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The problem of position estimation for a noncooperative source has always been widely discussed in the field of wireless
communication. Direct position determination (DPD) for a noncooperative source with fast moving receivers is discussed
in this paper. The sinc function is used to reconstruct the signals, which is an important step in DPD for wideband
signals. A DPD method based on the baseband signal is proposed which is more practical in communication signal with
high carrier frequency. And based on the proposed DPD method, a DPD method for multiple noncooperative stationary
sources by single-channel receivers is presented. In order to evaluate the performance of the proposed DPD method, the
Cramér-Rao lower bound (CRLB) for DPD based on baseband signal is derived. Several numerical investigations are
carried out to evaluate the performance of the proposed method.

1. Introduction

Noncooperative source localization based on the emitted sig-
nals has been of great interest to academic researchers and
industrial practitioners for many years [1–5]. The two-step
localization method is the most widely used method for tra-
ditional source localization. In the first step, the location-
related parameters are extracted from the sampled signals.
Then, in the second step, the source location is estimated
by the extracted parameters. The two-step localization
method is usually suboptimal as it ignores the intrinsic con-
straint that all the extracted parameters should be consistent
with the same source location. In addition, in multiple
source localization, the two-step method will usually lead
to a parameter-to-source association problem, which may
require additional efforts.

Motivated by the shortcomings of the two-step method,
DPD methods are proposed [6–8] which estimate the source
location directly from the received signals without parameter

extraction. There is no intermediate parameters to estimate,
and the association of the parameters and location of sources
are realized implicitly. For a stationary emitter and moving
receivers, a common DPD method is to estimate the source
location using the signals containing the information of time
difference of arrival (TDOA) and frequency difference of
arrival (FDOA).

Weiss and Amar [9, 10] proposed a DPD method for the
received signals with delay and Doppler, where a downshift
matrix was used to model the time delay. The DPD method
Weiss and Amar proposed using time-domain modelling [9]
and frequency-domain modelling [10] for the received sig-
nals. There is a quantization process in the downshift
matrix, which leads to the increase of positioning error.

Li et al. [11] improved the downshift matrix by the fast
Fourier transform (FFT) method. Lu et al. [12] adopted a
similar modelling approach as that in [11], and an iterative
algorithm based on particle filter was designed to solve the
DPD problem. When the signal bandwidth is narrow, the
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cumulative time is short or the receivers are moving slowly,
the signal model can be established as a narrowband model.
When the narrowband condition is not satisfied, it is usually
solved by partitioning the received signals into multiple
short-time signal segments. When the signal bandwidth is
wide, a scaled formulation was used to solve the wideband
source localization problems in passive acoustics and sonar
applications [13], since significant biases would be intro-
duced if such signals were approximated with narrowband
models. The CRLB for wideband DPD is only for random
signal in [13]. However, the DPD CRLB for unknown deter-
ministic signal needs to be solved in practical engineering.

Currently, almost all TDOA- and FDOA-based DPD
methods assume a stationary source. Most DPD methods
only consider narrowband signal, and only consider wide-
band signal with low carrier frequency such as sonar. Most
DPD methods for multiple sources use the signals received
by an antenna array [14–19]. Considering the problem of
locating multiple noncooperative stationary sources using
multiple fast moving receivers with a single antenna, this
paper is dedicated to estimating the sources location directly
from the received signals. The contributions of the current
study are mainly in three aspects. Firstly, a signal baseband
reconstruction-based DPD method is proposed which is
suitable for wideband signal. Secondly, a DPD method for
multiple noncooperative stationary sources is proposed.
And finally, the CRLB for DPD method based on baseband
signal is derived. Several numerical investigations are carried
out to evaluate the performance of the proposed method.

2. Direct Position Determination for
Noncooperative Source

2.1. Problem Formulation. Consider a stationary source
located at xT = ðxT , yTÞT and L fast moving receivers, let
x = ðx, yÞT ∈Ω, where Ω represents the group containing
all possible source locations. The position and velocity of
receiver l at time t are assumed to be xlðtÞ = ðxlðtÞ, ylðtÞÞT
and vlðtÞ = ð _xlðtÞ, _ylðtÞÞT , l = 1,⋯, L. Suppose that the source
signal is sðtÞ, then the signal received by receiver l can be
modelled as

zl tð Þ = ηl tð Þs t − τl tð Þð Þ +wl tð Þ, 0 ≤ t ≤ T , ð1Þ

where c is the speed of wave propagation, ηlðtÞ = 1/krlðtÞk is
the path attenuation factor and is usually approximately
stationary over the signal sampling period and can be
assumed to be insensitive to t, and accordingly ηlðtÞ ≈ ηl,
rlðtÞ = x − xlðtÞ is the position vector from source to
receiver, τlðtÞ = ð1/cÞkrlðtÞk is the propagation time delay
from source to receiver, wlðtÞ represents zero-mean, white,
circular complex Gaussian noise with variance σ2w, and
they are assumed to be independent at different receivers.

The received signals can be partitioned into K sec-
tions; then, it can be assumed that the time delay varies
linearly during each period. Consider that all receivers
collect ðM + 1Þ signal samples in kth section with sampling
frequency f s = 1/Δ satisfying the Nyquist rule, and we denote

tk,m = tk +mΔ, k = 1,⋯, K , m = −M/2,⋯, − 1, 0, 1,⋯,M/2,
tk is the middle time in kth section. Then, the discrete form
of (1) is

zl tk,mð Þ = ηls tk,m − τl tk,mð Þð Þ +wl tk,mð Þ: ð2Þ

According to the sampling theorem, we have

s tk,m − τl tk,mð Þð Þ

≈ 〠
M/2

n=−M/2
s tk + nΔð Þ ⋅ sinc m −

τl tk,mð Þ
Δ

� �
− n

� �
,

ð3Þ

where sinc ðxÞ = sin ðπxÞ/ðπxÞ.
Due to the segmentation, it can be assumed that ðM +

1ÞΔ≪ 1, then the propagation time delay can be represented
approximately as

τl tk,mð Þ
Δ

= 1
cΔ

rl tk,mð Þ�� �� ≈ 1
cΔ

rl tkð Þk k − mvTl tkð Þ ⋅ rl tkð Þ
c rl tkð Þk k ,

ð4Þ

m −
τl tk,mð Þ

Δ
= 1 +

vTl tkð Þ ⋅ rl tkð Þ
c rl tkð Þk k

� �
m −

1
cΔ

rl tkð Þk k

=̂ bl,km − dl,k,
ð5Þ

where bl,k = 1 + ð1/cÞððvTl ðtkÞ ⋅ rlðtkÞÞ/krlðtkÞkÞ, dl,k = krlðtkÞk
/cΔ.

By (3) and (5), formulation (2) can be rewritten as

zl tk,mð Þ ≈ ηl 〠
M/2

n=−M/2
sk nð Þ ⋅ sinc bl,km − dl,k − nð Þ +wl tk,mð Þ,

ð6Þ

where skðnÞ = sðtk + nΔÞ.
Let Λ = ½diag ðΛ1,⋯,ΛLÞ� ⊗ IK , Λl = ηlIM+1, H = diag

ðH1,⋯,HKÞ, Hk = ðHT
1,k,⋯,HT

L,kÞ, Hl,kðm + ðM/2Þ + 1, n +
ðM/2Þ + 1Þ = sin cðbl,km − dl,k − nÞ, m = −M/2,⋯, − 1, 0, 1,
⋯,M/2, n = −M/2,⋯, − 1, 0, 1,⋯,M/2, z = ðzT1 ,⋯,zTKÞT ,
zk = ðzT1,k,⋯,zTL,kÞT , zl,k = ½zlðtk,−M/2Þ,⋯,zlðtk,M/2Þ�T , s =
ðsT1 ,⋯,sTKÞT , sk = ½skð−M/2Þ,⋯,skðM/2Þ�T , w = ðwT

1 ,⋯,wT
KÞT ,

wk = ðwT
1,k,⋯,wT

L,kÞT , and wl,k = ½wlðtk,−M/2Þ,⋯,wlðtk,M/2Þ�T .
The received signal vector from all receivers is given as

z =ΛHs +w, ð7Þ

where Efwg = 0, EfwwTg = σ2wIL⋅K ⋅ðM+1Þ.
Note that fsinc ðt − nÞg∞n=−∞ is a set of orthogonal

bases, so

ð+∞
−∞

sinc t −mð Þ ⋅ sinc t − nð Þdt =
1,m = n,

0,m ≠ n:

(
ð8Þ

2 Wireless Communications and Mobile Computing



When M is big enough, b ≈ 1, jdj≪M/2, we have

〠
M/2

i=−M/2
sinc bi + d −mð Þ ⋅ sinc bi + d − nð Þ

≈ 〠
∞

i=−∞
sinc bi + d −mð Þ ⋅ sinc bi + d − nð Þ

≈b≈1 〠
∞

i=−∞
sinc i + d −mð Þ ⋅ sinc i + d − nð Þ

= 〠
∞

i=−∞
sinc i + d −mð Þ ⋅ sinc n − d − ið Þ

= sinc n − d + d −mð Þ =
1,m = n,

0,m ≠ n,

(

ð9Þ

where m, n = ±M/2,⋯, ± 1, 0.
Based on (9), we have

HT
l,kHl,k ≈ IM+1 ≈Hl,kH

T
l,k: ð10Þ

By (7), the maximum likelihood estimator (MLE) of xT is

Lθ θð Þ = 〠
K

k=1
〠
L

l=1
zl,k − ηlHl,ksk
�� ��2, ð11Þ

where θ = ðs, x, ηÞT , η = ðη1,⋯,ηLÞT .
The joint minimization of all variables can be achieved

by minimizing each variable gradually

min
θ

Lθ θð Þ =min
θ

〠
K

k=1
〠
L

l=1
zl,k −Hl,ksk Hl,kskð ÞHzl,k
�� ��2

= min
s,xð Þ

〠
K

k=1
〠
L

l=1
zl,k
�� ��2 − sHk QkQ

H
k sk

" #

=min
x

〠
K

k=1
〠
L

l=1
zl,k
�� ��2 − λmax QkQ

H
k

� �" #

=min
x

〠
K

k=1
〠
L

l=1
zl,k
�� ��2 − λmax QH

k Qk

� �" #
,

ð12Þ

where Qk = ½HH
1,kz1,k ⋯HH

L,kzL,k�.
Finally, the source location can be solved by

x̂T = arg max
x∈Ω

〠
K

k=1
λmax QH

k Qk

� �( )
, ð13Þ

where λmaxðxÞ denotes the maximum eigenvalue of x. Note
that QkQ

H
k is a ðM + 1Þ × ðM + 1Þ matrix while QH

k Qk is a
L × L matrix whose size is usually much smaller than
QkQ

H
k . By (13), a 2-D search over the region of interest

can help determine the MLE of xT .

2.2. DPD Based on Baseband Signal. In practice, the carrier
frequency is always very high, so the received signals are

usually sampled after a frequency downconversion treat-
ment. In such scenarios, the sampled signals can be
expressed as

yl tk,mð Þ = zl tk,mð Þe−j2πftk,m
= ηle

−j2πf τl tk,mð Þu tk,m − τl tk,mð Þ½ � + εl tk,mð Þ,
ð14Þ

where uðtÞ = sðtÞe−j2πft is the baseband signal, εðtÞ =
wðtÞe−j2πft.

According to (5) and (6), we have

yl tk,mð Þ ≈ ηle
j2πf bl,km−dl,k−mð ÞΔ 〠

M/2

n=−M/2
uk nð Þ

⋅ sinc bl,km − dl,k − nð Þ + εl tk,mð Þ

= ~ηle
j2πf bl,k−1ð ÞmΔ 〠

M/2

n=−M/2
uk nð Þ

⋅ sinc bl,km − dl,k − nð Þ + εl tk,mð Þ,

ð15Þ

where ~ηl = ηle−j2πf dl,k .
Let y = ðyT1 ,⋯,yTKÞT , yk = ðyT1,k,⋯,yTL,kÞT , yl,k =

½ylðtk,−M/2Þ,⋯,ylðtk,M/2Þ�T , ~Λ = ½diag ð~Λ1,⋯, ~ΛLÞ� ⊗ IK , ~Λl =
~ηlIM+1, Ψ = diag ðΨ1,⋯,ΨKÞ, Ψk = diag ðΨ1,k,⋯,ΨL,kÞ, Ψl,k

= diag ½e−j2πf ðbl,k−1ÞMΔ/2,⋯,ej2πf ðbl,k−1ÞMΔ/2�, u = ðuT1 ,⋯,uTKÞT ,
uk = ½ukð−M/2Þ,⋯,ukðM/2Þ�T , ε = ðεT1 ,⋯,εTKÞT , εk = ðεT1,k,⋯,
εTL,kÞT , and εl,k = ½εlðtk,−M/2Þ,⋯,εlðtk,M/2Þ�T .

We further have

y = ~ΛΨHu + ε, ð16Þ

where Efεg = 0, EfεεTg = EfwwTg = σ2
wILKðM+1Þ.

According to (13), the source location based on base-
band signal can be solved by

x̂T = arg max
x∈Ω

〠
K

k=1
λmax GH

k Gk

� �( )
, ð17Þ

where Gk = ½HH
1,kψ

H
1,ky1,k ⋯HH

L,kψ
H
L,kyL,k�.

2.3. DPD for Multiple Sources. Consider P stationary sources
whose positions are denoted by the vectors of coordinates
xTpðxTp, yTpÞ, p = 1,⋯, P. And the denotation of L fast mov-
ing receivers is the same as Section 2.1. Suppose that the
signals emitted by these P sources are independent time-
frequency overlapped signals. Suppose that the signals are
spðtÞ, p = 1,⋯, P, then the signals received by receiver l can
be modelled as

z
_
l tð Þ = 〠

P

p=1
ηl,p tð Þsp t − τl,p tð Þ	 
n o

+wl tð Þ, 0 ≤ t ≤ T: ð18Þ
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Since the signals are independent of each other, the
direct position determination based on baseband signal can
be used to locate multiple sources. The sampled baseband
signals can be expressed as

y_l tk,mð Þ = z
_

l tk,mð Þe−j2πftk,m

= 〠
P

p=1
ηl,pe

−j2πf τl,p tk,mð Þup tk,m − τl,p tk,mð Þ	 
n o
+ εl tk,mð Þ:

ð19Þ

According to (14)–(17) and (19), the following objective
function is established to solve the localization problem for
P sources

V xð Þ = 〠
K

k=1
λmax GH

k Gk

� �
, ð20Þ

where Gk = ½HH
1,kψ

H
1,k y

_
1,k ⋯HH

L,kψ
H
L,k y

_
L,k�, y_ = ðy_T

1 ,⋯,y_T
KÞ

T
,

y_k = ðy_T
1,k,⋯,y_T

L,kÞ
T
, and y_l,k = ½y_lðtk,−M/2Þ,⋯,y_lðtk,M/2Þ�

T
.

By (20), xTp (p = 1,⋯, P) can be estimated by searching
the P local maxima of the objective function VðxÞ from large
to small.

2.4. CRLB for DPD Based on Baseband Signal. When the
source signal waveform is unknown, the baseband signal
u can be expressed in terms of its real and imaginary parts

as ½Re fuTg, Im fuTg�T . Similarly, ~Λ can be expressed as

½Re f~ΛTg, Im f~ΛTg�T . Define the composite unknown vec-

tor θ = ½Re fuTg, Im fuTg, Re f~ΛTg, Im f~ΛTg, xT �T .
From (12), the measurement vector y is a complex

Gaussian random vector with mean ~ΛΨHu and covariance
Σ = σ2wILKðM+1Þ. Consequently, y has a multivariate complex
Gaussian probability density function (PDF) is given by

p y ; θð Þ = 1
det πΣð Þ exp − y − ~ΛΨHu

� �H
Σ−1 y − ~ΛΨHu
� �
 �

:

ð21Þ

The Fisher information matrix (FIM) is then given
by [20]

Jθ = 2 Re
∂~ΛΨHu

∂θ

 !H

Σ−1 ∂~ΛΨHu
∂θ

 !( )

=
2
σ2w

Re
∂~ΛΨHu

∂θ

 !H
∂~ΛΨHu

∂θ

 !( )
,

ð22Þ

where

∂~ΛΨHu
∂θ

=
∂~ΛΨHu
∂ Re uf g ,

∂~ΛΨHu
∂ Im uf g ,

∂~ΛΨHu

∂ Re ~Λ
n o ,

∂~ΛΨHu

∂ Im ~Λ
n o ,

∂~ΛΨHu
∂x

2
4

3
5

=̂ B, jB, C, jC,D½ �,
ð23Þ

B =
∂~ΛΨHu
∂ Re uf g = ~ΛΨH, ð24Þ

C =
∂~ΛΨHu

∂ Re ~Λ
n o = diag Ψ1,1H1,1u,Ψ2,1H2,1u,⋯,ΨL,KHL,Kuð Þ,

ð25Þ

D =
∂~ΛΨHu

∂x
, ð26Þ

where the derivation of D can be referred to Appendix A.
Then, Jθ can be rewritten as

Jθ =
2
σ2
w
Re

BHB jBHB BHC jBHC BHD

−jBHB BHB −jBHC BHC −jBHD

CHB jCHB CHC jCHC CHD

−jCHB CHB −jCHC CHC −jCHD

DHB jDHB DHC jDHC DHD

2
66666666664

3
77777777775

=̂
2
σ2w

V11 V12

V21 V22

 !
,

ð27Þ
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Figure 1: Localization errors of the proposed DPD method and
two-step method with SNR ranging from -15 dB to 10 dB.
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where

V11 = Re

BHB jBHB BHC jBHC

−jBHB BHB −jBHC BHC

CHB jCHB CHC jCHC

−jCHB CHB −jCHC CHC

2
666664

3
777775, ð28Þ

V21 = Re BHD
� �

Im BHD
� �

Re CHD
� �

Im CHD
� �	 


= V12ð ÞT , andV22 = Re DHD
� �

:
ð29Þ

Using the partitioned matrix formula [21], the FIM of
x is

FIMx =
2
σ2w

V22 − V21 V11ð Þ−1V12
� �

: ð30Þ

Then, the CRLB of x in this case is

CRLBx =
σ2w
2

V22 − V21 V11ð Þ−1V12
� �−1

: ð31Þ

And the CRLB of localization error is

CRLBDPD =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tr CRLBxð Þ

p
: ð32Þ

3. Numerical Results

This section conducts several numerical simulations to
investigate the proposed method. Two cases are considered
in all. The first case is studied to investigate the performance
of the DPD method based on the baseband signal from a
single source. The second case is studied to investigate the
performance of the DPD method for multiple sources.

3.1. Case 1: DPD for Single Source. In this case, the initial
positions of the three fast moving receivers are x1ðt0Þ =
ð30, 5ÞT (km), x2ðt0Þ = ð0, 0ÞT (km), and x3ðt0Þ = ð−30, 5ÞT
(km). The velocities of the three receivers are v1ðt0Þ =
ð350, 60ÞT (m/s), v2ðt0Þ = ð350, 0ÞT (m/s), and v3ðt0Þ =
ð335, 80ÞT (m/s). The stationary source is located at xT =
ð8:5, 42:6ÞT (km). In this case, the source emits signal with
BPSKmodulation and the bandwidth is 25kHz. The carrier fre-
quency is set to be f = 303MHz and the sampling frequency is
f s = 100 kHz. 2500 sampling points are collected for source
location.

The performance of the proposed DPD method based on
baseband signal and the two-step method is evaluated in
Figure 1. 100 Monte Carlo simulations are performed at
each SNR. In addition, the CRLB of the two-step method
CRLBtwo-step and the CRLB of the proposed method
CRLBDPD are also presented for comparison. The DPD
method outperforms the two-step method especially when
SNR is low.

3.2. Case 2: DPD for Multiple Sources. In this case, we con-
sider a scenario for two stationary sources localization where
one stationary source is located at xT1 = ð8:5, 42:6ÞT (km)
and the other stationary source is located at xT2 =
ð−11:5, 29:6ÞT (km). Source 1 and the three moving
receivers are present with the same settings as those of case
1 in Section 3.1. Source 2 emits signal with QPSK modula-
tion. The bandwidth and the carrier frequency of the source
2 are the same settings as those of source 1.

In the two-step method, two pairs of time-frequency dif-
ference should be extracted by cross-ambiguity function
between two receivers, and the time-frequency differences
between different receivers cannot be matched. Therefore,
each time-frequency difference is used for positioning,
respectively. Then, the ambiguity position is existed by
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Figure 2: Positioning result by the two-step method.
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two-step method. Therefore, twelve position is located by six
pairs of time-frequency differences, as shown in Figure 2(a).
When the two sources are far away from each other, two
sources can be located by clustering three nearest position-
ing points, as shown in Figure 2(b).

There is no problems of pairing and ambiguity in the
DPD method, so the positions of two sources can be located
directly. A single positioning result of DPD is shown in
Figure 3, which outperforms the two-step method.

The performance of the proposed DPD method based on
baseband signal and the two-step method for multiple
sources is evaluated in Figure 4. 100 Monte Carlo simula-
tions are performed at each SNR. The DPD method outper-
forms the two-step method especially for multiple sources.

4. Conclusion

This paper proposes a DPD method for noncooperative
source with fast moving receivers. The proposed method
uses the sinc function to reconstruct the signal so that the

expansion of the baseband signal caused by the fast moving
receivers is also considered. When the carrier frequency is
high, only the baseband signal can be used for DPD. So a
DPD method based on baseband signal by single-channel
receivers is presented. And the proposed DPD method can
be used not only for a single source but also for multiple
sources. In order to evaluate the performance of the pro-
posed DPD method, the CRLB for DPD based on baseband
signal is derived. Simulation results show that the proposed
DPD method provides more accurate location estimate than
the two-step method.

Appendix

A. Derivation of D

According to (23), we have

D =
∂~ΛΨHu

∂x
= ~Λ

∂ ΨHð Þ
∂x

u, ðA:1Þ
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Figure 3: Positioning result by the proposed DPD method.
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Figure 4: Localization errors of the proposed DPD method and two-step method for multiple sources with SNR ranging from -10dB to 15 dB.
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where ∂ðΨHÞ/∂x = ð∂ðΨ1H1Þ/∂x,⋯,∂ðΨKHKÞ/∂xÞ2×LKðM+1Þ,

∂ðΨkHkÞ/∂x =
_Ψ
ðxÞ
1,kH1,k +Ψ1,k _H

ðxÞ
1,k ⋯ _Ψ

ðxÞ
L,kHL,k +ΨL,k _H

ðxÞ
L,k

_Ψ
ðyÞ
1,kH1,k +Ψ1,k _H

ðyÞ
1,k ⋯ _Ψ

ðyÞ
L,kHL,k +ΨL,k _H

ðyÞ
L,k

2
4

3
5
T

.

According to the definition of Ψl,k, we have

_Ψ
xð Þ
l,k =

∂Ψl,k
∂x

= j2πfΔ
∂bl,k
∂x

MΨl,k, ðA:2Þ

_Ψ
yð Þ
l,k =

∂Ψl,k
∂y

= j2πfΔ
∂bl,k
∂y

MΨl,k, ðA:3Þ

where ∂bl,k/∂x = ½ð _xl,k/ckrl,kkÞ − ððvTl,krl,kðx − xl,kÞÞ/ckrl,kk3Þ�,
∂bl,k/∂y = ½ð _yl,k/ckrl,kkÞ − ððvTl,krl,kðy − yl,kÞÞ/ckrl,kk3Þ�, M =
diag ½−M/2,⋯,M/2�, xl,k=̂ xlðtkÞ, rl,k=̂ rlðtkÞ, _xl,k=̂ _xlðtkÞ, and
vl,k=̂ vlðtkÞ.

According to the definition of Hl,k, we have

_H
xð Þ
l,k m + M/2ð Þ + 1, n + M/2ð Þ + 1ð Þ
=
∂Hl,k m + M/2ð Þ + 1, n + M/2ð Þ + 1ð Þ

∂x

= ∂bl,k
∂x

m −
∂dl,k
∂x


 �
⋅ sin c′ bl,km − dl,k − nð Þ,

ðA:4Þ

_H
yð Þ
l,k m + M/2ð Þ + 1, n + M/2ð Þ + 1ð Þ
=
∂Hl,k m + M/2ð Þ + 1, n + M/2ð Þ + 1ð Þ

∂y

=
∂bl,k
∂y

m −
∂dl,k
∂y

� �
sin c′ bl,km − dl,k − nð Þ,

ðA:5Þ

where ∂dl,k/∂x = ðx − xl,kÞ/cΔkrl,kk, ∂dl,k/∂y = ðy − yl,kÞ/cΔk

rl,kk, sin c′ðxÞ = ½πctgðπxÞ − ð1/xÞ� sin cðxÞ, x ≠ 0

0, x = 0

(
, m, n =

±M/2,⋯, ± 1, 0.
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