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The existing joint radar-communication (JRC) based on linear frequency modulation (LFM) is imperfect because of high
autocorrelation sidelobe and poor nearby target detection performance. This paper proposes a JRC signal based on the non-
LFM (NLFM) wave by using minimum shift keying (MSK). Then, this paper analyzes the performance of ambiguity
function (AF) characteristics, detection probability, time-frequency characteristics, and communication rate for the proposed
JRC signal. It is concluded that the proposed JRC signal has both excellent radar and communication characteristics. Under
the condition of low data volume, the simulation results illustrate that (i) compared with the existing LFM-MSK signal, our
JRC signal’s sidelobe level of the time AF is significantly lower; the range resolution is improved significantly; (ii) the
proposed JRC signal has no loss on velocity resolution and detection probability; and (iii) the proposed JRC signal has
excellent time-frequency characteristics.

1. Introduction

Wireless communication and radar detection, which are
widely used in modern society, have different application
scenarios, architectures, and frequency bands. The growing
number of wireless terminals and radar equipment brings a
series of problems such as spectrum overlap, functional
interference, and energy loss [1–3]. In this situation, limited
wireless spectrum resources have become more and more
valuable, making the reuse of spectrum resources extremely
urgent. Based on this application background, the joint
radar-communication (JRC) technology is gaining more
and more attention [4–6]. As shown in Figure 1, the JRC
system has greatly alleviated the problems of spectrum
shortage, multiplatform interference, antenna reuse, and
excessive energy consumption. The application of JRC has
also expanded from the military field to the civil fields, and
the waveform design method is the key part of the JRC
technology.

In recent years, several methods have been proposed to
complete the advanced JRC waveform design, and researchers
have achieved a lot both theoretically and practically.
Through the analysis of the existing literature, it can be con-

cluded that approaches of JRC system design can be mainly
divided into three types: JRC technology based on time divi-
sion, JRC technology based on multibeam sharing, and JRC
technology based on integrated wave.

JRC time division is a simple way of integration technol-
ogies, which means that the radar and communication sys-
tems use the same hardware platform at different time
slots [7]. In this method, the original waveforms of radar
and communication do not need to be changed, and differ-
ent waveforms are emitted in different time slots. For JRC
system, only the reasonable division of time gap needs to
be considered; the two functions alternate in the time
domain and there is no mutual interference [8]. JRC system
can also realize the multiplexing of antenna and transceiver
equipment through the gate switch. JRC time division is
shown in Figure 2. After the radar detects the target, the
communication information is transmitted. After the com-
munication, the radar beam detects again, and the detection
time and communication time can be adjusted flexibly.
Although the existing platform resources can be fully uti-
lized, the low efficiency is still a problem. The radar and
communication cannot be operated at the same time, which
causes the detection blind area.
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In JRC multibeam sharing technology, JRC systems gen-
erate multibeam signals by designing the layout, antenna
number, and direction of multiple input multiple output
(MIMO) array antennas. As shown in Figure 3(a), JRC sys-
tem uses different beam signals to realize the radar and com-
munication, respectively [9]. JRC multibeam sharing
technology is flexible and has good degree of freedom, but
it is prone to functional interference. So the main design
objective is to synthesize radar performance and communi-
cation performance and to optimize the design of the syn-
thesized performance by using optimization theory [10].
Another JRC multibeam sharing technology uses radar main
lobe to achieve detection performance and uses radar wave-
form sidelobe to communicate [11], which is shown in
Figure 3(b). This method can effectively reduce the interfer-
ence between radar main lobe and communication sidelobe,
but there are many waveform limitations.

Different from the first two technologies, the integrated
wave technology completely realizes the nonseparation
transmission of radar signal and communication signal,
and there is no obvious separation of the two signals in the
space, time, and frequency domains. In this paper, we pay
close attention on JRC system of integrated wave. Linear fre-
quency modulation (LFM) wave is a popular waveform in
the fields of radar, detection, and sonar, which has excellent
range resolution and velocity resolution, and many JRC
technologies adopt LFM wave as the seminal waveform. Lit-
erature [12–14] had promoted LFM-MSK signal as JRC
waveform and analyzed the ambiguity function (AF) charac-
teristics; researchers also proposed methods to reduce the
energy leakage and the increase communication throughout
JRC waveform. In literature [15, 16], spread spectrum tech-
nology was introduced into the JRC waveform design, and
combined with small angle BPSK and LFM waves, the
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Figure 1: The diagram of JRC system.
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integrated signal could achieve a higher communication rate
while ensuring the detection performance of the radar.
Orthogonal frequency division multiplexing (OFDM) tech-
nology has unique advantages in communication signal
design and signal processing. Although its inherent features
affect the nonlinear power amplification of radar platform,
OFDM is also widely introduced into the field of JRC wave-
form. Literature [17–19] had proposed JRC signal based on
OFDM technology and LFM signal and analyzed the JRC
signal from the perspectives of AF, peak-to-average power
ratio, detection accuracy, etc. A large number of theoretical
discussions and improvement studies had been carried out.
MIMO technology, widely used in 5G communication sys-
tem, has many advantages such as diversity gain and large
communication capacity. Therefore, the JRC based on
MIMO technology has also received extensive attention
from academia and industry. Under the optimizations’ con-
straints, literature [20–23] proposed the beamforming tech-
nology to realize MIMO communication and radar

detection, and some algorithms were designed to solve the
nonconvex problems in the JRC waveform. The LFM-CPM
signal, at the basis of LFM-MSK, greatly promoted the appli-
cation of JRC technology in the field of intelligent transpor-
tation [24, 25]. The early JRC technologies had achieved
some breakthroughs and developments in the fields of radar
and communication. However, in the seminal LFM base,
due to the embedded communication bits, the LFM-MSK
signal inevitably has the problem of excessively high sidelobe
of auto correlation function, which mask the nearby targets
in radar detection.

In order to solve the nearbymultitarget detecting problem,
a novel JRC waveform based on non-LFM (NLFM) radar sig-
nal is proposed in this paper, called NLFM-MSK. Our JRC sig-
nal has the advantages of constant envelope, continuous
phase, and low sidelobe of time AF, which effectively improves
the accuracy of nearby multitarget measurement. Through
theoretical analysis and computer simulation, it is proved that
our JRC signal has better radar performance than the LFM-
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Figure 3: The diagram of JRC multibeam sharing: (a) different beams for radar and communication, respectively; (b) main lobe for radar
and sidelobe for communication.
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MSK signal mentioned in literature [11] under the low data
volume condition. Our contributions are summarized as
follows:

(1) We propose a novel JRC signal model of NLFM-
MSK waveform and analyze its time-frequency char-
acteristics, autocorrelation characteristics, and time-
domain signal characteristics

(2) We analyze the radar performance criteria and com-
munication performance criteria, and we derive the
mathematical equations of the relevant criteria

(3) The mathematical derivation and simplified analysis
of the AF of our JRC signal are carried out, and the
superiority of the proposed signal is proved theoret-
ically in the low communication data condition

(4) The AF characteristics, detection probability, time-
frequency characteristics, and communication rate
of our JRC signal are analyzed and simulated, and
the results of performance analysis are verified

The rest of the paper is organized as follows. Section 2 pre-
sents our JRCmodel and derives mathematical expressions. In
Section 3, we derive the AF equations of our JRC, detection
probability and time-frequency characteristics, and we analyze
the communication and radar performances. Section 4 pro-
vides computer simulation, and Section 3verifies our discus-
sion. Finally, the conclusion is drawn in Section 5.

Notation: in the paper, the NLFM waveform is denoted
by sNLFMðtÞ, the baseband continuous phase modulation
(CPM) waveform is denoted by sCPMðtÞ, the baseband min-
imum shift keying (MSK) waveform is denoted by sMSKðtÞ,
and the JRC waveform is denoted by sðtÞ. B is the signal
bandwidth, Tp is the time width of signal, and Ts is the time
width of bit. We assume B = 10MHz and Tp = 40μs.

2. System Model

LFM signal is suitable for most radar signal amplification
systems, and its frequency changes linearly with time. How-
ever, due to the inherent characteristics, the autocorrelation
sidelobe of LFM wave is high up to -13.26 dB [26], which
affects the near multitarget detection. In practical applica-
tion, a windowing function can be used to suppress the high
autocorrelation sidelobe, but the method introduces the
main lobe broadening extremely, SNR decreasing and other
problems. The early JRC waveforms composed of LFM
[12–19, 24, 25] inherit the disadvantages of LFM. Further-
more, due to the communication data, the sidelobe of time
AF for such a JRC signal becomes high and the range reso-
lution performance deteriorates. In order to solve this prob-
lem and improve the range resolution of the early LFM
integrated signal, NLFM signal is proposed as the seminal
signal to generate novel JRC signal. The NLFM signal has
the advantage of offering a low autocorrelation sidelobe.
On the basis of the above analysis, this paper takes NLFM
signal as the carrier wave and MSK as the modulation wave
to design an integrated NLFM-MSK signal. Under the low

data volume condition, this JRC signal cannot only realize
the target detection and wireless communication but also
has perfect AF performance, low range sidelobe, and gainful
spectral characteristics.

2.1. NLFM Signal. NLFM waveform is a kind of complex sig-
nal with many signal models. The generation of NLFM is
more complex than generation of LFM signal, and there
are no precise mathematical expressions. In previous litera-
ture, the NLFM waveform was expressed by an approximate
expression, and its theoretical basis was the classical station-
ary phase principle [26, 27]. At present, there are two
methods to generate NLFM signal. (1) For the existing
LFM signal, the altering frequency modulation function is
adopted to produce NLFM signals. (2) Using the existing
window function, the inverse method of window function
is adopted to generate NLFM signal. Considering the conve-
nience of signal generation, this paper adopts the second
method to generate NLFM signal. The common window
functions include Hamming window, Hanning window,
and Blackman window. The autocorrelations of the three
window functions are shown in Figure 4 and Table 1.

Through comparison, this paper adopts the Hamming
window, with the lowest sidelobe level of the autocorrelation
function, to generate NLFM signal. The expression of Ham-
ming window function in frequency domain is [28]

W fð Þ =
1‐αð Þ − α ⋅ cos 2 ⋅ π ⋅ f

B

� �
, fj j ≤ B

2
,

0, fj j ≥ B
2
,

8>><
>>: ð1Þ

where B is the signal bandwidth and α is a configuration
parameter that in the paper is fixed to α = 0:46. If the win-
dow function Wð f Þ is integrated, we can obtain the group
delay function of the signal, which can be expressed as

T fð Þ = K ⋅
ð f
−∞

W xð Þdx,  −
B
2
< f <

B
2
, ð2Þ

where K is a constant coefficient, which we assume unitary
ðK = 1Þ. The inverse of the group delay function Tð f Þ, which
is the expression of the time-domain function, can be
obtained:

f tð Þ = T−1 fð Þ, 0 ≤ t ≤ Tp, ð3Þ

where Tp is the time width of signal. By integrating equation
(3), its phase function can be obtained as follows:

ϕ tð Þ = 2π
ðt
0
f xð Þdx, 0 ≤ t ≤ Tp: ð4Þ

The time-domain expression of the final NLFM signal is

sNLFM tð Þ = A ⋅ rect
t
Tp

 !
⋅ exp j ⋅ 2 ⋅ π ⋅ f c ⋅ t + ϕ tð Þð Þ½ �, ð5Þ
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Figure 4: The autocorrelations for window functions: (a) global chart; (b) local chart.
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where A is the amplitude of NLFM signal, f c is the initial fre-
quency of NLFM signal, rectðt/TpÞ is a rectangular window
with duration Tp, and ϕðtÞ is the phase without specific
expression. From the design convenience consideration, we
assume the amplitude A = 1 and the initial frequency f c = 0
. So far, the time-domain expression of NLFM signal is com-
pleted according to the derivation of equations (1)–(5). The
NLFM signal in the paper is

sNLFM tð Þ = rect
t
Tp

 !
⋅ exp j ⋅ ϕ tð Þ½ �: ð6Þ

The comparison of autocorrelation characteristics
between NLFM signals and LFM signal is shown in
Figure 5. Under the same parameters, the autocorrelation
function of NLFM signal has low sidelobes, and both the
nearby target detection performance and the range detection
performance are better than those of LFM signal.

2.2. MSK Modulation. The JRC technology usually intro-
duces the communication data into the existing radar wave-
form, which inevitably leads to the spread of signal spectrum
and the deterioration of the radar detection performance.
The choice of the communication modulation is particularly
important for the overall performance of the JRC signal.
Considering several commonly used digital modulation
modes, continuous phase modulation (CPM) mode, which
is widely used in modern communication, has the advan-
tages of constant signal envelope, continuous phase, and
low bit error rate (BER). Hence, CPM modulation can be
considered as the communication modulation of integrated
signal design. The expression of baseband CPM is [12, 24]

sCPM tð Þ = Am ⋅ rect
t
Tp

 !
⋅ exp j ⋅ θ t, Ið Þ + φð Þð Þ, ð7Þ

where Am is the signal amplitude and φ is the initial phase of
the code. θðt, IÞ is the phase information after code modula-
tion. Its expression is [12, 24]

θ t, Ið Þ = 〠
N−1

n=0
rect

t − n ⋅ Ts

Ts

� �
⋅ θ t, Inð Þ, ð8Þ

where N is the number of codes carried by the MSK modu-
lation signal and Ts is the time width of bit, Ts = Tp/N . The
phase of the n-th bit is expressed as [12, 24]

θ t, Inð Þ = h ⋅ π ⋅ 〠
n−1

k=−∞
Ik + 2 ⋅ π ⋅ h ⋅ In

⋅ q t − n ⋅ Tsð Þ, n ⋅ Ts ≤ t < n + 1ð Þ ⋅ Ts,
ð9Þ

where In represents the code sequence, h is the modulation
index, and qðtÞ is the integral of the code impulse function
gðtÞ. The functional relation satisfies qðtÞ = Ð t0gðτÞdτ. The
impulse function gðtÞ is usually a rectangular function, a ris-
ing cosine function or a Gaussian pulse. In this paper, we
assume that gðtÞ is a rectangular impulse function.

Considering the convenience of the design, this paper
finally decides to use MSK as the communication method
of our JRC signal. MSK signal is a special form of binary
CPM signal, with the characteristics of h = 0:5 and In ∈ f±1g
[12–14].

The expression of baseband MSK is the same as (7)

sMSK tð Þ = Am ⋅ rect
t
Tp

 !
⋅ exp j ⋅ θ t, Ið Þ + φð Þð Þ: ð10Þ

The expression of θðt, IÞ is the same as (8)

θ t, Ið Þ = 〠
N−1

n=0
rect

t − n ⋅ Ts

Ts

� �
⋅ θ t, Inð Þ: ð11Þ

And the phase of the n-th bit of MSK is expressed as

θ t, Inð Þ = 1
2
⋅ π ⋅ 〠

n−1

k=−∞
Ik + π ⋅ In

⋅ q t − n ⋅ Tsð Þ, n ⋅ Ts ≤ t < n + 1ð Þ ⋅ Ts:

ð12Þ

2.3. JRC Signal. In this paper, the MSK modulated data are
embedded into NLFM signal to form the NLFM-MSK JRC
signal. From the mathematical perspective, the NLFM signal
is used as the carrier signal in MSK signal to form the novel
JRC signal. The time-domain expression of our JRC signal is
as follows:

s tð Þ = sNLFM tð Þ ⋅ sMSK tð Þ = Am ⋅ rect
t
Tp

 !

⋅ exp j ⋅ ϕ tð Þ + θ t, Ið Þ + φð Þ½ �:
ð13Þ

Considering the design convenience, we assume Am = 1 and
φ = 0. Therefore, the final JRC signal is expressed as

s tð Þ = rect
t
Tp

 !
⋅ exp j ⋅ ϕ tð Þ + θ t, Ið Þð Þ½ �: ð14Þ

NLFM-MSK is characterized by a continuous phase. We
assume B = 10MHz, Tp = 20 μs, and the length of the mod-
ulated MSK sequences is 5, 10, and 20, respectively. JRC sig-
nal can carry data of ½−1 1 − 1 − 1 1�, ½−1 − 1 − 1 − 1 1 −
1 1 1 − 1 − 1�, and ½−1 − 1 1 − 1 − 1 1 − 1 1 1 − 1 1 − 1 − 1 1 1 1
− 1 − 1 1 1�, which are pseudorandom sequences generated
by the computer. The time-domain waveforms of the NLFM
and JRC signals are shown in Figure 6. After the pseudoran-
dom sequences are loaded, JRC signals have the characteristics
of constant envelope and continuous phase. Additionally, the

Table 1: Ratios of sidelobe peak to main lobe peak.

Signal Hamming Hanning Blackman LFM

Ratio -42 dB -31 dB -35 dB -13.26 dB [25]
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Figure 5: The autocorrelation of LFM and NLFM signals: (a) global chart; (b) local chart.
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Figure 6: The time-domain charts: (a) NLFM; (b) NLFM and JRC signal with 5 bits; (c) NLFM and JRC signal with 10 bits; (d) NLFM and
JRC signal with 20 bits.
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JRC signal guarantees the envelope characteristics of NLFM
radar signal and the phase characteristics of MSK signal. Our
JRC signal has excellent time-domain characteristics, which
are continuous phase and constant envelope.

3. Performance Analysis of JRC Signal

JRC signal realizes radar detection and wireless communica-
tion simultaneously, and mutual interferences unavoidably
take place. In order to evaluate the overall performances of
JRC signal, the radar performance criteria and communica-
tion performance criteria are analyzed, respectively, in this
section. In the paper, we focus on such criteria: AF for
JRC, range resolution, detection probability, spectral charac-
teristics, and communication rate of JRC signal. The corre-
sponding mathematical equations have been carefully
deduced and analyzed.

3.1. Performance Analysis of Radar. We first discuss the
radar performance of the JRC signal. The radar waveforms
mainly realize detecting and tracking the target and need
to accomplish both an excellent detection accuracy and
detection probability. By referring to literature [14, 29–32],
the AF and detection probability can be used as the criteria
of radar performance for our JRC signal. AF is one of the
effective analysis tools in radar field. Time AF and Doppler
AF can describe the range resolution and velocity resolution
of radar waveform, respectively. An ideal radar AF should be
a thumbtack-like characteristic, which is a peak point at the
origin and zero elsewhere. But in practice, the radar signal is
impossible to present a thumbtack shape. For radar signal,
we hope that the time AF and Doppler AF have low sidelobe
level, so the radar signal has perfect range resolution and
velocity resolution. In this paper, the AF of JRC is defined
as follows [33]:

χ τ, f dð Þ =
ðT
0
s tð Þ ⋅ s∗ t − τð Þ ⋅ ej⋅2⋅π⋅f d ⋅tdt, ð15Þ

where τ and f d represent the time delay and Doppler shift of
JRC signal echo. In literature [12, 13], the AF performances
of LFM and LFM-MSK signals were analyzed and compared,
and the range resolution and velocity resolution were ana-
lyzed in detail. Because there is no specific expression for
the phase ϕðtÞ in our JRC signal, it is impossible to derive
the specific AF expression for the JRC signal in this paper.
Considering the particularity of the integrated signal, the
numerical integration method can be used to obtain the
approximate value of the AF for JRC signal, and then, the

range resolution and velocity resolution of our integrated
signal can be analyzed through the time AF and Doppler AF.

We assume that JRC signal contains N code elements,
and the time width occupied by each code Ii element is Ts,
while Δτ represents the time delay of unit code Ii. The time
delay of the JRC signal and the target echo signal is τ = ðk
− lÞ ⋅ Ts + Δτ ; k, l = 0, 1, 2,⋯,N − 1. The numerical inte-
gration schematic diagram is shown in Figure 7. We assume
the above code elements are the JRC signal and the below
code elements are the echo signal.

By substituting equation (14) into equation (15) and
considering the numerical integration schematic, the AF
expression of the JRC integrated signal can be obtained:

χ τ, f dð Þ = 〠
N−k+l−1

l=0
θk,l τ, f dð Þ + 〠

N− k+1ð Þ+l−1

l=0
θk+1,l τ, f dð Þ, ð16Þ

where θk,lðτ, f dÞ is the cross-correlation function of the code
slice Ik and the code slice Il and θk+1,lðτ, f dÞ is the cross-
correlation function of the code slice Ik+1 and the code slice
Il. The JRC signal sðtÞ with N bits can be divided into N parts,
and skðtÞ is the k-th part of JRC signal. As shown in Figure 7,
θk,lðτ, f dÞ and θk+1,lðτ, f dÞ expressions are, respectively,

θk,l τ, f dð Þ =
ð k−l+1ð Þ⋅Ts

k−lð Þ⋅Ts+Δτ
sk tð Þ ⋅ s∗l

�
t − k − lð Þ

⋅ Ts − Δτ
�
⋅ exp j ⋅ 2 ⋅ π ⋅ f d ⋅ tð Þdt

=
ð k−l+1ð Þ⋅Ts

k−lð Þ⋅Ts+Δτ
exp ϕ tð Þ − ϕ t − k − lð Þð½

⋅ Ts − ΔτÞ + θ t, Ið Þ − θ t − k − lð Þðð
⋅ Ts − ΔτÞ, IÞ� exp j ⋅ 2 ⋅ π ⋅ f d ⋅ tð Þdt

=
ð k−l+1ð Þ⋅Ts

k−lð Þ⋅Ts+Δτ
exp

"
ϕ tð Þ − ϕ t − k − lð Þð

⋅ Ts − ΔτÞ + 0:5 ⋅ π ⋅ 〠
k−1

m=0
Im + π ⋅ Ik

⋅ q t − k ⋅ Tsð Þ − 0:5 ⋅ π ⋅ 〠
l−1

n=0
In − π ⋅ Il

⋅ q t − l ⋅ Ts − k − lð Þ ⋅ Ts − Δτð Þ + 2

⋅ π ⋅ f d ⋅ t

#
dt,

ð17Þ

𝜃k,l (𝜏,fd)

𝜃k+1,l (𝜏,fd)

. . . . . .
. . .. . .

Δ𝜏

I0 Ik+1 IN–1

Il+1Il

Ik

Figure 7: The diagram of numerical integration.
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θk+1,l τ, f dð Þ =
ð k−l+1ð Þ⋅Ts+Δτ

k−l+1ð Þ⋅Ts

sk+1 tð Þ ⋅ s∗l
�
t − k − lð Þ

⋅ Ts − Δτ
�
⋅ exp j ⋅ 2 ⋅ π ⋅ f d ⋅ tð Þdt

=
ð k−l+1ð Þ⋅Ts

k−lð Þ⋅Ts+Δτ
exp

�
ϕ tð Þ − ϕ

�
t − k − lð Þ

⋅ Ts − Δτ
�
+ θ t, Ið Þ − θ t − k − lð Þðð

⋅ Ts − ΔτÞ, IÞ� ⋅ exp j2πf dtð Þdt

=
ð k−l+1ð Þ⋅Ts+Δτ

k−l+1ð Þ⋅Ts

exp
"
ϕ tð Þ − ϕ t − k − lð Þð

⋅ Ts − ΔτÞ + 0:5 ⋅ π ⋅ 〠
k

m=0
Im + π ⋅ Ik+1

⋅ q t − k + 1ð Þ ⋅ Tsð Þ − 0:5 ⋅ π ⋅ 〠
l−1

n=0
In

− π ⋅ Il ⋅ q t − l ⋅ Ts − k − lð Þ ⋅ Ts − Δτð Þ

+ 2 ⋅ π ⋅ f d ⋅ t

#
dt:

ð18Þ

Although the specific AF expression of JRC signal cannot
been obtained, by observing equations (17) and (18), it can
be found that due to the embedding communication data,
the phase of JRC signal has a random shift, which will inevita-
bly lead to the deterioration of the AF performance of JRC sig-
nal. If the degree of phase shift can be reduced, the AF
performance of the integrated signal can be improved to some
extent. As shown in Figure 7, when the data carried by the
integrated signal is gradually reduced, the unit code gradually
widens, and the ratio of time delay to the time width of the
code element gradually approaches zero. At the moment k, l
and N approach 1, the correlation function of the JRC signal
gradually approaches the correlation function of the original
NLFM signal, and the AF of the JRC signal gradually
approaches the AF of the NLFM signal, which is equivalent
to the fact that the NLFM signal carries no communication
data.

In the parameter setting of JRC signal, the appropriate
number of codes is selected to make the time delay greater
than zero and far less than the time width of codes, that is,
the condition of 0 ≤ τ≪ Ts and k = l. In the analysis of equa-
tion (16) and Figure 7, the value of θk+1,lðτ, f dÞ is far less
than the value of θk,lðτ, f dÞ, and its influence on the AF
can be ignored. From the perspective of analysis conve-
nience, θk,lðτ, f dÞ can be rewritten as

θk,l τ, f dð Þ =
ðTs

Δτ

sk tð Þ ⋅ s∗l t − Δτð Þ ⋅ exp j ⋅ 2 ⋅ π ⋅ f d ⋅ tð Þdt

=
ðTs

Δτ

exp ϕ tð Þ − ϕ t − Δτð Þ + j ⋅ 2 ⋅ π½
⋅ f d ⋅ t�dt, while 0 ≤ τ≪ Ts, k = l:

ð19Þ

Meanwhile, the influence of the second item in equation
(16) can be ignored, and under the condition of 0 ≤ τ≪ Ts,

the AF for JRC signal can be approximately written as

χ τ, f dð Þ = 〠
N−k+l−1

l=0
θk,l τ, f dð Þ: ð20Þ

The time AF of the JRC signal reflects the range resolu-
tion of the radar signal. We assume f d = 0 and derive time
AF from equation (16), and then, time AF is expressed as

χ τ, 0ð Þ = 〠
N−k+l−1

l=0
θk,l τ, 0ð Þ =

ðTp

Δτ

exp ϕ tð Þ − ϕ t − Δτð Þ½ �dt

≈ χNLFM τ, 0ð Þ:
ð21Þ

From the analysis of equation (21), it can be seen that
time AF of JRC signal is similar to the time AF of NLFM
wave, and they have similar range resolution. For JRC signal,
the conditions of 0 ≤ τ≪ Ts and k = l should be guaranteed.

The Doppler AF of JRC signal reflects the velocity reso-
lution of the radar signal. We assume τ = 0 and derive the
Doppler AF equation; it can be rewritten as

χ 0, f dð Þ = 〠
N−k+l−1

l=0
θk,l 0, f dð Þ = Tp ⋅ exp

�
j ⋅ π ⋅ f d

⋅ Tp

�
sin c f d ⋅ Tp

� �
≈ χNLFM 0, f dð Þ:

ð22Þ

Under the condition 0 ≤ τ≪ Ts, JRC signal has the
same velocity resolution as the original NLFM signal.
Through the analysis of equations (15)–(22), although the
exact expression of the JRC signal cannot be obtained, but
its AF characteristics can be analyzed from the perspective
of numerical analysis. Under the condition 0 ≤ τ≪ Ts, the
AF, range resolution, and velocity resolution of the JRC sig-
nal are similar to the AF, range resolution, and velocity res-
olution of NLFM wave. When the number of data carried is
increased, the condition 0 ≤ τ≪ Ts is not satisfied gradu-
ally, and the value of θk+1,lðτ, f dÞ cannot be ignored. The
AF of JRC signal has greater fluctuation than the AF of
NLFM, which leads to the deterioration of the performance
of time AF and Doppler AF and affects the range resolution
and velocity resolution.

Table 2: Simulation parameters.

Parameter Value

TP 40μs
B 10MHz
Ts TP/N
BTP 400

N 5, 10, 20 (N ≪ BTP)

Pf a 10-6

PRI 5 kHz, 10 kHz
Modulation MSK
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The detection probability of radar signal represents the
probability of the echo signal plus the noise signal exceeding
the threshold voltage, which is usually used to describe the
ability for radar to detect targets. In this paper, the detection
probability of JRC signal is considered as the radar perfor-
mance criterion. The derivation process of detection proba-
bility is based on hypothesis testing [32, 33], which assumes
that the working scenarios of the radar function of the inte-
grated signal are divided into two scenarios. In the hypothe-
sis testing, H0 represents the working scenario with only
noise, without target echo, while H1 represents the working
scenario where noise is mixed with the target echo. In the
two detection scenarios, the received signals of JRC system
are defined as [33, 34]

H0 : x nð Þ = ω nð Þ,
H1 : x nð Þ = R + ω nð Þ,

ð23Þ

where xðnÞ represents the received signal of the n-th sam-
pling, R represents the amplitude of echo signal, and ωðnÞ
represents the additive white Gaussian noise with zero mean
and variance σ2.

In the detection scene H0, the radar receiver receives
only noise signals without echo signals, and the received sig-
nals are variables whose mean value is zero and variance is
σ2. The absolute value of the received signal jxðnÞj is the
Rayleigh distribution signal, and the probability density
function (PDF) of the signal is [13, 32]

f x nð Þj j r H0jð Þ = 2 ⋅ r
σ2 exp −

r2

σ2

� �
, ð24Þ

where r represents the amplitude of signal envelope.
Assuming that the threshold voltage of detection is VT ,
the expression of the false detection probability of the sig-
nal is [14, 33]

Pf a =
ð∞
VT

f x nð Þj j r H0jð Þdr = exp −
VT

2

σ2

� �
, ð25Þ

and hence, detection threshold voltage can be expressed as

VT =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 ln

1
Pf a

 !vuut : ð26Þ

In the hypothetical scenario H1, the PDF of the signal
envelope jxðnÞj is [14, 33]

f x nð Þj j r H1jð Þ = 2 ⋅ r
σ2

⋅ exp −
r2 + R2

σ2

� �
⋅ I0

2 ⋅ r ⋅ R
σ2

� �
: ð27Þ

In equation (27), function I0ðÞ is a first-order modified
Bessel function. Detection probability is the maximum

probability of signal detection target under the condition
of determining false detection probability, and its expres-
sion is as follows [14, 33]:

Pd =
ð∞
vT

f x nð Þj j r H1jð Þdr =
ð∞
vT

2 ⋅ r
σ2

⋅ I0
2 ⋅ r ⋅ R
σ2

� �
⋅ exp −

r2 + R2

σ2

� �
dr:

ð28Þ

Through formula derivation, the detection probability
of radar can be rewritten as [14, 33]

Pd =Q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ⋅ SNR

p
,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ⋅ ln

1
Pf a

 !vuut
2
4

3
5, ð29Þ

where Q is the Marcum function, SNR is the signal-to-
noise ratio of the receiving end, and Pf a is the false detec-
tion probability.

From the derivation of equation (29), it can be con-
cluded that the JRC signal detection probability is directly
related to the SNR of the receiver and the false detection
probability and has nothing to do with other factors. If the
SNR and false detection probability of the receiver remain
unchanged, the integrated signal can be guaranteed to have
the same detection probability under the condition of alter-
ing the carrier signal, modulation mode, and carrying com-
munication data. Considering that our JRC signal is
transmitted by the radar high-power transmitter, the energy
attenuation of transmitting communication data is small,
and the SNR of the radar receiver can be guaranteed to
remain unchanged, so the detection probability can be guar-
anteed to remain unchanged, too. Therefore, the detection
probability of the JRC signal is independent of the modula-
tion mode and carrier signal, and its performance is equiva-
lent to that of the seminal NLFM signal.

3.2. Performance Criteria of Communication. The communi-
cation performance criteria of JRC signal include BER, spec-
trum characteristics, and communication rate. According to
the first literature [12, 13], from the point of the communi-
cation’s view, the MSK-LFM signal and JRC signals can be
considered as the MSK signal modulated by the carriers of
LFM signal and NLFM signal, respectively. The BER of sig-
nal is related to the modulation mode; it can be deduced that
MSK signal, LFM-MSK signal, and our JRC signal have the
same BER in the case of ideal matched filter receiver, so
the BER performance is not considered in this paper.

This paper analyzes the communication performance
from the view of the spectrum characteristics and communi-
cation rate. The short-time Fourier transform (STFT)
method is one of best suited for analyzing the spectrum per-
formance [12, 13]. In the STFT method, the given signal is
divided into many tiny parts by the fixed sliding window.
Because the tiny parts of signal in each window are almost
stationary, the signal spectrum of each time period is derived

12 Wireless Communications and Mobile Computing
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Figure 8: Continued.

13Wireless Communications and Mobile Computing



−4 −3 −2 −1 0 1 2 3 4
Time (s)

LFM-MSK with 10 bits

−10

−8

−6

−4

−2

2

4

6

8

0

Fr
eq

ue
nc

y 
(H

z)

LFM

(c)

−4 −3 −2 −1 0 1 2 3 4
Time (s)

LFM-MSK with 20 bits

−10

−8

−6

−4

−2

2

4

6

8

0

Fr
eq

ue
nc

y 
(H

z)

LFM

(d)

Figure 8: Comparisons of top view AF of signals: (a) LFM; (b) LFM and LFM-MSK with 5 bits; (c) LFM and LFM-MSK with 10 bits; (d)
LFM and LFM-MSK with 20 bits.
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Figure 9: Comparisons of top view AF of signals: (a) NLFM; (b) NLFM and JRC with 5 data; (c) NLFM and JRC with 10 data; (d) NLFM
and JRC with 20 data.
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through the Fourier transform. The STFT of the original sig-
nal sðtÞ can be defined as follows:

STFTs t, fð Þ =
ð
s τð Þ ⋅ g∗ τ − tð Þ ⋅ exp −j ⋅ 2 ⋅ π ⋅ f ⋅ tð Þdτ:

ð30Þ

We assume gðtÞ is a real window function, and hence, g∗ðtÞ
= gðtÞ. For the design convenience, we suppose that window
function for our STFT transform is Gaussian window, whose
size is 1024, and its overlap is 1000. We define that Spðt, f Þ is
the spectrogram for signal sðtÞ:

Sp t, fð Þ = STFTs t, fð Þj j2: ð31Þ

The energy distribution and communication characteris-
tics can be described by signal spectrogram. For our JRC
signal without precise equation, the exact mathematic
expression of JRC signal’s Spðt, f Þ and STFT function can-
not be derived. Thanks to the former literature [12, 13],
we can get the spectrogram for LFM-MSK and deduce
some time-frequency characteristics for our JRC signal.
Considering the amplitude, Spðt, f Þ for LFM-MSK signal is
expressed as [12]
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Figure 10: Density comparison of AF sparse matrixes for different threshold value: (a) LFM and LFM-MSK signals [12]; (b) NLFM and JRC
signals.

Sp t, fð Þ = exp
2 ⋅ π ⋅ σ ⋅ f − u ⋅ t +∑N

i=1u ⋅ t − i ⋅ Tbð Þ ⋅ pi ⋅ qi/4 ⋅ Tbð Þ
	 
	h i2

2 ⋅ π ⋅ σ2 ⋅ μð Þ2 + 1

8><
>:

9>=
>;, ð32Þ
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where pi = cos ðφiÞ, qi = ai cos ðφiÞ, ai ∈ f±1g is thei-th code
for MSK, φi is the initial phase of the i-th code, u = B/Tp, and
σ is constant. It is obvious that the spectrum of the LFM-
MSK waveform arranges along the line [12]

u ⋅ t + 〠
N

i=1
u ⋅ t − i ⋅ Tbð Þ ⋅ pi ⋅ qi4 ⋅ Tb

: ð33Þ

For the integrated LFM-MSK signal, with more commu-
nication data, the expansion accumulation of signal spec-
trum is more severe. The LFM-MSK signal with N bits can
be expressed as multiple sub-LFM signal. If pi ⋅ qi = 1, the
spectrum of the i-th sub-LFM moves to u ⋅ t + ð1/4 ⋅ TbÞ; if
pi ⋅ qi = −1, the spectrum of the i-th sub-LFM moves to u ⋅ t
− ð1/4 ⋅ TbÞ. As the number of LFM-MSK symbols increases,
and the energy distribution is more dispersed, and the
cumulative effect of spectrum expansion is more obvious
[12]. To reduce the spectrum spread for integrated signal,
some methods for JRC signal can be considered such as car-

rying less communication data, continuous phase modula-
tion, and smart radar wave.

From equation (33), it can be deduced that if LFM-MSK
does not carry data, in the time-frequency diagram the signal
energy is linearly distributed along u ⋅ t, which is the first
derivative of phase for LFM signal. Here, assuming that the
NLFM waveform does not carry data, the NLFM signal
energy conforms to the curve distribution. Although explicit
mathematics expression cannot be used, the NLFM signal
distribution expression is used here to express the first-
order differential function of the original phase function,
which is called ϕ′ðtÞ. When our JRC carries N bits of com-
munication data, from the analogy of equation (33) and first
literature [12, 13], we can know that our JRC signal energy
distribution in time-frequency diagram is expressed as

ϕ′ tð Þ + 〠
N

i=1
u ⋅ t − i ⋅ Tbð Þ ⋅ pi ⋅ qi4 ⋅ Tb

: ð34Þ
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Figure 11: Comparisons of time AF of four signals: (a) LFM; (b) LFM-MSK with 5 bits [12]; (c) NLFM; (d) JRC with 5 bits.
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When the data change, its spectrum distribution is sim-
ilar to that of LFM-MSK and has diffusion in different direc-
tions. If pi ⋅ qi = 1, the spectrum of the i-th sub-JRC moves to
ϕ′ðtÞ + ð1/4 ⋅ TbÞ; if pi ⋅ qi = −1, the spectrum of the i-th sub-
JRC moves to ϕ′ðtÞ − ð1/4 ⋅ TbÞ.

If the communication data carried by JRC signal follow the
condition 0 ≤ τ≪ Ts, it can be deduced that the quantity of
communication data should meet the following requirements:

0 ≤ τ≪ Ts =
TP

N
,

0 ≤N ≪ TP/τ = B ⋅ TP:

ð35Þ

In other words, the amount of communication data must
be much less than the time bandwidth product in our JRC
signal. Compared with the seminal NLFM signal, the spec-
trum spread caused by JRC signal is within the tolerable
range due to the small amount of carried data, and the
energy leakage of the integrated signal is effectively sup-
pressed. In addition, the MSK modulation mode has the
characteristics of phase continuity, so JRC signal has a small
degree of spectrum expansion and almost the same spectrum
bandwidth as the initial signal. In one word, under the con-
dition 0 ≤N ≪ B ⋅ TP and the MSK modulation, the energy
shift of JRC spectrogram is not obvious, and it has good
spectrum characteristics.
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Figure 12: Comparisons of time AF of JRC with different data: (a) JRC with 10 data; (b) JRC with 20 data.
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Figure 13: Continued.
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Communication rate is another important communica-
tion performance of JRC signal, which is related to unit pulse
data carrying amount, pulse repetition frequency (PRI), and
time width. We assume that the time width of the seminal
NLFM pulse signal is 40μs and the data carried is 5 bits.
When the PRI is 1 kHz, the communication rate is 5 kHz/s.
Accordingly, when the PRI is 10 kHz, the communication
rate is 50 kHz/s.

In short, under the condition 0 ≤N ≪ B ⋅ TP, JRC signal
designed in this paper has excellent detection performance
and detection probability, and JRC signal spectrum spread
is small. By setting appropriate parameters, it can have a
high communication rate. The simulation results in Section

4 verify the theoretical derivation and performance analysis
in this section.

4. Simulation and Discussions

In this section, we compare by means of numerical simula-
tions the performance of our JRC signal with LFM-MSK sig-
nal [12] and seminal NLFM signal. The simulation results
show our JRC signal can improve the range detecting perfor-
mance for the same parameters. The parameter settings of
JRC signal are listed in Table 2. For the condition 0 ≤N ≪
B ⋅ TP , we assume JRC signal carries 5, 10, and 20 bits of
binary communication data, and the parameter N is not
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Figure 13: Comparisons of Doppler AF of four signals: (a) NLFM; (b) JRC with 5 bits; (c) JRC with 10 bits; (d) JRC with 20 bits.
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larger than 20. In literature [12], LFM-MSK was used for inte-
grated signal design, and the symbol pulse function of MSK is
a rectangular function. Under the same condition, radar per-
formance of the LFM-MSK signal and our JRC signal is com-
pared to verify the performance analysis results in Section 3.
We assume all the simulation channels are AWGN channels
and the system are synchronized all the time.

4.1. Radar Performance Simulation. We compare by means
of AF, time AF, and Doppler AF of four signals, which are
LFM signal, NLFM signal, LFM-MSK signal [12], and our
JRC signal. The top view AF of the LMF and LMF-MSK sig-
nals are shown in Figure 8. As shown in Figure 8, the AF of
original LFM signal is in the shape of an oblique blade. In
order to observe the spreading effect of LFM-MSK, we sim-
ulate the top view of the AF for LMF-MSK with different
bits, compared with the top view of AF for seminal LFM sig-
nal. On this LFM basis, the performance of the AF of LFM-
MSK signal deteriorates due to the embedded communica-
tion information; with the more communication bits, the
AF spreads more obviously.

As shown in Figure 9, the top view AF of the seminal
NLFM and JRC signals are compared. Firstly, the top view
AF of NLFM signal shows a curve feature, and JRC signal
designed in this paper inherits the characteristics of NLFM sig-
nal, i.e., its AF has the same shape of such a curve itself. Sec-
ondly, with more communication data for JRC signal, the
diffusion effect of the AF is more obvious.While the communi-
cation function is realized, the detection accuracy is sacrificed.

Because the AF of LFM-MSK signal [12] is extremely
complicated and the AF of JRC signal has no specific expres-
sion, it is impossible to compare the AF mathematic expres-

sions for LFM-MSK and JRC signals. And the spreading
effect of AF of the JRC signal and LFM-MSK signal [12] is
hard to deduce. But through the matrix’s viewpoint and
numerical simulation, we can compare the spreading effect
of AF for LFM-MSK [12] and JRC. In the paper, most ele-
ments of the AF matrixes are far less than the -10 dB of
top AF element (threshold value), and the elements less than
threshold value are approximately zero. We can set the
threshold value from -10 dB to the -15 dB of top AF element
value in the simulation. The AF matrixes of LFM, LFM-
MSK, NLFM, and JRC signals are all approximative sparse
matrixes, as shown in Figures 8 and 9. If most of the ele-
ments of a matrix have 0 value, then it is called a sparse
matrix; the density of a sparse matrix is the number of non-
zero elements divided by the total number of matrix ele-
ments [35]. We assume the AF matrixes of LFM and
NLFM signals are the initial sparse matrixes, and the AF
matrixes of the LFM-MSK and JRC signals are the integrated
sparse matrixes. Through the density calculation of the inte-
grated sparse matrixes and the initial sparse matrixes, we can
judge the degree of diffusion of sparse matrix and judge the
spreading effect of AFs. In this paper, under the condition
0 ≤N ≪ B ⋅ TP , the bits carried by LFM-MSK [12] and JRC
are 5, 10, and 20, respectively, and the density simulations
of the integrated sparse matrixes are carried out. As shown
in Figure 10, the density of integrated sparse matrixes for
LFM-MSK [12] and JRC signal can express the spreading
effect. For the same parameters, JRC signal will inevitably
spread after carrying the communication data, but the
spreading effect is smaller than that of the LFM-MSK wave,
which is shown in Figures 8–10. So our JRC’s radar AF per-
formance is better in the low data volume condition.
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Figure 14: Detection probability diagram of JRC with 5 bits and NLFM.
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As shown in Figure 11, the sidelobes of time AF for LFM
signal and LFM-MSK signal [12] are too high, and LFM-
MSK has poor range resolution for nearby targets. However,
JRC signal in this paper takes advantage of the low sidelobe
characteristics of time AF for NLFM signal itself, improving
the range resolution of the integrated signal, but at the
expense of a wider main lobe.

As shown in Figure 12, under the condition 0 ≤N ≪ B ⋅
TP, with the increase of data carried by JRC signal, the sidelobe

of the time AF of the signal gradually also does whereas the
range resolution of radar detection gradually deteriorates. It
also reflects the compromise between radar and communica-
tion, which accords with theoretical analysis.

Figure 13 illustrates that if the communication data
increases, the JRC signals and NLFM signal have the same
Doppler AF, and hence, they have the same velocity resolu-
tion. Our JRC can hold the same velocity resolution without
interference of the random data.
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Figure 15: Comparisons of spectrogram of four signals: (a) NLFM; (b) JRC with 5 bits; (c) JRC with 10 bits; (d) JRC with 20 bits.
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Now, we compare the JRC signal with the original
NLFM signal in terms of detection probability. The formula
of detection probability was analyzed in Section 3.1. Based
on the derivation of equation (29), the detection probability
of JRC integrated waveform and the seminal NLFM signal
will not change. However, due to the increase of communi-
cation data, the spectrum of JRC signal has been expanded,
leading to a greater bandwidth. The impact on the JRC sig-
nal is a worsening in both the SNR and the detection prob-
ability. When the system constant false alarm rate is 10-6, the
detection probability simulation results of JRC with 5 bits
and NLFM signals are shown in Figure 14. The results show
that both signals have the same detection probability.

4.2. Communication Performance Simulation. Since the
MSK modulation communication mode has continuous
phase features and the condition 0 ≤N ≪ B ⋅ TP needs to
be met in the integrated signal design, the spectrum spread
caused by carrying data has almost no impact on the design
of the communication receiver. The spectrogram compari-
son between JRC signals and seminal NLFM signal is shown
in Figure 15. Through experimental simulation, the time-
frequency diagram of seminal NLFM wave conforms to the
curve distribution. When a small amount of communication
data are carried, the time-frequency distribution does not
change, and the influence of the spectrum diffusion of JRC
signal can be ignored. When the amount of data increases,
as can be seen from the theoretical analysis in 3.2, the
time-frequency diagram has been expanded. Considering
that the integrated signal carries a small amount data in this
paper, it can be concluded that JRC signal has excellent spec-
tral characteristics. In the case of ideal receiver, the reception
of JRC signal is eminent, and our JRC has excellent commu-
nication performance.

The communication rate of JRC signal can be calculated
from the analysis in Section 3.2. When the carrying amount of
unit pulse data meets the conditions, the larger the PRI, the
higher the communication rate will be. Therefore, increasing
the bandwidth and decreasing the width are considered to
increase the PRI while generating a larger time wideband
product. Assuming that the bandwidth is 10MHz and time
width is 40μs, the duty ratio of the integrated signal is 40%,
and the signal pulse repetition rate is 10kHz/s. In this case,
the communication rate of the integrated signal is N × 10
kHz/s. When N is 20, the communication rate is 200kHz/s.
The communication rate of JRC signal can be improved by
proper design of bandwidth, time width, and carrying data

of unit pulse. By adjusting the appropriate parameters, a large
communication rate can be obtained. The communication
rate of JRC is shown in Table 3.

5. Conclusions

In order to solve the problem of high autocorrelation side-
lobe and poor nearby target detection performance of
LFM-MSK integration signal, this paper proposes an
NLFM-MSK integration signal which combines NLFM sig-
nal and MSK signal and describes the generation process
and time-domain characteristics of JRC signal in detail.
Through the signal AF analysis, detection probability deriva-
tion, spectrum characteristics, and communication speed
characteristic analysis, it is verified that the proposed JRC
signal has superior detection performance and good com-
munication performance under the condition 0 ≤N ≪ B ⋅
TP. Compared with the LFM-MSK signal [11], it has the
same detection probability and bit error rate. Meanwhile, it
improves the capability of range resolution and nearby mul-
titarget detection in radar detection in the low data volume.
It is also proved that the lightning communication rate can
be adjusted by changing the signal bandwidth, and our
JRC signal is an efficient and flexible radar-communication
integrated signal. In the future, we will consider on exploring
a variety of NLFM signals used in the field of JRC, whose
communication performance and radar performance will
be analyzed.
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