simulation
results are shown in Figures 10 and 11.

It could be observed that the pseudo peak values in
Figure 9 are very close, and the distortion is serious. The
spectrum peaks in Figure 10 are obvious. Due to the large
amount of calculation, the simulation results after 50 repeti-
tions would not be discussed here, but it could be inferred
that there is not much difference between 50 times and 1
time. The estimated spectrum peaks are still more obvious
in the improved algorithm.

4.2. Comparison for Root Mean Square Error. Next, the root
mean square errors generated in the traditional method and
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Figure 5: Spectrum peak search of the G-Pisarenko method when
running 50 times in case 1.
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Figure 4: Spectrum peak search of the Pisarenko method when
running 50 times in case 1.
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Figure 3: Spectrum peak search of the G-Pisarenko method when
running once in case 1.
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Figure 2: Spectrum peak search of the Pisarenko method when
running once in case 1.
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the improved method could be compared, when the different
values are taken for the signal-to-noise ratio. Here, the arrival
direction of the signal source could be fixed to the
degree ½−40, 0, 40�, which is relative to the periphery of the
array. The signal-to-noise ratio is between -15 and 20. When
running 100 times, the simulation results are as follows:

The first case: when there areM = 20 andN = 60, the sim-
ulation results at this moment are shown in Figure 12. It
could be found that when the number of array elements
and the number of samples are in the same order of magni-
tude, the root mean square error of the G-Pisarenko method
is much lower than that of the traditional Pisarenko method.
As the signal-to-noise ratio increases, the mean square error
of the improved method gradually approaches zero.

The second case: when there are M = 20 and N = 600, the
simulation results at this moment are shown in Figure 13. It
could be found that when the number of array elements is
relatively small, the root mean square error of the G-

Pisarenko method is still much lower than that of the tradi-
tional Pisarenko. As the signal-to-noise ratio increases, the
root mean square error of the improved method gradually
approaches zero. The spectrum estimation effect is very well.
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Figure 9: Spectrum peak search of the G-Pisarenko method when
running 50 times in case 2.
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Figure 10: Spectrum peak search of the Pisarenko method when
running 50 times in case 3.
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Figure 8: Spectrum peak search of the Pisarenko method when
running 50 times in case 2.
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Figure 7: Spectrum peak search of the G-Pisarenko method when
running once in case 2.

–100 –80 –60 –40 –20 0 20 40 60 80 100
0

200

400

600

800

1000

1200

1400

1600

1800

DOA

Se
ar

ch
 fu

nc
tio

n 
va

lu
e o

f p
isa

re
nk

o

Figure 6: Spectrum peak search of the Pisarenko method when
running once in case 2.
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5. Summary

In this paper, an improved Pisarenko parameterized spatial
spectrum estimation method, namely, the G-Pisarenko
method, is proposed based on random matrix theory. From
the simulation, it could be found that when M and N values
are very small, the spectrum peaks of the improved algorithm
are more obvious, and there is no redundant pseudo peak.
When the M and N values are larger, the spectral peaks in
the traditional algorithm are chaotic, but the performance
is still well in the improved algorithm. From the perspective
of root mean square error, the error of the improved algo-
rithm is much smaller than that of the traditional algorithm.
So, this is a very good improved estimation. According to the
principle of the improved estimation, the methods in this
paper could be used in other algorithms to achieve an
improved feature decomposition algorithm for large-
dimensional arrays. The scheme can be applied to the Inter-
net of things and play an effective improvement.

However, at the same time, it is not difficult to find that
during the spectrum peak search, a large amount of calcula-
tion could be generated in the method proposed in this paper.
The complexity of the calculation is so high that it is impossi-
ble to discuss the situation where the values ofM and N tend
to be infinite. Therefore, this paper also needs to be improved
on this basis. A simpler and more effective algorithm could be
found. In addition, the situations researched in this paper are
based on the ideal situations of many assumptions, which
could only be ideally approximated in practical occasions.
The effectiveness needs to be improved.
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